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5 Problem sheet

5.1 IN CLASS: Representations of Z4

We consider the group Z4 = {e, a, a2, a3}.

a. We will get to know the regular representation in the lecture. For the moment and
for Z4 we define the action of the group elements on the basis vectors {e1, e2, e3, e4}
of a four-dimensional vector space as aei = ea(i) using the relation to the cyclic
permutations of the symmetric group.

Write down the four (4⇥ 4)-matrices.

b. There is also a representation by (3⇥ 3)-matrices:

D(a) =

0

@
1 0 0
0 0 �1
0 1 0

1

A . (5)

Construct the representations of the other three group elements.

c. In a two-dimensional vectore space we could employ

D(a) =

✓
0 1
1 0

◆
. (6)

Construct the representations of the other three group elements.

d. Which of the above are faithful representations?

5.2 AT HOME: Coming back to translational symmetry

For the one-dimensional chain with periodic boundary conditions we employed the trans-
lation operator whose eigenbasis allowed us to construct a representation in one-particle
space that was already diagonal. We will soon see in the lecture that this corresponds to
irreducible representations of the group ZN (or CN). With this approach we could obtain
the spin waves of a one-dimensional ferromagnetic.
The power of math lies in the fact that the solution is only related to the mathematical
structure of the problem not to the physical meaning. We can therefore apply all we
learned to other, but mathematically similar problems.
Let’s look at the one-dimensional oscillator chain.
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a. Make a sketch of the one-dimensional oscillator chain. All masses as the same, and
all spring constants are the same. Like a one-dimensional structure in a solid there
would be ends that are, e.g., attached to walls. Again, we assume that we can safely
approximate the situation by periodic boundary conditions.

Write down the coupled equations of motion for this system and bring it into matrix-
vector form. How does the coupling matrix look like?

b. The coupling matrix has the same mathematical form as the Heisenberg Hamiltonian
in one-magnon space expressed with the help of the product basis. You solved this
already. This matrix can be analytically diagonalized by a basis transform to the
eigenbasis of the translation “operator” although we don’t work in Hilbert space
now, but we know what a translation would do.

Read the provided script. Don’t be scared of the German. If you have a question
about some comment, please drop me a line.

You should be able to explain the story in class.

c. Check that the ~ek on page 6-2-E are eigenvectors of T . Do it in general.

Here T is used both as a map and as its representation. This is to train you since
such a confusions also appears in many books.

d. How can you make Kronecker symbols with sums of roots of unity?

e. Why is the last line on page 6-2-E ingeneous?

2



6 - 2 - A
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6 - 2 - B
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6- 2 - C
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... S
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j = 1

= 0 für R
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mit co+2) = CD-Sui =-sin



6 - 2 - E

jetztnocheine al der Translationsoperati
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z
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Es diagonalisiert %
(siehe 6-2-D)

HierjetztdieGeniale (1):
Y = 24 + T-T


