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Magic Numbers only increase.
Sorry, but that’s physics:
2nd law of thermodynamics, or alike.

42 60 64 66 72
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à áá à p ? 6 Random Numbers

The first 100 natural random numbers

0 1 2 3 4 5 6 7 8 9
10 11 12 13 14 15 16 17 18 19
20 21 22 23 24 25 26 27 28 29
30 31 32 33 34 35 36 37 38 39
40 41 42 43 44 45 46 47 48 49
50 51 52 53 54 55 56 57 58 59
60 61 62 63 64 65 66 67 68 69
70 71 72 73 74 75 76 77 78 79
80 81 82 83 84 85 86 87 88 89
90 91 92 93 94 95 96 97 98 99
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How can we use Random Numbers

to solve some problems

that involve Magic Numbers?
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You have got a molecule!

S = 60!
Congratulations!
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à áá à p ? 6 Problem

You want to build a quantum
computer!

Very smart!
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You want to deposit your
molecule!

Next generation magnetic storage!
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You have got an idea about the modeling!

H∼ = −2
∑
i<j

Jij~s∼(i) ·~s∼(j) + g µBB

N∑
i

s∼z(i)

Heisenberg Zeeman

60 edges!
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à áá à p ? 6 Schrödinger equation

You have to solve the Schrödinger equation!

H∼ |φn 〉 = En |φn 〉

Eigenvalues En and eigenvectors |φn 〉

• needed for spectroscopy (EPR, INS, NMR);

• needed for thermodynamic functions (magnetization, susceptibility,
heat capacity);

• needed for time evolution (pulsed EPR, simulate quantum computing,
thermalization).
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à áá à p ? 6 Matrix

In the end it’s always a big matrix!

⇒
(−27.8 3.46 0.18 · · ·

3.46 −2.35 −1.7 · · ·
0.18 −1.7 5.64 · · ·... ... ... · · ·

)
⇒

FeIII
10: N = 10, s = 5/2

Dimension=60,466,176. Maybe too big?
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à áá à p ? 6 Schrödinger equation

Can we evaluate the partition function

Z(T,B) = tr
(
exp

[
−βH∼

])
without diagonalizing the Hamiltonian?

Jürgen Schnack, Magic 14/35



à áá à p ? 6 Trace estimators

Yes, we can,

with magic built on randomness!
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à áá à p ? 6 Trace estimators

Solution I: trace estimators

tr
(
O∼

)
≈ 〈 r |O∼ | r 〉

| r 〉 =
∑
ν

rν | ν 〉 , rν = ±1

• | ν 〉 some orthonormal basis of your choice;
not the eigenbasis of O∼, since we don’t know it.

• rν = ±1 random, equally distributed. Rademacher vectors.

• Amazingly accurate, bigger (Hilbert space dimension) is better.

M. Hutchinson, Communications in Statistics - Simulation and Computation 18, 1059 (1989).
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Solution II: Krylov space representation

exp
[
−βH∼

]
≈ 1∼− βH∼ +

β2

2!
H∼

2 − · · · βNL−1

(NL − 1)!
H∼
NL−1

applied to a state | r 〉 yields a superposition of

1∼ | r 〉, H∼ | r 〉, H∼
2 | r 〉, . . . H∼

NL−1 | r 〉 .

These (linearly independent) vectors span a small space of dimension NL;
it is called Krylov space.

Let’s diagonalize H∼ in this space!
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à áá à p ? 6 Trace estimators

Solution III: put everything together, then a miracle occurs
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à áá à p ? 6 Trace estimators

Partition function I: simple approximation

Z(T,B) ≈ 〈 r | e−βH∼ | r 〉 ≈
NL∑
n=1

e−βε
(r)
n |〈n(r) | r 〉|2

Or(T,B) ≈
〈 r |O∼e

−βH∼ | r 〉
〈 r | e−βH∼ | r 〉

• Wow!!!

• One can replace a trace involving an intractable operator by an expectation value
with respect to just ONE random vector evaluated by means of a Krylov space
representation???

J. Jaklic and P. Prelovsek, Phys. Rev. B 49, 5065 (1994).
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Well, yes,
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à áá à p ? 6 Trace estimators

Well, yes,

but 60 is better!
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à áá à p ? 6 Trace estimators

Partition function II: Finite-temperature Lanczos Method

ZFTLM(T,B) ≈ 1

R

R=60∑
r=1

NL∑
n=1

e−βε
(r)
n |〈n(r) | r 〉|2

• Averaging over random vectors is better.

• |n(r) 〉 n-th Lanczos eigenvector starting from | r 〉 (Rademacher vectors).

• Partition function replaced by a small sum: R = 1 . . . 60, NL ≈ 100.

J. Jaklic and P. Prelovsek, Phys. Rev. B 49, 5065 (1994).
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à áá à p ? 6 Trace estimators

Partition function III: use symmetries if you can

ZFTLM(T,B) ≈
Γ∑
γ=1

1

R

R∑
r=1

NL∑
n=1

e−βε
(r)
n |〈n(r) | r 〉|2

• γ labels all the symmetries you use in your calculation (all irreducible representa-
tions).

• | r 〉 is then drawn from the respective subspace with this symmetry.

J. Schnack and O. Wendland, Eur. Phys. J. B 78 (2010) 535-541
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How good is it?
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FTLM 1: ferric wheel

J. Schnack, J. Richter, R. Steinigeweg, arXiv:1911.08838
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FTLM 2: icosidodecahedron

J. Schnack, J. Richter, R. Steinigeweg, arXiv:1911.08838
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FTLM 3: sawtooth chain

This is how one calculates Fe6Gd6 as approximation for Fe10Gd10.

Frustration, technically speaking, works in your favour.

J. Schnack, J. Richter, R. Steinigeweg, arXiv:1911.08838
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What about the other

magic numbers?
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Magic 42SCHNACK, SCHULENBURG, AND RICHTER PHYSICAL REVIEW B 98, 094423 (2018)

In the present paper we discuss the thermodynamic proper-
ties of the spin-1/2 KHAF on a finite lattice of N = 42 sites.
These results were obtained by large-scale numerical calcula-
tions (5 million core hours) using the finite-temperature Lanc-
zos method (FTLM) [72– 77]. The extension to a lattice of
this size yields an improved insight into the low-temperature
physics of the model compared to previous ED and FTLM
studies restricted to significantly smaller lattices.

The paper is organized as follow. In Sec. II we introduce
the model and our numerical scheme. Thereafter in Sec. III
we present our results for the KHAF followed by a discussion
in Sec. IV.

II. HAMILTONIAN AND CALCULATIONAL SCHEME

The investigated spin systems are modeled by a spin-1/2
Heisenberg Hamiltonian augmented with a Zeeman term, i.e.,

H
∼

= J
∑

⟨i,j⟩
s⃗
∼i · s⃗

∼j + gµB B
∑

i

s
∼

z
i . (1)

Quantum-mechanical operators are marked by a tilde. In what
follows we set the antiferromagnetic nearest-neighbor ex-
change coupling to J = 1. The complete eigenvalue spectrum
of a spin system composed of spins s = 1/2 can be evaluated
for sizes of up to about N = 24 depending on the available
symmetries [78]. The resulting thermodynamic quantities are
then numerically exact.

For larger systems with Hilbert space dimensions of up to
1010 FTLM provides approximations of thermodynamic func-
tions with astonishing accuracy [74– 76]. FTLM approximates
the partition function in two ways [72,73,79,80]:

Z(T ,B ) ≈
!∑

γ=1

dim[H(γ )]
R

R∑

ν=1

NL∑

n=1

e− βϵ
(ν)
n |⟨ n(ν) | ν ⟩|2.

(2)

The trace, i.e., the sum over an orthonormal basis, is in a
Monte Carlo fashion replaced by a much smaller sum over
R random vectors | ν ⟩ for each symmetry-related orthogonal
subspace H(γ ) of the Hilbert space, where γ labels the
irreducible representations of the employed symmetries. The
exponential of the Hamiltonian is then approximated by its
spectral representation in a Krylov space spanned by the NL

Lanczos vectors starting from the respective random vector
| ν ⟩. | n(ν) ⟩ is the nth eigenvector of H

∼
in this Krylov

space. This allows us to evaluate typical observables such
as magnetization and specific heat [80]. In the Appendix we
provide further information on the accuracy of the method.

The method was implemented in two independently self-
written programs, one of which, SPINPACK, is publicly avail-
able [81]. The latter employs several symmetries in order to
decompose the full Hilbert space into much smaller orthogo-
nal subspaces according to the irreducible representations of
the used symmetries. In our case S

∼
z symmetry was used to-

gether with the longest cyclic point group (length 14 for N =
42) as well as with spin-flip symmetry and a second com-
muting point group where applicable. The largest Hilbert sub-
spaces in the sector with magnetic quantum number M = 1
assumed a dimension of 3.67 × 1010. We used R = 10 in all

(a)

(b)

FIG. 1. (a) Specific heat of the KHAF as function of temperature
at B = 0 for various systems sizes (logarithmic temperature scale).
(b) Specific heat of the KHAF and the SHAF as function of temper-
ature at B = 0 (linear temperature scale).

subspaces of M = 0, i.e., for the subspaces that contain the
ground state and the lowest energy levels, R = 4 for M = 1,
R = 2 for M = 2, . . . , 8, and then again R = 10 for 8 <
M < 16. The number of Lanczos iterations for each random
vector, NL, was determined by reaching convergence for the
two lowest energy levels. This automatically resulted in NL !
250 for the largest subspaces of M = 0, . . . , 5. In subspaces
with M ! 16 the Hamiltonian was diagonalized completely.
The total computation time for the kagome system of 42
sites was ∼5 × 106 core hours at the Leibniz Supercomputing
Center’s supermuc.

III. KAGOME LATTICE ANTIFERROMAGNET N = 42

In what follows we focus on the specific heat, the density
of states, the uniform susceptibility, the entropy, and the
magnetization process.

A. Zero-field properties

We start with the discussion of the specific heat C (T ), the
entropy S(T ), and the uniform susceptibility χ0(T ) using a
logarithmic scale for T in order to make the low-temperature
features transparent; see Figs. 1(a), 3(a), and 4(a). The main

094423-2

J. Schnack, J. Schulenburg, J. Richter, Magnetism of the N = 42 kagome lattice antiferromagnet, Phys. Rev. B 98,
094423 (2018)
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Magic 60
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Magic 64

When I get older losing my hair
Many years from now
Will you still be sending me a Valentine
Birthday greetings bottle of wine

Will you still need me (for diagonalizing hamiltonians),
will you still feed me (with interesting problems)
When I’m sixty-four

Send me a postcard, drop me a line
Stating point of view
Indicate precisely what you mean to say
Yours sincerely, wasting away . . .
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Magic 66

Ihr werdet euch noch wundern, wenn ich erst Rentner bin
Sobald der Stress vorbei ist, dann lang ich nämlich hin, oh ho, oh ho, oh ho
Dann back ich äußerst lässig, ein Supermolekül,
Das hat nen Spin von 70, das ist doch gar nicht viel, oh ho, oh ho, oh ho

Mit sechsundsechzig Jahren, da fängt das Leben an
Mit sechsundsechzig Jahren, da hat man Spaß daran
Mit sechsundsechzig Jahren, da kommt man erst in Schuss
Mit sechsundsechzig ist noch lange nicht Schluss
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Magic 72
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Thank you very much for your
attention.

The end.
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Molecular Magnetism Web

www.molmag.de

Highlights. Tutorials. Who is who. Conferences.
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