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à áá à p ? 6 Problem I

Problem I: Can you please model this molecule for us?
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à áá à p ? 6 Contents for you today

Yes, we can!
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1. Toroidal magnetic molecules

2. Bistability, tunneling, and stability

3. Clock transitions and decoherence

4. FTLM for very anisotropic spin systems

We are the sledgehammer team of matrix diagonalization.
Please send inquiries to jschnack@uni-bielefeld.de!
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à áá à p ? 6 Toroidal magnetic molecules

Toroidal magnetic molecules
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à áá à p ? 6 Imagine . . .

Imagine . . .
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à áá à p ? 6 Imagine . . .

Imagine someone tells you that
toroidal magnetic molecules

are superb building blocks
of quantum devices.
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à áá à p ? 6 Imagine . . .

Would you buy one?

And, better don’t ask ChatGPT.
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à áá à p ? 6 Imagine . . .

Or would you first check
such molecules?

And if, what would you
investigate?
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à áá à p ? 6 Imagine . . .

Quantum devices – figures of merit

E

Memory unit

- requires bistability

- problem 1: quantum tunneling

- problem 2: stability against field fluctuations

Q-bit

- requires coherence

- problem decoherence
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à áá à p ? 6 Toroidal I

Torodial magnetic molecules I

Model Hamiltonian

H∼ = −2
∑
i<j Jij~s∼i · ~s∼j +D

∑
i

(
~s∼i · ~e

3
i

)2
+µB g ~B ·

∑
i ~s∼i

Toroidal magnetic moment
~τ∼ =

∑
i ~ri × ~s∼i

Classical ground states with vanishing moment, but
non-vanishing toroidal moment possible
(easy axes D < 0 & weak exchange |Jij| � |D|).

J. Tang, I. Hewitt, N. T. Madhu, G. Chastanet, W. Wernsdorfer, C. E. Anson, C. Benelli, R. Sessoli, and A. K. Powell,
Angew. Chem. Int. Ed. 45, 1729 (2006).
A. Soncini and L. F. Chibotaru, Phys. Rev. B 77, 220406 (2008).
D. Pister, K. Irländer, D. Westerbeck, and J. Schnack, Phys. Rev. Research 4, 033221 (2022).
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à áá à p ? 6 Toroidal II

Torodial magnetic molecules II – Example 1

The Origin of Nonmagnetic Kramers Doublets in the
Ground State of Dysprosium Triangles: Evidence
for a Toroidal Magnetic Moment (1)

Kramers doublet – two states

Toroidal magnetic moment – left/right rotating

Vanishing moment reduces crosstalk!

(1) L. F. Chibotaru, L. Ungur, and A. Soncini, Angew. Chem. Int. Ed. 47, 4126 (2008).
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à áá à p ? 6 Toroidal III

Torodial magnetic molecules III – Example 2Article

Single-Molecule Toroic Design through
Magnetic Exchange Coupling

A circular molecule named {Fe8Dy8} with fixed toroidal magnetic moment below a
certain temperature can be used for high-density information storage. The energy
gap between this toroidal ground state (blue molecule) and the first excited state
(reddish molecule) causes the S-shaped magnetization plot at low field, while such
a toroidal moment is caused by the ferromagnetic exchange interaction between
the metal centers. The strong magnetic anisotropy of the dysprosium(III) ions
determines the toroidal directions (arrows in the molecular wheel).

Hao-Lan Zhang, Yuan-Qi Zhai,

Lei Qin, Liviu Ungur, Hiroyuki

Nojiri, Yan-Zhen Zheng

zheng.yanzhen@xjtu.edu.cn

HIGHLIGHTS
An exchange interaction-based
single-molecule toroic named
{Fe8Dy8} is synthesized

The magnitude of exchange
coupling for generating the
toroidal moment is determined

The toroidal ground state is 4-fold
degenerated, which is
unprecedented in SMTs

The energy gap between the
ground and the first excited states
is determined by EPR

Zhang et al., Matter 2, 1481–1493

June 3, 2020 ª 2020 Elsevier Inc.

https://doi.org/10.1016/j.matt.2020.02.021

ll

Single-Molecule Toroic Design through Magnetic
Exchange Coupling (1)

Rational design of toroidal molecules?

Role of exchange interaction?

Why here switchable by a homogeneus field?

(1) H.-L. Zhang, Y.-Q. Zhai, L. Qin, L. Ungur, H. Nojiri, and Y.-Z. Zheng, Matter 2, 1481 (2020).

Jürgen Schnack, Bielefeld⇒ Karlsruhe 11/43



à áá à p ? 6 Toroidal IV

Torodial magnetic molecules IV – switching???

D. Pister, K. Irländer, D. Westerbeck, and J. Schnack, Phys. Rev. Research 4, 033221 (2022).

Kieran Hymas, Alessandro Soncini, arXiv:2504.08701: switching by homogeneous field + EPR.
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à áá à p ? 6 Toroidal V

Torodial magnetic molecules V – skyrmions and hopfions

Nature | Vol 623 | 23 November 2023 | 719

calculations, the properties of the damaged layer and Lorentz image 
simulations.)

Figure 1a shows an initial state with three skyrmion strings, dem-
onstrating a weak braiding effect and conical modulations along the 
sample thickness. In a confined geometry, such modulations exhibit 
an additional twist that resembles a vortex-like structure26,27 in any 
transverse section. Swapping the direction of the external magnetic 
field leads to a flip of the magnetization along the perimeter of the 
disk, as shown in Fig. 1b. To prevent the collapse of the skyrmions in 
a negative field, we apply a relatively weak field of −50 mT. Swapping 

the field back to the positive direction results in the appearance of 
edge modulations, representing a volume with magnetization point-
ing against the external field (Fig. 1c). On further increasing the field 
in the positive direction, the edge modulations contract towards the 
centre of the sample, forming a hopfion ring around three skyrmion 
strings (Fig. 1d). Figure 1d shows that each colour line (fibre) winds 
about the isosurface of the hopfion ring only once, which indicates 
that the Hopf index of the corresponding texture is nontrivial. The 
middle cross-section of the hopfion ring surrounding the three skyr-
mion strings shown in Fig. 1e resembles a skyrmion bag, as predicted 
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Fig. 1 | Hopfion rings on skyrmion strings in FeGe samples of confined 
geometry. Sequence of magnetic states in a 180-nm-thick, 0.5-µm-diameter 
disk obtained by energy minimization in different external magnetic fields 
applied perpendicular to the disk plane. a–d, Field-swapping protocol for the 
nucleation of a hopfion ring. a, The initial configuration. b, The state at a 
reversed field direction. c, The edge modulations formed at the magnetic field 
reversed back to a positive direction. d, The hopfion ring formed with 
increasing field. Top row, the magnetization on the lower face of the disk, as 
well as isosurfaces of mz = 0.5 in c and mz = 0 elsewhere. Middle row, over-focus 
Lorentz images of corresponding magnetic states calculated for a defocus 
distance of 400 µm with the electron beam parallel to the disk axis. Bottom row, 
the magnetization in a diametrical section of the sample. The dashed line in a 

marks the borders of a 7.5-nm-thick FIB-damaged layer (see Methods). e, The 
magnetization in transverse sections of the sample for the final state in d, with a 
hopfion ring on three skyrmion strings. The distance between the transverse 
sections is 10 nm. The colour code is explained by arrows superimposed on the 
diametrical and transverse sections: white and black correspond to mz = 1 and 
mz = −1, respectively; red–green–blue defines the direction of magnetization in 
the xy plane. f, Experimental over-focus Lorentz images recorded in an FeGe 
plate of dimensions 1 µm × 1 µm and with a thickness of 180 nm. g, Experimental 
Lorentz images of double hopfion rings on three skyrmion strings at 200 mT 
and a corresponding magnetic induction map reconstructed from a phase-shift 
image recorded using off-axis electron holography. The experimental images 
in f,g were recorded at T = 95 K and at a defocus distance of 400 µm.

Toroidal structures are en vogue (⇒ Manfred Fiebig):

• no/small crosstalk to neighboring units,

• may be of topological nature, i.e., protected, as e.g. skyrmions or hopfions,

• topological toroidal structures always build on the Dzyaloshinskii-Moriya
interaction.

F. Zheng, N. S. Kiselev, F. N. Rybakov, L. Yang, W. Shi, S. Blügel, and R. E. Dunin-Borkowski, Nature 623, 718 (2023).

V. Lohani, C. Hickey, J. Masell, and A. Rosch, Phys. Rev. X 9, 041063 (2019).
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à áá à p ? 6 Toroidal magnetic molecules

Toroidal magnetic molecules
– very general thoughts –
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à áá à p ? 6 qToroidal I

Torodial magnetic molecules – quantum aspects I

What is wrong with the picture
on the left?

D. Pister, K. Irländer, D. Westerbeck, and J. Schnack, Phys. Rev. Research 4, 033221 (2022).
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à áá à p ? 6 qToroidal I

Torodial magnetic molecules – quantum aspects I

What is wrong with the picture
on the left?

These classical/broken-symmetry states are (in most
cases) not eigenstates in molecules!!!

Typically, eigenstates are superpositions such as

|Ψ 〉 ∝ |� 〉 ± |	 〉

D. Pister, K. Irländer, D. Westerbeck, and J. Schnack, Phys. Rev. Research 4, 033221 (2022).
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à áá à p ? 6 qToroidal II

Torodial magnetic molecules – quantum aspects II

90
o

(a)

(b)

Model Hamiltonian has got
a symmetry!
H∼ = −2

∑
i<j Jij~s∼i · ~s∼j +D

∑
i

(
~s∼i · ~e

3
i

)2
+µB g ~B ·

∑
i ~s∼i

One can rotate all anisotropy axes/tensors collectively
together with the field about the same axis without
altering the spectrum and many properties!

Toroidicity does not constitute something new for this
Hamiltonian.

D. Pister, K. Irländer, D. Westerbeck, and J. Schnack, Phys. Rev. Research 4, 033221 (2022).
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à áá à p ? 6 Bistability and tunneling

Bistability, tunneling, and stability
against field fluctuations

(Remember what we know from SMMs!)
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à áá à p ? 6 Singel-ion anisotropy I

Single-ion anisotropy and bistability I – good SMM
E M

321−1−2−3

E B

γ

M

B

H∼ =
∑
iDi(s∼

z
i )

2 + µBB
∑
i gis∼

z
i +H∼ ferro int

Di < 0 collinear easy axes

eigenvectors: |M,α 〉
low-lying eigenvalues: EM = DM2 + gµBBM

(strong exchange limit)

IMPORTANT: [H∼ , S∼
z] = 0 since all D tensors aligned!!!

⇒ level crossings at B = 0
⇒ good hysteresis
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à áá à p ? 6 Singel-ion anisotropy II

Single-ion anisotropy and bistability II – bad/no SMM
E

<S >
z

E B

M

B

problem!

H∼ =
∑
i~s∼i ·Di ·~s∼i + µBB

∑
i gis∼

z
i +H∼ ferro int

Di individual non-collinear anisotropy tensors

NO LONGER eigenvectors: |M,α 〉

low-lying eigenvalues only approx. parabola (if at all)

IMPORTANT: [H∼ , S∼
z] 6= 0

⇒ avoided level crossings at B = 0 for integer spins
⇒ poor/no hysteresis – not bistable & bad for storage
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à áá à p ? 6 Singel-ion anisotropy III

Single-ion anisotropy and bistability III – stability

M
E

|1> |2>

|<1| S  |2>| = 0

−5/2 −3/2 −1/2 5/23/21/2

x

Collinear easy axes:

⇒ No tunneling gap

⇒ No transition matrix elements

E

|1> |2>
x

<S >

|<1| S  |2>| > 0

z

Non-collinear easy axes:

⇒ Tunneling gap for integer spin

⇒ (large) Transition matrix elements (1)

(1) K.-A. Lippert, C. Mukherjee, J.-P. Broschinski, Y. Lippert, S. Walleck, A. Stammler, H. Bögge, J. Schnack, and T.
Glaser, Inorg. Chem. 56, 15119 (2017).
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à áá à p ? 6 Singel-ion anisotropy IV

Single-ion anisotropy and bistability IV – stability

M
E

|1> |2>

|<1| S  |2>| = 0

−5/2 −3/2 −1/2 5/23/21/2

x

Collinear easy axes:

⇒ No tunneling gap

⇒ No transition matrix elements

E

|1> |2>
x

<S >

|<1| S  |2>| > 0

z

Non-collinear easy axes:

⇒ Tunneling gap for integer spin

⇒ (large) Transition matrix elements

Toroidal moments
are here!
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à áá à p ? 6 Toroidal hope

Toroidal magnetic moments – There is hope!

For gapped systems:

(1) Gap shrinks with increasing anisotropy!

(2) Gap shrinks with increasing spin!

(for all systems we investigated so far)

Transition matrix element:
(1) Vanishes for certain canting angles (N = 2, 3, 4)!

(2) Vanishes completely (N = 6)!

(work in progress)

⇒ Larger rings (N > 4) with larger spins might be preferential.

Master Theses of Daniel Pister and Jonas Waltenberg, Bielefeld University
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à áá à p ? 6 Clock transitions

Decoherence of
(toroidal) clock transitions
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à áá à p ? 6 Context

Context

Investigation of decoherence of a
subsystem if the combined system
(including bath) is evolved via the
time-dependent Schrödinger equa-
tion.

Employed measure of decoherence: reduced density matrix

ρ
∼system = Trbath

(
ρ
∼

)
Typicality: unitary-time evolution of pure state approximates dynamics of density matrix.

Jürgen Schnack, Bielefeld⇒ Karlsruhe 25/43



à áá à p ? 6 Clock transitions 1

Concept of clock transitions

B

E

0

Fluctuations of B produce little
effect on dynamics of superpo-
sition since ∆E of clock tran-
sition is independent of field at
B = 0, at least to some order of
a Taylor expansion.
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à áá à p ? 6 Clock transitions 3

Clock transitions with toroidal magnetic molecules

Model Hamiltonian II

H∼ = −2
∑
i<j Jij~s∼i · ~s∼j +D

∑
i

(
~s∼i · ~e

3
i

)2
+µB g ~B ·

∑
i ~s∼i +H∼ int +H∼ bath

Reasonable parameters: weak J , strong D.
Dipolar interactions with and among 8 . . . 10 bath spins.

Investigation as function of tilt angle

- various clock transitions of the spectrum,
- various arrangements of the decohering bath.

K. Irländer, J. Schnack, Phys. Rev. Research 5, 013192 (2023).
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à áá à p ? 6 Clock transitions 4

Clock transitions with toroidal magnetic molecules
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Time-evolution of all two-state superpositions of the lowest 6 states of the toroidal
system (assuming we can excite them).
K. Irländer, J. Schnack, Phys. Rev. Research 5, 013192 (2023).
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à áá à p ? 6 Clock transitions 5

Clock transitions with toroidal magnetic molecules
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performed using only a single random bath. This is jus-
tified as the concrete values of the coherence times are of
no particular relevance to our findings and the relative
di↵erences between superpositions are very similar across
all random baths we used.
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Figure 10. Decoherence of all two-state superpositions of the
six lowest-lying energy eigenstates for nbath = 4 (top left),
nbath = 6 (top right), nbath = 8 (bottom left), nbath = 10
(bottom right), Bz = 0.05, and ✓ = 50.4�. Legend is displayed
in Fig. 4.

V. DEPENDENCE OF COHERENCE TIMES ON
THE MAGNITUDE OF J AND D

In this section, we aim to take a look at if and how
the ideal tilting angle of ✓ = 50.4� found for the chosen
J = �10 K and D = �50 K changes with J and D.
Figures 11 and 12 show the dependency in regards to J
and D, respectively.

There are some competing trends in the data but for
strongly anisotropic systems, the ideal angle is always at
around 50� while for systems with weaker anisotropies
D (compared to the exchange interaction J), this angle
may lie at or close to 90�. These results show the ex-
act opposite of what would be expected if the argument
for superpositions with strong toroidal moments having
long coherence times was right: The more anisotropic
the system, the more stable the toroidal states should
become. In our calculations, the configurations near
✓ = 90�, which contain superpositions with high toroidal
moments, are doing worse in terms of coherence times
when the strength of the anisotropy is increased.

VI. GAP SIZES AND COHERENCE TIMES

The size of the energy gap �E between the two su-
perposed states is an easily measured characteristic of a

0 20 40 60 80
�

0

50

100

150

200

250

T
0.

49
(a

.u
.)

0 20 40 60 80
�

0

200

400

600

800

1000

T
0.

49
(a

.u
.)

0 20 40 60 80
�

0

200

400

600

800

1000

1200

T
0.

49
(a

.u
.)

0 20 40 60 80
�

0

250

500

750

1000

1250

1500

T
0.

49
(a

.u
.)

Figure 11. Coherence times vs. tilting angle for D = �50 K
and J = �5 K (top left), J = �10 K (top right), J = �15
K (bottom left), J = �20 K (bottom right) for a single bath
with nbath = 8. Legend is displayed in Fig. 4.
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Figure 12. Coherence times vs. tilting angle for J = �10 K
and D = �10 K (top left), D = �25 K (top right), D = �50
K (bottom left), D = �100 K (bottom right) for a single bath
with nbath = 8. Legend is displayed in Fig. 4.

clock transition. It is obvious that by scaling up J and
D, the spacing of the energy levels and therefore �E will
increase. It is also obvious that this will lead to longer co-
herence times when we leave the coupling to the bath A1

unchanged as this is akin to reducing A1 while keeping J
and D unchanged which is a situation which was already
investigated, see Section II. Therefore one might get to
the conclusion that large energy gaps �E always lead to
longer coherence times. To test if this is true, we investi-
gate how coherence times depend on �E by changing the
tilting angle ✓ instead of J and D. The clock transition
of the two lowest-lying states in the “toroidal” flat trian-
gle (✓ = 90�) configuration is chosen as an example. As
✓ is decreased, the upper superposition state sometimes

Decoherence as function of size of the bath (4, 6, 8, 10).

K. Irländer, J. Schnack, Phys. Rev. Research 5, 013192 (2023).
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à áá à p ? 6 Clock transitions 6

Decoherence of toroidal magnetic molecules

=

=

• Toroidal structure irrelevant, i.e. not corre-
lated with desired properties
(for Heisenberg interactions and non-
collinear easy axes).

• Canted, near orthogonal anisotropy axes
optimal in our example, i.e., they show
longest coherence.

• Dipolar interactions between system spins
do not alter the picture.

D. Pister, K. Irländer, D. Westerbeck, and J. Schnack, Phys. Rev. Research 4, 033221 (2022).

K. Irländer, J. Schnack, Phys. Rev. Research 5, 013192 (2023).
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à áá à p ? 6 Typicality approach to molecular magnetism

Typicality approach to molecular
magnetism
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à áá à p ? 6 Problem II

Problem II: strong spin-orbit interaction

Lanthanides feature very strong spin-orbit interaction!

Possible modelling (by experts):

• CASSCF: wave function method, electrons and effec-
tive nucleus, quasi exact; restricted to one magnetic
ion; little effective insight (1).

• Low-spin effective multicenter models with very aniso-
topic g-matrices; approximate. Single-ion anisotropy
remodelled as Zeeman anisotropy for every energy
eigenstate (1).

(1) Chibotaru, Ungur, Lunghi, Rajaraman, Soncini, . . .
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à áá à p ? 6 Problem II

Problem II: strong spin-orbit interaction

Lanthanides feature very strong spin-orbit interaction!

Possible modelling (by experts):

• CASSCF: wave function method, electrons and effec-
tive nucleus, quasi exact; restricted to one magnetic
ion; little effective insight (1).

• Low-spin effective multicenter models with very aniso-
topic g-matrices; approximate. Single-ion anisotropy
remodelled as Zeeman anisotropy for every energy
eigenstate (1).

• Effective multicenter models formulated with j, strong-
single ion anisotropy and isotropic g; approximate.
Allows for more general single-ion anisotropies and,
hopefully, better description of mixed 3d/4f systems.

(1) Chibotaru, Ungur, Lunghi, Rajaraman, Soncini, . . .
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à áá à p ? 6 Dy6 I

Effective model for Dy6

H∼ =
∑
k<`

~j
∼k
· Jk` · ~j∼` +

∑
k

~j
∼k
·Dk · ~j∼k + µB ~B ·

∑
k

gk~j∼k

E

D

B

• Very strong alternating easy axes with D ≈ −20 K.
J ≈ −0.02 K and (stronger) dipolar interaction.

• Hamiltonian has no symmetries!

• dimH = 16, 777, 216 ⇒ FTLM!

Warning! Method is approximate and holds only for small enough B since spin and
orbital angular momentum have got different gk.
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à áá à p ? 6 FTLM in one slide

Finite-temperature Lanczos method in one slide

Z(T,B) ≈ 〈 r | e−βH∼ | r 〉 ≈
NL∑
n=1

e−βε
(r)
n |〈n(r) | r 〉|2

Or(T,B) ≈
〈 r |O∼e

−βH∼ | r 〉
〈 r | e−βH∼ | r 〉

• | r 〉 is a random vector. Any random vector will do: | r 〉 ≡ (T =∞)

• e−βH∼ =
∑NL
n=1 |n(r) 〉e−βε(r)n 〈n(r) | is the spectral representation in the Krylov

space of dimension NL grown from seed | r 〉.

(1) J. Jaklic and P. Prelovsek, Phys. Rev. B 49, 5065 (1994).
(2) J. Schnack, J. Richter, R. Steinigeweg, Phys. Rev. Research 2, 013186 (2020).
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FTLM 1: ferric wheel

(1) J. Schnack, J. Richter, R. Steinigeweg, Phys. Rev. Research 2, 013186 (2020).

(2) SU(2) & D2: R. Schnalle and J. Schnack, Int. Rev. Phys. Chem. 29, 403 (2010).

(3) SU(2) & CN : T. Heitmann, J. Schnack, Phys. Rev. B 99, 134405 (2019)
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FTLM 4: kagome (using spinpack)

Specific heat of kagome with N = 42 – role of low-lying singlets

(1) J. Schnack, J. Schulenburg, J. Richter, Phys. Rev. B 98, 094423 (2018)

Magnon crystalization at high field.

(2) J. Schnack, J. Schulenburg, A. Honecker, J. Richter,
Phys. Rev. Lett. 125, 117207 (2020)

. . . and many more results with Johannes Richter.
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Problem III – FTLM converges badly for anisotropic models
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Dy6 – results

1. Use pairs of time-reversed random vectors (1).

2. Use symmetric version of FTLM (2):

Tr
(
O∼e
−βH∼

)
= Tr

(
e
−βH∼/2O∼e

−βH∼/2
)
≈ 〈 r | e−βH∼/2O∼e

−βH∼/2 | r 〉 .

(1) O. Hanebaum, J. Schnack, Eur. Phys. J. B 87, 194 (2014).
(2) M. Aichhorn, M. Daghofer, H. G. Evertz, and W. von der Linden, Phys. Rev. B 67, 161103(R) (2003).
(3) D. Westerbeck, Ph.D. thesis, Bielefeld University (2025).
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Summary⇒ To-Do-List

• Toroidal magnetic molecules: relaxation and de-
coherence measurements needed.

• Are there ions with large DM and large easy-axis
anisotropy D?

• sFTLM on its way to deliver results.
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Thank you very much for your
attention.

The end.
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Molecular Magnetism Web

www.molmag.de

Highlights. Tutorials. Who is who. Conferences.
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