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à áá à p ? 6 Single Molecule Magnets

Beauty of Magnetic Molecules
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à áá à p ? 6 Problem

Fe10Gd10 with S = 60 and close
to a quantum phase transition!

Dimension of Hilbert space 64,925,062,108,545,024!

npj Quantum Materials 3, 10 (2018)
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à áá à p ? 6 Problem

You want molecular
magnetocalorics!

Cool!

Brechin group: Angew. Chem. Int. Ed. 51, 4633 (2012)
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à áá à p ? 6 Problem

You want to achieve quantum
coherence!

COLLETT, SANTINI, CARRETTA, AND FRIEDMAN PHYSICAL REVIEW RESEARCH 2, 032037(R) (2020)

FIG. 1. Energy level diagram for a single Cr7Mn molecule,
showing the zero field avoided crossing between |m = ±1〉 states,
creating the |±〉 clock states. Solid lines show dependence on a field
along the easy-axis (z) direction. Dashed (dotted) lines correspond
to the dependence on field along the hard (medium) axis. Inset:
molecular structure of Cr7Mn.

enabling single- and two-qubit operations to be implemented
while preserving the immunity of the system to field fluctu-
ations. Recent work on dimers of Ti atoms has shown the
efficacy of clock transitions in reducing decoherence in dimer
systems with exchange coupling [25,26], though that work
involved a single two-state clock transition. In contrast, the
dimers described herein present a manifold of four states
connected by clock transitions, thus providing a two-qubit
system.

An effective Hamiltonian for an isolated S = 1 Cr7Mn
molecule is

Hi = −DiS2
iz + Ei

(
S2

ix − S2
iy

)
+ giµB #Si · #B. (1)

The Di term represents the system’s axial (easy-axis)
anisotropy, while the Ei term corresponds to the trans-
verse anisotropy. Here the subscript i designates a particular
molecule. Such a Hamiltonian can be justified as the low-
energy approximation resulting from an ab initio treatment of
the ring [27,28]. In addition, numerous experimental results
confirm the validity of this effective Hamiltonian at low tem-
peratures [13,29]. We can identify the Szi eigenstates by their
m value: |m = 0〉 ≡ |0〉 and |m = ±1〉 ≡ |±1〉. At zero field,
the energy eigenstates are |0〉 and |±〉 = (|+1〉 ± |−1〉)/

√
2.

The latter two states exhibit an avoided crossing with a “tunnel
splitting” of 2Ei. Figure 1 shows the energy eigenstates for
this system as a function of field applied along the easy (z),
medium (y), and hard (x) axial directions. The figure illus-
trates that the zero-field transition between the two lowest-
energy states is independent to first order to any component
of the magnetic field and thus constitutes an atomic-clock
transition, with a significant transition matrix element for the
Sz operator: 〈+| Sz |−〉 = 1. Through variations in synthesis,
molecules with different values of parameters (Di and Ei) can
be produced; notably the so-called green and purple variants
of Cr7Mn [22].

When coupled together, a pair of molecules with different
parameters form a supramolecular heterodimer [20]. Interac-

tions between the spins in the dimer can be modeled as a
bilinear exchange interaction:

HJ = #S1 · J · #S2 = #S1 · J̃ · #S2 + JzzS1zS2z. (2)

We isolate the Jzz term here (and implicitly define the J̃
tensor) because it is the only term that directly couples any of
the four lowest-energy states to each other. As a consequence,
this term is responsible for an error in the implementation
of single-qubit rotations, as will be discussed below. It is
important to note that molecules within the dimer need not
have any simple relative orientation and, thus, each of the
principal (easy, medium, and hard) axes of the two spins may
have any relative orientation. Thus, the components of J do
not necessarily refer to specific directions in space but to
couplings between different axial directions of each spin; e.g.,
Jxz describes the coupling between the hard-axis component
of spin 1 and the easy-axis component of spin 2.

The total zero-field Hamiltonian for the system is

H = H1 + H2 + HJ. (3)

When the Di are much larger than all the other energy parame-
ters (Ei, Ji j ), the subspace of the four lowest-energy states acts
as a system of two coupled effective S = 1/2 spins. For J̃ =
0 and the realistic case of Ei ' Jzz, the lowest and highest
energy states in the subspace are to a good approximation
|++〉 and |−−〉, with energies E±± = 2(−D̄ ± Ē ), where
D̄ = (D1 + D2)/2 and Ē = (E1 + E2)/2. The two middle-
energy states can be represented as

|↑↓〉 = cos θ |+−〉 + sin θ |−+〉,
|↓↑〉 = − sin θ |+−〉 + cos θ |−+〉, (4)

where tan 2θ = 2Jzz
"E , with energies E↑↓

↓↑
= −2D̄ ±

√
"E2 + J2

zz, respectively, defining "E = E1 − E2. Since
the states are constructed from clock states, near zero field
all four of these states are barely affected by a magnetic
field along any direction, as illustrated for the z component
of field in Fig. 2, unlike real coupled S = 1/2 spins. For
implementation of quantum-computing protocols we use the
energy eigenstates as the logical basis, labeling these with
vertical arrows, e.g., |↑↓〉.

Certain transitions within the four-state manifold are de-
generate, e.g., |++〉 ↔ |↑↓〉 is degenerate with |↓↑〉 ↔
|−−〉. These degeneracies are broken by the J̃ term in
Eq. (2). For simplicity, we consider the case in which J̃ is
diagonal such that

HJ = J⊥(S1xS2x + S1yS2y) + JzzS1zS2z. (5)

(Other forms of J̃ give qualitatively similar results.) To
second order in J⊥, the |++〉 and |−−〉 states become, re-
spectively, the states |↑↑〉 and |↓↓〉:

∣∣↑↑
↓↓

〉
=

(
1 − J2

⊥
2E2

±±

)
|±±〉 + J⊥

E±±
|00〉

± J2
⊥

(E−− − E++)E±±
|∓∓〉 (6)

032037-2

Desperately needed!

Friedman group: Phys. Rev. Research 2, 032037(R) (2020)
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à áá à p ? 6 Problem

You want to deposit your
molecule!

Next generation magnetic storage!

Xue group: Phys. Rev. Lett. 101, 197208 (2008)
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à áá à p ? 6 Contents for you today

Yes, we can!

3   42  4711
42   0   3.14
4711 3.14 8
−17  007  13
1.8  15  081

1. Quantum magnetism

2. Molecular magnetocalorics

3. Bistability, tunneling, and stability

4. Toroidal magnetic molecules

5. FTLM for very anisotropic spin systems

We are the sledgehammer team of matrix diagonalization.
Please send inquiries to jschnack@uni-bielefeld.de!
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à áá à p ? 6 Quantum magnetism

Quantum Magnetism
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à áá à p ? 6 One example

Gd10Fe10 – one example for quantum magnetism

J

J

1

2

green: Fe (s = 5/2), purple: Gd (s = 7/2)

H∼ =
∑
i≤j

~s∼i · Jij ·~s∼j + µB ~B ·
N∑
i

g ·~s∼i

The effective model also depends on what you measure!
A. Baniodeh et al., npj Quantum Materials 3, 10 (2018)
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à áá à p ? 6 spin rings

Example: Heisenberg model for spin rings

1. finite-dimensional Hilbert space, product basis;

2. Hamiltonian matrix, symmetries, e.g., SU(2) and point groups;

3. exact diagonalization, canonical ensemble, equilibrium thermodynamics;

4. time-dependent problems.
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à áá à p ? 6 The magnetocaloric effect

The magnetocaloric effect
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à áá à p ? 6 Nobel prize 1949

Sub-Kelvin cooling: Nobel prize 1949

The Nobel Prize in Chemistry 1949
was awarded to William F. Giauque for
his contributions in the field of chemical
thermodynamics, particularly concern-
ing the behaviour of substances at ex-
tremely low temperatures.
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à áá à p ? 6 Nobel prize 1949

Sub-Kelvin cooling: Nobel prize 1949

W. F. Giauque and D. MacDougall, Phys. Rev. 43, 768 (1933).

Jürgen Schnack, Magnetic molecules 12/38



à áá à p ? 6 Magnetocaloric effect IIb

Magnetocaloric effect – cooling rate (⇒Wu)(
∂ T

∂ B

)
S

= −T
C

(
∂ S

∂ B

)
T

1
--

For O
⑧replace B sypgases

Cooling release intofreedom
magnetas

F FI
- -Pr > P2
Be > B

What about the inversion curve ?
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à áá à p ? 6 Magnetocaloric effect III

Magnetocaloric effect – Paramagnets

T

B

T

T

S

S
1

1

2

2

T

B

• Ideal paramagnet: S(T,B) = f(B/T ), i.e. S = const⇒ T ∝ B.

• At low T pronounced effects of dipolar interaction prevent further effective cooling.
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à áá à p ? 6 Magnetocaloric effect IV

Magnetocaloric effect – af s = 1/2 dimer

B

E

• Singlet-triplet level crossing causes a peak of S at T ≈ 0 as function of B.

• M(T = 0, B) and S(T = 0, B) not analytic as function of B.

• M(T = 0, B) jumps at Bc; S(T = 0, Bc) = kB ln 2, otherwise zero.
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à áá à p ? 6 Magnetocaloric effect VI

Magnetocaloric effect – af s = 1/2 dimer

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2
T-B isentropes

a b

c

T

B

d

Magnetocaloric effect:

(a) reduced,

(b) the same,

(c) enhanced,

(d) opposite

when compared to an ideal paramagnet.

Case (d) does not occur for a paramagnet.

blue lines: ideal paramagnet, red curves: af dimer
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à áá à p ? 6 Gd7

Gd7 – Basics

• Often magnetocaloric observables not directly
measured, but inferred from Maxwell’s rela-
tions.

• First real cooling experiment with a molecule.

• H∼ = −2∑i<j Jij~s∼i ·~s∼j + g µBB
∑N
i s∼

z
i

J1 = −0.090(5) K, J2 = −0.080(5) K
and g = 2.02.

• Very good agreement down to the lowest tem-
peratures.

J. W. Sharples, D. Collison, E. J. L. McInnes, J. Schnack, E. Palacios, M. Evangelisti, Nat. Commun. 5, 5321 (2014).
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à áá à p ? 6 Gd7E

B
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à áá à p ? 6 Gd7

Gd7 – Experimental cooling

J. W. Sharples, D. Collison, E. J. L. McInnes, J. Schnack, E. Palacios, M. Evangelisti, Nat. Commun. 5, 5321 (2014).
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à áá à p ? 6 QPT & MCE

Frustration, quantum phase transition, and barocalorics

frustrated structure quantum phase transition magneto- and barocaloric

α = |J2/J1| t = kBT/|J1|, h = gµBB/|J1|

Magneto- and barocalorics allow to heat and cool via changes of magnetic field and
pressure: Entropy S = S(T, ~B, α)

N. Reichert, H. Schlüter, T. Heitmann, J. Richter, R. Rausch, and J. Schnack, Z. Naturforsch. A 79, 283 (2024).
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à áá à p ? 6 Bistability and tunneling

Bistability, tunneling, and stability
against field fluctuations

Single-molecule magnets – SMM

Single-molecule toroidics – SMT

Jürgen Schnack, Magnetic molecules 21/38



à áá à p ? 6 Singel-ion anisotropy I

Single-ion anisotropy and bistability I – good SMM
E M

321−1−2−3

E B

γ

M

B

H∼ =
∑
iDi(s∼

z
i )

2 + µBB
∑
i gis∼

z
i +H∼ ferro int

Di < 0 collinear easy axes

eigenvectors: |M,α 〉
low-lying eigenvalues: EM = DM2 + gµBBM

(strong exchange limit)

IMPORTANT: [H∼ , S∼
z] = 0 since all D tensors aligned!!!

⇒ level crossings at B = 0
⇒ good hysteresis
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à áá à p ? 6 Singel-ion anisotropy II

Single-ion anisotropy and bistability II – bad/no SMM
E

<S >
z

E B

M

B

problem!

H∼ =
∑
i~s∼i ·Di ·~s∼i + µBB

∑
i gis∼

z
i +H∼ ferro int

Di individual non-collinear anisotropy tensors

NO LONGER eigenvectors: |M,α 〉

low-lying eigenvalues only approx. parabola (if at all)

IMPORTANT: [H∼ , S∼
z] 6= 0

⇒ avoided level crossings at B = 0 for integer spins
⇒ poor/no hysteresis – not bistable & bad for storage
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à áá à p ? 6 Singel-ion anisotropy III

Single-ion anisotropy and bistability III – stability

M
E

|1> |2>

|<1| S  |2>| = 0

−5/2 −3/2 −1/2 5/23/21/2

x

Collinear easy axes:

⇒ No tunneling gap

⇒ No transition matrix elements

E

|1> |2>
x

<S >

|<1| S  |2>| > 0

z

Non-collinear easy axes:

⇒ Tunneling gap for integer spin

⇒ (large) Transition matrix elements (1)

(1) K.-A. Lippert, C. Mukherjee, J.-P. Broschinski, Y. Lippert, S. Walleck, A. Stammler, H. Bögge, J. Schnack, and T.
Glaser, Inorg. Chem. 56, 15119 (2017).
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à áá à p ? 6 Toroidal magnetic molecules

Toroidal magnetic molecules
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à áá à p ? 6 Toroidal I

Torodial magnetic molecules I

Model Hamiltonian

H∼ = −2 ∑i<j Jij~s∼i · ~s∼j +D
∑
i

(
~s∼i · ~e

3
i

)2
+µB g ~B ·

∑
i ~s∼i

Toroidal magnetic moment
~τ∼ =

∑
i ~ri × ~s∼i

Classical ground states with vanishing moment, but
non-vanishing toroidal moment possible
(easy axes D < 0 & weak exchange |Jij| � |D|).

J. Tang, I. Hewitt, N. T. Madhu, G. Chastanet, W. Wernsdorfer, C. E. Anson, C. Benelli, R. Sessoli, and A. K. Powell,
Angew. Chem. Int. Ed. 45, 1729 (2006).
A. Soncini and L. F. Chibotaru, Phys. Rev. B 77, 220406 (2008).
D. Pister, K. Irländer, D. Westerbeck, and J. Schnack, Phys. Rev. Research 4, 033221 (2022).
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à áá à p ? 6 Toroidal II

Torodial magnetic molecules II – Example 1

The Origin of Nonmagnetic Kramers Doublets in the
Ground State of Dysprosium Triangles: Evidence
for a Toroidal Magnetic Moment (1)

Kramers doublet – two states

Toroidal magnetic moment – left/right rotating

Vanishing moment reduces crosstalk!

(1) L. F. Chibotaru, L. Ungur, and A. Soncini, Angew. Chem. Int. Ed. 47, 4126 (2008).
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à áá à p ? 6 Toroidal IV

Torodial magnetic molecules IV – switching???

D. Pister, K. Irländer, D. Westerbeck, and J. Schnack, Phys. Rev. Research 4, 033221 (2022).
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à áá à p ? 6 Singel-ion anisotropy IV

Single-ion anisotropy and bistability IV – stability

M
E

|1> |2>

|<1| S  |2>| = 0

−5/2 −3/2 −1/2 5/23/21/2

x

Collinear easy axes:

⇒ No tunneling gap

⇒ No transition matrix elements

E

|1> |2>
x

<S >

|<1| S  |2>| > 0

z

Non-collinear easy axes:

⇒ Tunneling gap for integer spin

⇒ (large) Transition matrix elements

Toroidal moments
are here!
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à áá à p ? 6 Typicality approach to molecular magnetism

Typicality approach to molecular
magnetism
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à áá à p ? 6 FTLM in one slide

Finite-temperature Lanczos method in one slide

Z(T,B) ≈ 〈 r | e−βH∼ | r 〉 ≈
NL∑
n=1

e−βε
(r)
n |〈n(r) | r 〉|2

Or(T,B) ≈
〈 r |O∼e

−βH∼ | r 〉
〈 r | e−βH∼ | r 〉

• | r 〉 is a random vector. Any random vector will do: | r 〉 ≡ (T =∞)

• e−βH∼ =
∑NL
n=1 |n(r) 〉e−βε

(r)
n 〈n(r) | is the spectral representation in the Krylov

space of dimension NL grown from seed | r 〉.

(1) J. Jaklic and P. Prelovsek, Phys. Rev. B 49, 5065 (1994).
(2) J. Schnack, J. Richter, R. Steinigeweg, Phys. Rev. Research 2, 013186 (2020).
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à áá à p ? 6 FTLM

FTLM 1: ferric wheel

(1) J. Schnack, J. Richter, R. Steinigeweg, Phys. Rev. Research 2, 013186 (2020).

(2) SU(2) & D2: R. Schnalle and J. Schnack, Int. Rev. Phys. Chem. 29, 403 (2010).

(3) SU(2) & CN : T. Heitmann, J. Schnack, Phys. Rev. B 99, 134405 (2019)
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à áá à p ? 6 Dy6 I

Effective model for Dy6

H∼ =
∑
k<`

~j
∼
k · Jk` · ~j

∼
` +
∑
k

~j
∼
k ·Dk · ~j

∼
k + µB ~B ·

∑
k

gk~j
∼
k

E

D

B

• Very strong alternating easy axes with D ≈ −20 K.
J ≈ −0.02 K and (stronger) dipolar interaction.

• Hamiltonian has no symmetries!

• dimH = 16, 777, 216 ⇒ FTLM!

Warning! Method is approximate and holds only for small enough B since spin and
orbital angular momentum have got different gk.
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à áá à p ? 6 Problem III

Problem III – FTLM converges badly for anisotropic models
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à áá à p ? 6 Dy6 II

Dy6 – results

1. Use pairs of time-reversed random vectors (1)

2. Use symmetric version of FTLM (2):

Tr
(
O∼e
−βH∼

)
= Tr

(
e
−βH∼/2O∼e

−βH∼/2
)
≈ 〈 r | e−βH∼/2O∼e

−βH∼/2 | r 〉 6= 〈 r | e−βH∼O∼ | r 〉

(1) O. Hanebaum, J. Schnack, Eur. Phys. J. B 87, 194 (2014).
(2) M. Aichhorn, M. Daghofer, H. G. Evertz, and W. von der Linden, Phys. Rev. B 67, 161103(R) (2003).
(3) D. Westerbeck, Ph.D. thesis, Bielefeld University (2025).
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à áá à p ? 6 Summary

Summary

• Magnetic molecules are rich quantum spin sys-
tems.

• Magnetic molecules allow to study quantum phe-
nomena for finite-size systems.

• Numerical methods such as sFTLM or thDMRG
can be used for and are challenged by magnetic
molecules.
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à áá à p ? 6 Information

Molecular Magnetism Web

www.molmag.de

Highlights. Tutorials. Who is who. Conferences.
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