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➠ ➡➡ ➠ ❐ ? ✖ Concept

This talk follows the concept

of the famous
Course of Theoretical Physics

by Landau and Lifshitz
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➠ ➡➡ ➠ ❐ ? ✖ Concept

Lifshitz, who did the writing,

confessed that the books contain
“not a word of Landau

and not a thought of Lifshitz”
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➠ ➡➡ ➠ ❐ ? ✖ Contents for you today

Contents for you today

3   42  4711
42   0   3.14
4711 3.14 8
−17  007  13
1.8  15  081

1. Time evolution

2. The dark horse

3. Musings

We are the sledgehammer team of matrix diagonalization.
Please send inquiries to jschnack@uni-bielefeld.de!
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➠ ➡➡ ➠ ❐ ? ✖ Why time evolution?

Why time evolution?

• Study details of switching processes.

• Study influence of surrounding (bath).

• Ultimate goal: combined dynamics.

• Related: Magnetization dynamics, AC suscepti-
bility, equilibration, µSR.

Such calculations are complicated and rare!
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➠ ➡➡ ➠ ❐ ? ✖ Equation of motion

Equation of motion

d

dt
ρ
∼
(t) =

1
i~

[
H∼ (t), ρ

∼
(t)
]

+ L̂ρ
∼
(t)

ρ
∼

(t) – density operator; generalization of states

H∼ (t) – Hamiltonian; time-dependent, since ~B(t) time-dependent

L̂ – the UNKNOWN super operator (a very dark horse!)
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➠ ➡➡ ➠ ❐ ? ✖ Equation of motion II

Equation of motion II

Things you know: the time-dependent Schr ödinger equation

i~
d

dt
|Ψ(t) 〉 = H∼ (t) |Ψ(t) 〉

|Ψ(t) 〉 – state vector of your quantum system
Be aware of the difference between state and state!

H∼ (t) – Hamiltonian; time-dependent, since ~B(t) time-dependent

⇒ Unitäry, coherent time-evolution of a single state vector, e.g. Landau-Zener.

Problems: 1. No decoherence.
2. What if your system does not start in a state vector?
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➠ ➡➡ ➠ ❐ ? ✖ Equation of motion III

Equation of motion III

Things you know: the time-dependent Schr ödinger equation

i~
d

dt
|Ψ(t) 〉 = H∼ (t) |Ψ(t) 〉

is equivalent to

d

dt
ρ
∼
(t) =

1
i~

[
H∼ (t), ρ

∼
(t)
]

with ρ
∼

(t) = |Ψ(t) 〉〈Ψ(t) | being a pure state.
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➠ ➡➡ ➠ ❐ ? ✖ Equation of motion IV

Equation of motion IV

Things you know, too: the equilibrium density matrix

ρ
∼

(eq)(T,B) =
1

Z(T,B)
exp

{
−βH∼

}
Z(T,B) = Tr

(
exp

{
−βH∼

})
.

It could be that you start with this density matrix at t = 0,
i.e. not in a single state vector, but a mixed state.

ρ
∼
(t = 0) = ρ

∼
(eq)(T,B) .
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➠ ➡➡ ➠ ❐ ? ✖ Equation of motion V

Equation of motion V

Protocols of time evolution

t

J, B

t0

quench

continuous

Magnetization dynamics with B being ramped up for t > t0 (Wolfgang! ).

d

dt
ρ
∼
(t) =

1
i~

[
H∼ (t), ρ

∼
(t)
]
, ρ
∼
(t = t0) = ρ

∼
(eq)(T,B(t < t0)) .
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➠ ➡➡ ➠ ❐ ? ✖ Equation of motion VI

Equation of motion VI

Oscillating and non-linear B(t)
VOLUME 80, NUMBER 7 P HY S I CA L REV I EW LE T T ER S 16 FEBRUARY 1998

FIG. 4. Time dependences of magnetization for various am-
plitudes, H

0

.

consider the state at t ≠ 2pmyv, m ≠ 0, 1, 2, . . . , where
Hstd ≠ H

0

. First, let us consider the time evolution for
the half period, namely, during the field changes from H

0

to 2H
0

: X ≠ expf2i
Rpyv

0

H ssd dsg. As far as H
0

is
small and only the lowest two states play an important
role, X is expressed by a 2 3 2 unitary matrix. Here we
take the ground state jGl and the first excited state j1l at
t ≠ 0 as the basis. After a half period the time evolution
is expressed as

XjGl ≠ t
11

jG0l 1 t
21

j10l ,

Xj1l ≠ t
12

jG0 l 1 t
22

j10l ,

(7)

where jG0l and j10l denote the ground state and the first
excited state at t ≠ pyv, respectively. They can be
expressed as a linear combination of jGl and j1l: jG0l ≠
Q

11

jGl 1 Q
21

j1l and j10l ≠ Q
12

jGl 1 Q
22

j1l. Let the
transformation matrix be Q. The most general form of
the unitary matrix for the time evolution which yields the
transition probability Eq. (3) must be of the form

T ≠
µ

t
11

, t
12

t
21

, t
22

∂
≠

√
eiupp, eifp

1 2 pp
1 2 p , 2eis2u1fdpp

!
, (8)

FIG. 5. H
0

dependence of V. V
max

is shown by a dot-
ted line.

where u and f are unknown phases which depend
on H

0

and v. Thus X is expressed by Q21T . To
obtain the time evolution for pyv # t # 2pyv we
change the sign of the z component of the spins [for
this change we can use the unitary transformation
ssx , sy , szd ! ssx , 2sy , 2szd for all sites], and ob-
serve that the time evolution during which the field
changes from 2H

0

to H
0

is identical to X (i.e., the
Hamiltonian is identical). Therefore, in the second half
of the period 2pyv, the time evolution X 0 can be written
as X 0 ≠ expf2i

R
2pyv
pyv H ssd dsg, ≠Q21XQ. The time-

evolution operator for one period reads
L ≠ Q21XQX . (9)

When the scattering region of Hstd is very narrow, which
is the present case as is clear from Fig. 1, we may take

Q ≠
µ

0 1

1 0

∂
. (10)

Combining Eqs. (7), (8), and (10), L is given by the
matrix

√
e2iup 1 s1 2 pdeif

, seiu1if 2 e2iu12ifd
p

ps1 2 pd
seiu 2 e2iu1ifd

p
ps1 2 pd , e22isu2fdp 1 s1 2 pdeif

!
. (11)

The eigenvalues, l6, of L are given by
l6 ≠ sq 6 i

p
1 2 q2 deif

, (12)
where q ≠ 1 2 p 1 p cossad, a ≠ 2u 2 f. In terms
of these eigenvalues the frequency V reads l6 ; exp
f6is 2p

v d s V
2

d 1 ifg. Thus the frequency V is given by

tan
µ

pV

v

∂
≠

p
1 2 q2

q

≠

p
2ps1 2 cosad 2 p2s1 2 cosad2

1 2 ps1 2 cosad
,

(13)

and for p ø 1 we have
pV

v
.

q
2ps1 2 cosad . (14)

The probability of remaining in the ground state after
n periods is given by xs2pnyvd ≠ a 1 b coss2pVny
v 1 gd, where a, b, and g are constants depending on
the initial state. When the initial state is the ground state
and p ø 1, a . b . 1y2 and g ø 1, in concert with
the data shown in Fig. 4.
The unknown phase factor 1 2 cossad can be esti-

mated from an observation within a single period. From

1527

D. A. Garanin et al.: Inverse problem for the Landau-Zener effect 9
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Fig. 1 – The cubic-parabola energy sweep with W (t) = −2.5t + 1.83t3 and ∆ = ! = 1. The time
dependence of the probability |c1(t)|2 = |p(t)|2 can be fitted with |p|2 = [1 − tanh(sinh t)]/2 with
graphic accuracy. The function |p|2 = [1− tanh t]/2 is shown for comparison.

and the reduced variables
τ ≡ (∆/!) t, W ≡W/∆. (9)

Then eqs. (6) can be put in the reduced form

∂τy = sin ϕ ,

∂τϕ = W − tan y cos ϕ . (10)

The boundary condition for this equation is y(−∞) = π/2, whereas the value of ϕ(−∞)
is irrelevant. In general, far from the resonance ϕ(τ) strongly oscillates with time and the
derivative ∂τy is not small. Below we will consider special kinds of solutions of eq. (10) which
are characterized by a smooth, nonoscillating dependence sinϕ(τ) and ∂τy(−∞) = 0. We will
solve the inverse problem for eq. (10) which consists in finding W (τ) resulting in a required
function x(τ). From eq. (10) one easily obtains a general formula,

W (τ) = ∂τϕ + tan y cos ϕ = ∂2
τy /cos ϕ + tan y cos ϕ, cos ϕ = ±

√
1− (∂τy)2. (11)

The sign in front of cos ϕ determines the sign of the function W (τ). Since |c1(−∞)|2 = 1 and
thus x(−∞) = 1 and y(−∞) = π/2, one has tan y(−∞) =∞. To comply with the condition
W (−∞) = −∞, one has to choose, in general, the negative sign:

W (τ) = −∂2
τy
/√

1− (∂τy)2 − tan y
√

1− (∂τy)2. (12)

Before considering particular cases, we will comment on some general properties of the
functions x(τ) and W (τ). If x(τ) is an odd function of time, then y(τ) is also odd and ∂τy(τ)
is even, whereas ∂2

τy(τ) and tan y(τ) are odd. Then from the first of equations (10) it follows
that sinϕ(τ) is even. If the sign of cos ϕ does not change, which is the generic situation,
cos ϕ(τ) is even. Then from eq. (11) it follows that W (τ) is odd. In a similar way one
can show that if x(τ) is even (the system returns into the initial state ψ1 after crossing the
resonance) then W (τ) is even, too.

There is an important special case, however, which is realized if the derivative ∂τy at some
point τ0 attains its maximal value |∂τy| = 1 which follows from the first of equations (10).
At this point cosϕ turns to zero and changes its sign to positive. The latter corresponds to

Magnetization dynamics with time-dependent B and pure states.
R.h.s.: Non-linear B(t) for full Landau-Zener switching (2).

(1) S. Miyashita, K. Saito, and H. D. Raedt, Phys. Rev. Lett. 80, 1525 (1998).

(2) D. A. Garanin and R. Schilling, Europhysics Letters 59, 7 (2002).
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➠ ➡➡ ➠ ❐ ? ✖ Equation of motion VII

Equation of motion VII

Quantum quench of J(t)

tt0

quench

J

Idea: switch interaction between Cr7Ni rings by means of exciting the dimer in the
middle from singlet to triplet (1).

(1) G. A. Timco et al., Nature Nanotechnology 4, 173 (2009).
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➠ ➡➡ ➠ ❐ ? ✖ Equation of motion VIII

Equation of motion VIII

Cr7Ni–Cu2–Cr7Ni: more than a quench

ρ
∼
(t = 0) =

ρ∼Cr7Ni, left 0 0
0 ρ

∼Cu2
0

0 0 ρ
∼Cr7Ni, right

 .

Idea: B(t) would modify ρ
∼Cu2 to have triplet character which then should initiate a

non-trivial entanglement between l.h.s. and r.h.s. Cr7Ni.

For T > 0 ρ
∼

(t = 0) does not have block structure. What’s the influence? In

addition, what is the influence of dipolar interactions?
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➠ ➡➡ ➠ ❐ ? ✖ Equation of motion IX

Equation of motion IX

We actually know this quench approach: µSR

ρ
∼
(t = 0) =

(
ρ
∼stuff 0

0 ρ
∼µ

)
.

Idea: Muon implanted instantly, density matrix at t = 0 is a product of the
equilibrium density matrix of the material and those of the polarized muon.

We should also solve this problem! The muon should develop into an entangled
state with the material, but we don’t treat it like this!

(1) Jonas Korenke, Diploma thesis, Bielefeld University (2013) & J. Korenke, J. Schnack, hopefully published some day.
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➠ ➡➡ ➠ ❐ ? ✖ The dark horse

The dark horse
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➠ ➡➡ ➠ ❐ ? ✖ Quantum master equation

Quantum master equation

d

dt
ρ
∼
(t) =

1
i~

[
H∼ (t), ρ

∼
(t)
]

+ L̂ρ
∼
(t)

L̂ – the UNKNOWN super operator (a very dark horse!) models the influence of the
environment (bath) on the actual system; depends on the interactions and typ of
bath. This term is responsible for thermalization, relaxation, decoherence.

The structure of L̂ is such, that the density matrix remains a density matrix
(conservation of probability).

(1) N.V. Prokof’ev, P.C.E. Stamp, Rep. Prog. Phys. 63, 669 (2000); Phys. Rev. Lett. 80, 5794 (1998).

(2) Heinz-Peter Breuer, The Theory of Open Quantum Systems, Oxford University Press (2007).
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➠ ➡➡ ➠ ❐ ? ✖ Quantum master equation

A simple example

d

dt
ρ
∼
(t) =

1
τ

(
ρ
∼

(eq)(T,B)− ρ
∼
(t)
)

Describes an exponential relaxation towards thermal equilibrium with a single
relaxation time τ . Fully phenomenological.

ρ
∼
(t) =

(
1− e−

t
τ

)
ρ
∼

(eq)(T,B) + e−
t
τρ
∼
(0) .
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➠ ➡➡ ➠ ❐ ? ✖ Quantum master equation

Simple quantum dynamics with relaxation/decoherence

d

dt
ρ
∼
(t) =

1
i~

[
H∼ (t), ρ

∼
(t)
]

+
1
τ

(
ρ
∼

(eq)(T,B(t))− ρ
∼
(t)
)

Not a bad start to investigate coherent dynamics under the influence of a heat bath
with a single relaxation time τ .

ρ
∼

(eq)(T,B(t)) is the equilibrium density matrix for the time-dependent magnetic

field at fixed temperature.

related: P. Santini et al., Phys. Rev. Lett. 94, 077203 (2005).
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➠ ➡➡ ➠ ❐ ? ✖ Quantum master equation

Realistic bath

magnetic fields (DC) are swept from 0 to 0.3 T and we can find out
magnetization jumps at the avoided-level crossing point. The
relaxation speed of magnetization increases, when magnitude of
external magnetic field matches up to avoid level crossing points.
Thus, step-like curvature is reproduced. External temperature is
fixed to be T = 0.2,0.3, . . .,0.7 K and we confirmed the magnetic
hysteresis that magnetization at near 0 K remains even in the field
being 0 T. The transition ratio between ground and excited levels in
lower temperature regions becomes small, because thermal excita-
tion ratio decreases.

3.2. AC-magnetic susceptibility and Cole-Cole plot

In previous section static (DC) external magnetic field was
introduced into the system. In order to study SMM molecules con-
cerning many interesting experimental studies, spin dynamic sim-

ulation for AC-magnetic susceptibility is also very important. Such
magnetic response under the periodically driven fields depends on
the frequency of the external magnetic field. Thus, frequency
dependence of real (v0) and imaginary (v00) parts of v could be
shown with Fourier transformation.

vðxÞ ¼
Z

dteixtvðtÞ ¼ v0ðxÞ þ iv00ðxÞ ð11Þ

We assume that v values can be described with linear relaxa-
tion (Debye type). Fig. 4 shows our obtained results in the case
of Stotal = 2, where for example four-centered electro-spins with
all ferromagnetic couplings are one of candidate cases. Here, calcu-
lations for smaller Stotal system were progressed, because the re-
sults for larger Stotal system will be more complicated and hard
to understand. Same procedure of numerical calculations de-
pended on our QME simulation were carried out, except for alter-
native magnetic field in Eq. (6). The spin Hamiltonian of Eq. (5) are
employed and the anisotropic parameters are fixed at
D = %0.5 cm%1 and E = 0 cm%1. The relaxation parameter (c0) for
spin-phonon coupling is 0.1 cm%1 and amplitude of external mag-
netic field is 0.1 T. External temperature is fixed to be
T = 0.4,0.5, . . .,2.0 K and we can find out drastic changing of curva-
ture of both v0 and v00 terms. In this figure, temperature depen-
dency is found, which implies response speeds against
alternative external field will be sensitive to simulation
temperature.

Moreover, let us re-plot the data in Fig. 4 into Fig. 5. Our theo-
retically drawn half circles in Cole-Cole plot (v0 versus v00) will give
information to experimental studies. In this figure, we can find that
regular circles are realized in higher temperature case. On the
other hand, in lower temperature system each circle becomes to
be distorted. It is implied that divergence from linear-like decre-
ment of spin relaxation time especially in lower temperature
regions.

4. Conclusion

We have performed spin dynamics in electron-spin system
using the quantum Liouville equation with the relaxation process

Fig. 4. Our QME simulation was carried out under AC magnetic field in Eq. (6). The
anisotropic parameters are fixed at D = %0.5 cm%1 and E = 0 cm%1. AC-magnetic
susceptibility in Stotal = 2 system is shown, where frequency dependence of real (v0)
and imaginary (v00) parts of v can be shown with Fourier transformation.

Fig. 5. The Cole-Cole (v0 versus v00) plot, which was obtained by re-plotting the data in Fig. 4.
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2154 Hiroki Nakano and Seiji Miyashita (Vol. 70,

tive basis. In this paper, we find that even in the present
basis, we obtain good results. However, we can improve
the approximation by adding more basis states extracted
from a few low-energy states.
In this work, we perform Runge-Kutta calculations for
the small matrix H̃sys instead of the full-size matrixHsys.
In the Runge-Kutta calculations, the normalization of
the wave function deviates easily from unity. We have
checked it carefully and used a small enough time step.
The initial condition is |φ0〉. To keep the quality of the
approximation the same, we update a set {|φMz〉} by
the above mentioned method, i.e. (2.11), after time evo-
lution by H for a while. It is found that {|φMz 〉} gives
a good approximation if it is updated as often as the
level crosses. We have verified that no significant differ-
ences appear when the frequency of the update is varied.
When the sweeping speed is small and the system be-
haves adiabatically, the states with the lowest and the
second lowest energies are important. The method de-
scribed here gives the magnetization processM(h) as the
adiabatic process very effectively. Actually, this dynam-
ical method is a natural way corresponding to experi-
ments of pulsed magnetic field.
As we mentioned, the present method provides infor-
mation of nonadiabatic process for fast sweepings, that
cannot be obtained by a static Lanczos diagonalization
only. To demonstrate the validity of the above approx-
imation for the nonadiabatic transition, we have per-
formed the calculation of the Schrödinger equation for
S = 1 for D̃ = 0.01. In this case, the first avoided level
crossing has an energy gap ∆E/J ∼ 0.0196. According
to the LZS mechanism, the transition rate at an avoided
crossing is given by

P = 1− exp
(

− π(∆E/J)2

2|Mz −M ′z|h̃max/t̃max

)

, (2.13)

when the magnetic field is linearly sweeped from zero
to h̃max during a time of t̃max. For the above energy
gap, h̃max = 6, t̃max = 3000, Mz = 1 and M ′z = 0, the
transition rate P given by (2.13) is 0.26. After the corre-
sponding level crossing, the present approximation gives
for this rate 0.26. This agreement indicates the valid-
ity of the above approximation. For the quantum mas-
ter equation, we use the same effective basis. We have
also checked the agreement of a result from the quantum
master equation for a full-size Hamiltonian with a small
dimension and that from the quantum master equation
for the Hamiltonian with its effective basis, which also
indicates the validity of the approximation in the quan-
tum master equation.

§3. Magnetization Process at T = 0
Figure 3(a) shows the result of the magnetization pro-
cess for t̃max = 30000, h̃max = 15 and D̃ = 0.01 together
with the complete stair case of the ground state of the
model of D = 0. Every step indicates the position of
a level crossing at which the magnetization grows from
M to M + 1. Because a final value of the magnetization
reaches full saturation, the process is almost adiabatic at
every crossing. Figure 3(b) shows dM/dh̃ for D̃ = 0.01.

Fig. 3. (a) Magnetization process for S = 5/2, D̃ = 0.01,
h̃max = 15 and t̃max = 30000. For comparison, the complete
stair case is also shown when one traces the ground state of the
model of D = 0. (b) Field derivative of the magnetizations in
(a). Crosses indicate places of δ functions at level crossings for
D = 0.

Fig. 4. Nonadiabatic magnetization process for t̃max = 7500 is
shown by the red line. Other parameters are S = 5/2, D̃ = 0.01
and h̃max = 15. A line of green stairs is the same as in Fig. 3.
The inset shows the field derivative of the magnetization for the
same parameters.

Interaction with phonons. AC-susceptibility of a single spin (1). Magnetization
dynamics in a pulsed field (2).

(1) T. Kawakami et al., Polyhedron 28, 2092 (2009).

(2) H. Nakano and S. Miyashita, J. Phys. Soc. Jpn. 70, 2151 (2001).
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➠ ➡➡ ➠ ❐ ? ✖ Quantum master equation

Why are such calculations so rare?

d

dt
ρ
∼
(t) =

1
i~

[
H∼ (t), ρ

∼
(t)
]

+ L̂ρ
∼
(t)

1. ρ
∼

(t) has Dim(H)×Dim(H) entries!

2. L̂ is not really known;
there are reasonable assumptions such as Lindblad form etc.

Very encouraging calculations along these lines concerning the question of
robustness (1)!

(1) A. Chiesa, D. Gerace, F. Troiani, G. Amoretti, P. Santini, S. Carretta, Phys. Rev. A 89, 052308 (2014).
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➠ ➡➡ ➠ ❐ ? ✖ Musings

Musings about things

that I don’t understand
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➠ ➡➡ ➠ ❐ ? ✖ Musings

in random order
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➠ ➡➡ ➠ ❐ ? ✖ Musings

Exact diagonalization required!

3   42  4711
42   0   3.14
4711 3.14 8
−17  007  13
1.8  15  081

1. For a trustworthy quantum
dynamics you need exact di-
agonalization.

2. Initial state (pure or mixed)
needs to be as accurate as
possible.

We are the sledgehammer team of matrix diagonalization.
Please send inquiries to jschnack@uni-bielefeld.de!
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➠ ➡➡ ➠ ❐ ? ✖ Complete diagonalization

Complete diagonalization:

SU(2) & point group symmetry

Quantum chemists need to be much smarter since they have smaller computers!

(1) D. Gatteschi and L. Pardi, Gazz. Chim. Ital. 123, 231 (1993).
(2) J. J. Borras-Almenar, J. M. Clemente-Juan, E. Coronado, and B. S. Tsukerblat, Inorg. Chem. 38, 6081 (1999).
(3) B. S. Tsukerblat, Group theory in chemistry and spectroscopy: a simple guide to advanced usage, 2nd ed. (Dover
Publications, Mineola, New York, 2006).
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➠ ➡➡ ➠ ❐ ? ✖ Irreducible Tensor Operator approach

Irreducible Tensor Operator approach

Spin rotational symmetry SU(2):

• H∼ = −2
∑
i<j Jij ~s∼i · ~s∼j + gµB ~S∼ ·

~B ;

• Physicists employ:
[
H∼ , S∼z

]
= 0;

• Chemists employ:
[
H∼ ,

~S∼
2
]

= 0,
[
H∼ , S∼z

]
= 0;

Irreducible Tensor Operator (ITO) approach;
Free program MAGPACK (2) available.

(1) D. Gatteschi and L. Pardi, Gazz. Chim. Ital. 123, 231 (1993).
(2) J. J. Borras-Almenar, J. M. Clemente-Juan, E. Coronado, and B. S. Tsukerblat, Inorg. Chem. 38, 6081 (1999).
(3) B. S. Tsukerblat, Group theory in chemistry and spectroscopy: a simple guide to advanced usage, 2nd ed. (Dover
Publications, Mineola, New York, 2006).
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➠ ➡➡ ➠ ❐ ? ✖ Point Group Symmetry

Point Group Symmetry

|α′ SM Γ 〉 = P(Γ) |αSM 〉 =

(
lΓ
h

∑
R

(
χ(Γ)(R)

)∗
G∼(R)

)
|αSM 〉

Method:

• Projection onto irreducible representations Γ of the point group (1,2);

• No free program, things are a bit complicated (3,4).

(1) M. Tinkham, Group Theory and Quantum Mechanics, Dover.
(2) D. Gatteschi and L. Pardi, Gazz. Chim. Ital. 123, 231 (1993).
(3) O. Waldmann, Phys. Rev. B 61, 6138 (2000).
(4) R. Schnalle and J. Schnack, Int. Rev. Phys. Chem. 29, 403-452 (2010) ⇐ contains EVERYTHING.
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➠ ➡➡ ➠ ❐ ? ✖ Point Group Symmetry V

Example: Icosahedron

s=1 (!!!)

s=3/2 (D2)

Icosahedron, s = 3/2, Hilbert space dimension 16,777,216; symmetry Ih;
Evaluation of recoupling coefficients for s = 3/2 in Ih practically impossible (1).

(1) R. Schnalle and J. Schnack, Int. Rev. Phys. Chem. 29, 403-452 (2010).
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➠ ➡➡ ➠ ❐ ? ✖ Frustration

I love frustration, but

Frustration is probably not good
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➠ ➡➡ ➠ ❐ ? ✖ Definition of frustration

Definition of frustration

A

B

A

B A

B

A

B A

B

A

B A

B

A

B

• Simple: A spin system is frustrated if in the ground
state of the corresponding classical spin system not
all interactions can be minimized simultaneously.

• Advanced: A non-bipartite antiferromagnet is frus-
trated. A bipartite spin system can be decomposed
into two sublattices A and B such that for all ex-
change couplings:
J(xA, yB) ≤ g2 , J(xA, yA) ≥ g2 , J(xB, yB) ≥ g2,
cmp. (1,2).

(1) E.H. Lieb, T.D. Schultz, and D.C. Mattis, Ann. Phys. (N.Y.) 16, 407 (1961)
(2) E.H. Lieb and D.C. Mattis, J. Math. Phys. 3, 749 (1962)
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➠ ➡➡ ➠ ❐ ? ✖ Frustration

Problem of frustrated systems

• For odd-membered spin rings and half integer s,
i.e. s = 1/2, 3/2, 5/2, . . . we find that (1)
- ground state has total spin S = 1/2;
- ground state energy fourfold degenerate (CN).

• (Near) degeneracies may prevent accurate
preparation.

• High density of low-lying states might easily mix
in unwanted states during time evolution.

(1) K. Bärwinkel, H.-J. Schmidt, J. Schnack, J. Magn. Magn. Mater. 220, 227 (2000).
(2) J. Schnack, Dalton Trans. 39, 4677 (2010); M. L. Baker et al., Proceedings of the National Academy of Sciences
109, 19113 (2012).
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➠ ➡➡ ➠ ❐ ? ✖ FTLM

Finite-temperature Lanczos
Method

(Good for dimensions up to 1010.)

(Can also be used for time evolution!!!)
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➠ ➡➡ ➠ ❐ ? ✖ Lanczos

Lanczos – a Krylov space method

• Idea: exact diagonalization in reduced basis
sets.

• But which set to choose???

• Idea: generate the basis set with the operator
you want to diagonalize:{
|φ 〉,H∼ |φ 〉,H∼

2 |φ 〉,H∼
3 |φ 〉, . . .

}
• But which starting vector to choose???

• Idea: almost any will do!

• Cornelius Lanczos (Lánczos Kornél, 1893-1974)

(1) C. Lanczos, J. Res. Nat. Bur. Stand. 45, 255 (1950).
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➠ ➡➡ ➠ ❐ ? ✖ FTLM

Finite-temperature Lanczos Method I

Z(T,B) =
∑
ν

〈 ν | exp
{
−βH∼

}
| ν 〉

〈 ν | exp
{
−βH∼

}
| ν 〉 ≈

∑
n

〈 ν |n(ν) 〉 exp {−βεn} 〈n(ν) | ν 〉

Z(T,B) ≈ dim(H)
R

R∑
ν=1

NL∑
n=1

exp {−βεn} |〈n(ν) | ν 〉|2

• |n(ν) 〉 n-th Lanczos eigenvector starting from | ν 〉

• Partition function replaced by a small sum: R = 1 . . . 10, NL ≈ 100.

J. Jaklic and P. Prelovsek, Phys. Rev. B 49, 5065 (1994).
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➠ ➡➡ ➠ ❐ ? ✖ FTLM

Lanczos for unitary time evolution

|Ψ(t+ ∆t) 〉 = exp
{
−i∆t

~
H∼

}
|Ψ(t) 〉

≈
NL∑
n=1

exp
{
−i∆t

~
εn

}
|n(Ψ) 〉〈n(Ψ) |Ψ 〉

• |n(Ψ) 〉 n-th Lanczos eigenvector starting from |Ψ 〉

• Time-evolution rather accurate, even for big systems, but formulated for pure
states.

J. Jaklic and P. Prelovsek, Phys. Rev. B 49, 5065 (1994).
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➠ ➡➡ ➠ ❐ ? ✖ Bloch

Is there more than
the Bloch sphere?
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➠ ➡➡ ➠ ❐ ? ✖ Bloch

What about non-Bloch states?

Spin-coherent states for s = 1/2 (parameterized on the Bloch sphere)

| θ, φ 〉 = cos
(
θ

2

)
e−iφ/2 | ↑ 〉+ sin

(
θ

2

)
e+iφ/2 | ↓ 〉

Spin-coherent states for s = 1 (parameterized on the Bloch sphere)

| θ, φ 〉 =
1 + cos(θ)

2
e−iφ |m = 1 〉+

sin(θ)√
2
|m = 0 〉+

1− cos(θ)
2

e+iφ |m = −1 〉

Do not exhaust all possible states, |m = 0 〉 cannot be reached by a rotation of
|m = 1 〉, there are states such a spin-nematic states.
Can they be addressed? Do they form during time-evolution? Can they be read
out?
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➠ ➡➡ ➠ ❐ ? ✖ NRG

Numerical Renormalization
Group calculations

(Good for deposited molecules.)
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➠ ➡➡ ➠ ❐ ? ✖ NRG

You want to deposite a molecule

M. Bernien et al., Phys. Rev. Lett. 102, 047202 (2009); A. Ghirriet al., ACS Nano, 5, 7090-7099 (2011); X. Chen et al.,
Phys. Rev. Lett. 101, 197208 (2008); M. Mannini et al., Nature Materials 8, 194 - 197 (2009).
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➠ ➡➡ ➠ ❐ ? ✖ NRG

Physical example (ICMM 2010)

=
S=0

Stack of deposited Cobalt phthalocyanine (CoPc) molecules;
Co2+ with spin s = 1/2.

Under which circumstances is the picture of total screening correct?

X. Chen et al., Phys. Rev. Lett. 101, 197208 (2008).
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➠ ➡➡ ➠ ❐ ? ✖ NRG

NRG – minimal model ( already an approximation! )

���������������������������������������
���������������������������������������
���������������������������������������

���������������������������������������
���������������������������������������
���������������������������������������

J

J

JA

• H∼ = H∼ electrons +H∼ coupling +H∼ impurity

H∼ electrons =
∑
i 6=j, σ tijd∼

†
iσd∼jσ + geµBBS∼

z

H∼ coupling = −2JAS∼ ·s∼0 , s∼0 – spin density at contact

• H∼ impurity = Hamiltonian of your molecule!

• NRG ≡ construction of a small (!) effective model in
order to evaluate properties of the deposited cluster,
the impurity (3).

(1) K. G. Wilson, Rev. Mod. Phys. 47, 773 (1975)
(2) M. Höck, J. Schnack, Phys. Rev. B 87, 184408 (2013)
(3) Impurity is a technical term in this context and not an insult to chemists.
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➠ ➡➡ ➠ ❐ ? ✖ NRG

NRG in a cartoon

���������������������������������������
���������������������������������������
���������������������������������������

���������������������������������������
���������������������������������������
���������������������������������������

J

J

JA

J

J

JA

0 1 2 3
t t t t1 2 3 4

Metallic surface is replaced by semi-infinite Hubbard chain;
Parameters of the chain: hopping matrix elements and on-site energies;
Stepwise enlargement of the chain (t1 > t2 > t3 . . . );
Truncation of basis set when matrices grow too big.
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➠ ➡➡ ➠ ❐ ? ✖ NRG

Once more: deposited chain

���������������������������������������
���������������������������������������
���������������������������������������

���������������������������������������
���������������������������������������
���������������������������������������

J

J

JA

X. Chen et al., Phys. Rev. Lett. 101, 197208 (2008).
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➠ ➡➡ ➠ ❐ ? ✖ NRG

Energy levels of limiting cases for deposited trimer

B

E

BC

S=1/2

S=3/2

• energy levels of a trimer

B

E

S=1

B

S=0

C

• energy levels of a dimer

Magnetization curves different; could be seen in XMCD.
NRG calculates observables also between limiting cases

and can thus tell under which circumstances a limiting case applies.
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➠ ➡➡ ➠ ❐ ? ✖ NRG

Increasing coupling to the substrate

���������������������������������������
���������������������������������������
���������������������������������������

���������������������������������������
���������������������������������������
���������������������������������������

J

J

JA

H.-T. Langwald and J. Schnack, submitted; arXiv:1312.0864.
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➠ ➡➡ ➠ ❐ ? ✖ NRG

Increasing coupling to the substrate
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J

JA

H.-T. Langwald and J. Schnack, submitted; arXiv:1312.0864.
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➠ ➡➡ ➠ ❐ ? ✖ NRG

Increasing coupling to the substrate
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H.-T. Langwald and J. Schnack, submitted; arXiv:1312.0864.
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➠ ➡➡ ➠ ❐ ? ✖ NRG

Increasing coupling to the substrate
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H.-T. Langwald and J. Schnack, submitted; arXiv:1312.0864.
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➠ ➡➡ ➠ ❐ ? ✖ NRG

Increasing coupling to the substrate
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H.-T. Langwald and J. Schnack, submitted; arXiv:1312.0864.
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➠ ➡➡ ➠ ❐ ? ✖ NRG

Increasing coupling to the substrate
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H.-T. Langwald and J. Schnack, submitted; arXiv:1312.0864.
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➠ ➡➡ ➠ ❐ ? ✖ NRG

Weak vs. strong coupling
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J

J

AJ =0

• weak coupling limit:
unperturbed molecule (trimer)

• |JA| / 0.1W
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J

JA>> J

• strong coupling limit:
effective remainder (dimer)

• |JA| ' 0.5W

Inbetween: no simple characterization + further sequential screening possible

unilogo-m-rot.jpg Jürgen Schnack, Time-dependent processes 49/53



➠ ➡➡ ➠ ❐ ? ✖ Summary

Summary

• There are many interesting problems without the
complications of the dark horse.

• Interaction with the environment important, but
hard to model. Realistic interations preferred.

• We should simulate a small quantum computer
on a classical one.

• What about the anisotropic terms in the Hamilto-
nian?
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➠ ➡➡ ➠ ❐ ? ✖ The end

Thank you very much for your
attention.

The end.
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➠ ➡➡ ➠ ❐ ? ✖ Information

Molecular Magnetism Web

www.molmag.de

Highlights. Tutorials. Who is who. Conferences.
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