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Abstract

Wefocusonthetransitionfrom quantumto classicalbehavior in thermodynamicfunctions
and time correlationfunctionsof a systemconsistingof threeidenticalquantumspins �
that interactvia isotropicHeisenberg exchange.The partition function andthe zero-field
magneticsusceptibilityarereadilyshown to adopttheir classicalformswith increasing� .
Thebehavior of thespinautocorrelationfunction(ACF) is moresubtle.Unlike theclassical
Heisenberg trimer wheretheACF approachesa uniquenon-zerolimit for long times,for
thequantumtrimertheACFis periodicin time.Wepresentexactvaluesof thetimeaverage
over oneperiodof thequantumtrimer for ����� andfor infinite temperature.Theseaver-
agesdiffer from the long-timelimit, ���
	��
���������������	����� , of thecorrespondingclassical
trimer by termsof order ��	���� . However, upon applying the Levin � -sequenceaccelera-
tion methodto our quantumresultswe canreproducetheclassicalvalueto six significant
figures.
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1 Introduction and summary

In recentyearsconsiderableattentionhasbeendevotedto themagneticproperties
of synthesizedorganiccomplexes(“molecularmagnets”)containingsmallnumbers
of paramagneticions [1–5]. With theability to control theplacementof magnetic
momentsof diversespecieswithin stablemolecularstructures,it is now possibleto
testbasicquestionsconcerningtheir magneticpropertiesandto explorethedesign
of novel systemsthatoffer theprospectof usefulapplications[6,7]. Intermolecular
magneticinteractionsaretypically extremelyweakcomparedto intramolecularin-
teractions,soabulk samplecanbeconsideredasindependentindividualmolecular
magnets.

The presentstudy is motivatedby the successfulsynthesisof two trimers, one
[8] consistingof V !#" ions ( $&%('
)+* ) andthe second[9] consistingof Fe,-" ions
( $.%0/+)�* ). With theanticipationof thesuccessfulsynthesisof yet othertrimers,in
thisarticleweconsiderthethermodynamicfunctionsandthetimecorrelationfunc-
tions for threeidenticalquantumspins $ which interactvia isotropicHeisenberg
exchangein theabsenceof anexternalmagneticfield. Weareespeciallyinterested
in comparingthebehavior of thesequantitiesfor diverse$ , andin particularin the
transitionto classicalbehavior which occursfor large $ . This transitionis readily
analyzedfor thethermodynamicfunctions.In particular, weshow thatthepartition
functionandthezero-fieldmagneticsusceptibilityadoptthecorrectclassicalforms
[10] with increasing$ . Our analysisalsoprovides resultsfor the deviation from
classicalbehavior dependingon thesizeof $ andthetemperatureof thesystem.

Knowledgeof theexacttwo-spintime correlationfunctionsis of greatimportance
sincethis enablesoneto predicttheoutcomeof measurementssuchastheproton-
spin latticerelaxationrate[11] by nuclearmagneticresonance(NMR) techniques
andinelasticmagneticneutronscattering[12]. In anearlierpublication[13] weex-
aminedin detailthepropertiesof thethermalequilibriumautocorrelationfunction,
to bedenotedby 132�4�57698;: , for aquantumHeisenberg dimercomposedof two iden-
tical spins$ which interactwith isotropicexchange.Somefeaturesof 132�4�576<83: that
occurfor a dimer arereadily shown to occurfor the trimer, too, andwe will not
dealwith thoseissues.However, therearetwo featuresof 132�4�57698;: for thequantum
trimerwhich deservecarefulattentionandtheseareconsideredin detail.

First, for thequantumHeisenberg trimersthequantity 132�4�57698;: is a periodicfunc-
tion of the time with a recurrencetime = . For thecorrespondingclassicalHeisen-
berg trimer, whoseACF is denotedby 1;>�4�57698;: , thereexists a unique,non-zero
long-time limit 1;>?4A@B698;: [14]. To make a meaningfulcomparisonbetweenthe
asymptotic,long-timebehavior of theclassicalHeisenberg trimer with a quantum
trimer, wesuggestcomparing1C>74A@B6<83: with thetimeaverageof 132�4�57698;: over the
correspondingrecurrencetime = , to bedenotedby 1;2D4�8;: ; thisvalueis equivalentto
thecoefficientof EF4HG�: in theexpressionfor theFouriertime transformof 1;2D4�57698;: .
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In particularwewill explorethelarge $ behavior of 132�4�8;: . Second,for theclassical
Heisenberg trimer, andfor thespecialcaseof infinite temperatureit hasbeenshown
that 1;>�4A@B6?@�:I%J4LK+)NMPOP:FQSRUTWV&X�)�T+O [14]. Thiscuriousexactvaluediffersfrom the
result, '�)DY , thatfollows from a phenomenologicaldiffusivespindynamics(DSD)
[14] basedon linearequationsof motion for a ring of Y , here YZ%[T , interacting
classicalHeisenberg spins.By contrast,for boththequantumandclassicaldimers
it hasbeenfound that 132�4A@�:\%]1;>?4A@B67@�:\%  � , independentof $ andin agree-
mentwith theDSD result.It is thusof interestto tracktheemergenceof theexact
classicalresultuponconsideringthesequenceof quantumtrimersfor increasing$ .
Wehavederivedtheexactvaluesof 132�4A@�: for thequantumtrimersfor thechoices$^% '�)+*_6�'+6`TP)+*_6�aDa�a767X . It is necessaryto considerthe resultsfor half-integer $
separatelyfrom thosederived for integer $ sincethey exhibit differentbehaviour
patterns.Eachsubsequenceappearsto convergevery slowly to theabove valueof1;>�4L@B67@�: for the classicaltrimer. For spins $ the deviation of 132�4A@�: from the
classicalresult is of order '
)+$ � . However, whenwe apply the Levin b -sequence
accelerationmethod[15,16] to the subsequencefor half-integer $ we arrive at an
estimatefor thelarge-$ -limit whichagreesto 6 significantfigureswith 1;>�4A@B6?@�: .
For integer $ theLevin b -estimateagreeswith 1;>�4A@B6?@�: to 5 significantfigures.

Thelayoutof this paperis asfollows. In Sec.2 we calculatethepartitionfunction
andthezero-fieldsusceptibilityof thequantumtrimer for general$ . We show that
bothquantitiesapproachthecorrespondingresultsfor theclassicaltrimer. In Sec.3
we derive a generalformulafor thetime average1;2D4L@�: . Numericalevaluationof
the formulabecomesa very lengthyprocesswith increasing$ , however, we have
beenableto performthesecalculationsfor $dceX . TheLevin b -estimatesfor 1;2D4L@�:
arealsoprovidedin Sec.3.

2 Thermodynamic functions

Thequantumtrimer is specifiedby theHamiltonoperator

f g�h % ij � k`l $g  nm l $g � V l $g � m l $g , V l $g , m l $g  po (1)% i* j � k lq g �sr l $g �  r l $g �� r l $g �, o t lq g % l $g  V l $g � V l $g , 6
wherethespinoperatorssatisfytheusualcommutationrelationsandwhere

i
has

unitsof energy.
i�u O describesantiferromagneticand

iwv O ferromagneticcou-
pling. Throughoutthis article it is assumedthat thespin quantumnumbersof the
threesitesare identical, $  %x$ � %x$ , %x$ . The eigenstatesy q 67z{6 q � ,}| of the
Hamiltonoperatorcanbechosenassimultaneouseigenstatesof the total spin

lq g � ,
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its ~ -component
q g��

, andof
lq g �� , % 4 l $g � V l $g , : � . The quantumnumbers

q 67z{6 q � ,
characterizetheeigenstatescompletely. Theeigenvalues��� of theHamiltonoper-
ator

�C��% i * 4 q 4 q Ve'�: r T�$�4L$�V^'
:9: (2)

do not dependon
q � , or z . Thusthepartitionfunctionin thecanonicalensemble

reads� % tr �+�N����� ������% ���� �;� �D�H�7� q 67z{6 q � , y#�N����� ����y q 67ze6 q � ,�| a (3)

TherespectiveclassicalHamiltonfunction
f > is definedas[13]f >�% i >�4 l �  nm l � � V l � � m l � , V l � , m l �  : 6 i >�% i $�4A$�Ve'
:I6 (4)

where
l �  , l � � and

l � , areunit vectors(c-numbers).Thentheclassicalpartitionfunc-
tion turnsout to be[10]

� >n%�� d����>74L��:F�� _¡¢4 r�£ �¤:s6 (5)

with theclassicaldensityof states

��>�4¥�¤:s%
¦§§§§§§¨ §§§§§§©
 �#ª#«�¬ �pª-« V�T ® r ,� i >¯c{�[c r i > ! ª « 4LT r ¬ �pª « V�T�: ® r i > v �°c^T i >O ® else

6 (6)

which is normalizedto unity. In orderto comparequantumandclassicaldensityof
states,theenergy spectraof thequantumtrimersfor different $ have to bemapped
onto thesameenergy interval; we take ± r T i >#)�*_6?T i >¥² , i.e. all energiesaredivided
by $�4A$�V^'
: .
Figure1 demonstrateshow thequantumdensityof statesapproachestheclassical
limit with increasingspin $ . Consideringtheeigenvalues(2) of theHamiltonopera-
tor (1) andtheirmultiplicities,whichoriginatefrom thedegeneracy in themagnetic
quantumnumberz andfrom differentpossibilitiesto coupleto acertaintotalspinq

, onecanshow analyticallythat thequantumdensityof statesconvergesagainst
theclassicalonefor infinite $ [17].

But thecoincidenceof theclassicalandthequantumdensityof statesfor highspin
doesnotmeanthatotherobservablescoincide,too.An interestingexampleis given
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Fig. 1. Normalizeddensityof statesfor quantumHeisenberg trimers (dashedlines) and
their classicalcounterpart(solid line).

by thezerofield susceptibility. Thesusceptibilityis definedasthederivativeof the
magnetisation

³ % '� tr � r�´¶µ�· q g¸� e����� �I� 6 f g % f g�h V ´¶µ�·�¹ q gW� (7)

with respectto themagneticfield ¹
º h %¼»¸½ ³½ ¹ ¾ ·À¿ h % ´¶�`µ¸�· £ÂÁ '� tr Ã k q g¸� o � e����� �¯Ä_Å ·À¿ h a (8)

For ferromagneticcoupling,Fig. 2 r.h.s., the graphsfor different $ nearly coin-
cidewith eachotherandwith theclassicalresult.However, for antiferromagnetic
couplingthezerofield susceptibilitybehavesdifferentlyfor integerandhalf-integer
spinquantumnumbersasshown onthel.h.s.of Fig.2.Thereasonis thatfor integer
spin thegroundstate,which is non-degenerate,has

q %ÆO andthusthezerofield
susceptibilityapproacheszerofor small temperatures8 , whereasfor half-integer
spinsthegroundstate,which is fourfold degenerate,has

q %Ç'
)+* whichcausesthe
susceptibilityto go to infinity for small 8 . However, if weconsiderafixednonzero
valueof 8 , the susceptibilitiestendto the classicalresultwith increasing$ . The
classicalresultis “indif ferent”at 8e%eO , it approaches' .
3 Autocorrelation function

Anotherimportantobservableis the two-spintime correlationfunctionbecauseit
servesasamajoringredientfor severalquantitiessuchasthespinlatticerelaxation
rateandtheneutronscatteringcrosssection.
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Fig. 2. Zero-fieldsusceptibilityfor ÈÊÉ{� andchoices��ÉË��	�Ì�Í7��Í?Î?Î?ÎDÍ#� . Thesolid lines
show theresultfor half integer spins,thedashedlines for integerspinquantumnumbers.
The classicalresult is given by the thick dottedline. L.h.s.: antiferromagneticcoupling,
r.h.s.:ferromagneticcoupling.

ConsideringthattheHamiltonoperator(1) is isotropic,oneobtainsfor theautocor-
relationfunction

132�4�57698;:�% Re
k9Ï �
� �;� ���H� � q 67z{6 q � , y�$g  � 4�5<: m $g  � 4LOP:�� ����� � ��y q 67ze6 q � ,�| oÏ �
� �;� ���H� � q 67z{6 q � , y7$g  � 4¥OP: m $g  � 4¥OP:�� ����� ����y q 67z{6 q � ,�| a (9)

Since � q 67z{6 q � , y7$g  � y qnÐ 6?z Ð 6 qnÐ� , | is zeroif y q r q�Ð y u ' , the contributing fre-
quenciesare G�% i 4 q VÑ'
:<) j . They areall multiplesof abasicfrequency, which isG¢ÒÓ% i ) j for integerspinquantumnumbersand G¢Ò�% i )�4L* j : for half integerspin
quantumnumbers.Thustheautocorrelationfunction is periodicwith a recurrence
time *
Ô¢)
G¢Ò .
Wehaveevaluatedtheexpression1;2D4L@�:

132�4A@�:�%ÕQSÖØ×ÙFÚ�Û � �HÜÝ?Þh d5�1;2D4�57698;: (10)

for half-integervalues'
)+*¤c{$\c0'�TP)�* andfor integervalues'\ce$dceX , andthese
are listed in table1. It appearsto be impracticalto extendtheseresultsto larger
spinvaluessincetheamountof computertimerequiredgrowsatanastonishingrate
with increasing$ . Fortunatelyadditionalcalculationsareunwarranted.In Fig. 3 we
displayourresultsversustheindependentvariable '
)�4A*�$¢Vß'
: � alongwith thesolid
line which hasbeenchosento passthroughthe quantumresultsfor s=11/2and
s=13/2.Thegoodagreementbetweenthe resultsfor the largerhalf-integervalues
of $ andthesolid line is consistentwith theconclusionthat thedeviation between
the quantumresultsandthe classicaltrimer decreasesmonotonicallyto zerobut
very slowly, the deviation beingof order '
)�4L*+$;VÇ'
: � . In fact, if we approximate
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Fig. 3. Resultsfor à 2 ��áâ� (openandfull circles)and à > ��áãÍ<áâ� (cross).The line, which
connectstheresultsfor ��É�����	�Ì and �ÓÉä�7�
	�Ì , is drawn to guidetheeye.

132�4A@�: by theform

132�4A@�:I%{1åV ¹4A*+$�Ve'
: � 6 (11)

we mayuseour resultsfor $æ%ç'+'
)+* and '�T+)+* to determinetheunknown param-
eters 1 and ¹ . In particular the result 1 % OFaèM+é+OP/_'+' provides an estimateforê�ëAì 2 Ú�Û 1;2D4L@�: . This resultis rathercloseto theexactclassicalresult[14]

1;>�4L@B67@�:�%[4¥KP)NMPOP:FQSRUT�VwX�)�T+O\%BOFaíMPé+OP/�*_'�O+K+é�T�a (12)

AdoptingEq.(11) for thecaseof integervaluesof $ andusingour resultsfor $C%Bî
and $;%BX wefind that 1{%{OFaíMPé+OP/�X+/ .
We may obtainan improvedestimatefor

ê�ëAì 2 Ú�Û 1;2D4L@�: by exploiting the Levinb -sequenceaccelerationmethod[15,16]which is tailor-madefor suchslowly con-
vergent,monotonicsequencesas the oneswe face.If the sequenceelementsare
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labelled ï  6�ï � 6�ï , 6�aDa�a (to be identified with 1  Lð � 4A@�:�6 1 , ð � 4L@�:�6�a�aDa ) and if we
definethe quantitiesb  %xï  6`b � %xï � r ï  6`b , %Õï , r ï � 6�aDa�a thenthe Levinb -estimatefor

ê�ëAìòñ Ú�Û ï ñ basedonemploying thefirst z valuesof ï ñ is givenby

ï¤±èze²ó% Ï �ô ¿  4 r '�: ô �  k � ô oPõ � � �¶öN÷ø ÷Ï �ô ¿  4 r '
: ô �  k � ô o¶õ � � �  ø ÷ a (13)

We find that ï¤±èX�².%(OFaíMPé+O+/+*�O+éP/Óa�aDa . For the correspondingsequenceof integer
valuesof $ wefind that ï�±íX�²�%BO_aèMPé�OP/_'
X�KUa�aDa .
It is interestingto notethat for half-integer valuesof $ the Levin b -estimatesare
closerto theexactclassicalresultthanthosefor integer $ .� à 2 ��áâ� � à 2 ��áâ�

1/2 ùú�Éß+Îíû�û�û�û�û�û�û�ü 1 ! hý9 É�+Îþ������ÿ�Ì
���7ü
3/2 ���

ú ù�� ù Éß+Îþ���D��ü�
�+��� 2 ù !�� , p � ù h Éß+Îþ��ÿ�üD��ÿ�ÿ�ÿ��
5/2

ú ý�� h ú ,� h � � h � ù Éß+Îþ��ÿ�üD�N����
� 3 ù ú �A!�� � , ! ý h É�+Îþ��ÿ���ÿ�û��
���
7/2 �  p p � � � ,!-, � ! ý�� h ù É�+Îþ��ÿ���ÿ+�?
��û 4 ! � !p!p!  ú � �p� ý h É�+Îþ��ÿ�Ì�üD��üD��Ì
9/2 , h � ý9 � ��� ý � h �� � �A!p! ý�� ú �pý � ù Éã+Îþ��ÿ�Ì�ü�
��ü�Ì 5 � � ùp, �ùpù h ùpù Éß+Îþ��ÿ+�7��������
11/2 � � ú � , � � h  � h �  ù ý h  ú � ý ! � !p!�� ù Éß+Îþ��ÿ+�7��ü�û+� 6 ,p, � ! h � úpú� ú h � h ú ù � Éß+Îþ��ÿ+�7û��
��Ì��
13/2

 ú � úpú ý
� � ù ý ú � h  � ù��! h ú h �pý9 ¥ý ú �pý9 ! h  � ù Éß+Îþ��ÿ+�7û
���+�7� 7

 p !-ù úpú �pý �  p � , ý h ý ,p, hphphph Éß+Îþ��ÿ+�7�D��Ì�ÿ�Ì
Table1
Time average,à 2 ��áâ� , of the quantumautocorrelationfunction in the high-temperature
limit for ��É���	�Ì�Í7��Í?Î?Î?ÎDÍ<� .
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