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Abstract

Wefocusonthetransitionfrom quantunto classicabehaior in thermodynamidunctions
andtime correlationfunctionsof a systemconsistingof threeidentical quantumspinss
thatinteractvia isotropic Heisenbey exchange.The partition function andthe zero-field
magneticsusceptibilityarereadily shavn to adopttheir classicaforms with increasings.
Thebehaior of thespinautocorrelatioriunction(ACF) is moresubtle .Unlike theclassical
Heisenbeay trimer wherethe ACF approaches uniquenon-zeralimit for long times,for
thequantumtrimerthe ACFis periodicin time. We presenexactvaluesof thetime average
over oneperiodof the quantumtrimer for s < 7 andfor infinite temperatureTheseaver-
agesdiffer from the long-timelimit, (9/40) In 3 + (7/30), of the correspondinglassical
trimer by termsof order1/s%. However, upon applyingthe Levin u-sequenceaccelera-
tion methodto our quantumresultswe canreproducehe classicalvalueto six significant
figures.
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1 Introduction and summary

In recentyearsconsiderablattentionhasbeendevotedto the magneticproperties
of synthesizedrganiccomplexes(*molecularmagnets”containingsmallnumbers
of paramagnetioons [1-5]. With the ability to control the placemenbf magnetic
momentf diversespeciewithin stablemolecularstructuresit is now possibleto
testbasicquestionsoncerningheir magnetigoropertiesandto explorethe design
of novel systemghatoffer the prospecof usefulapplicationd6,7]. Intermolecular
magnetidnteractionsaretypically extremelyweakcomparedo intramoleculain-
teractionssoabulk samplecanbe consideredsindependenindividual molecular
magnets.

The presentstudy is motivated by the successfukynthesisof two trimers, one
[8] consistingof V4t ions (s = 1/2) andthe second9] consistingof Fe** ions
(s = 5/2). With theanticipationof the successfusynthesif yet othertrimers,in

thisarticlewe consideithethermodynamidunctionsandthetime correlationfunc-

tions for threeidenticalquantumspinss which interactvia isotropic Heisenbey

exchangean theabsencef anexternalmagnetidield. We areespeciallyinterested
in comparingthe behaior of thesequantitiesfor diverses, andin particularin the
transitionto classicalbehaior which occursfor large s. This transitionis readily
analyzedor thethermodynamidunctions.In particular we shav thatthe partition

functionandthezero-fieldmagneticsusceptibilityadoptthe correctclassicaforms
[10] with increasings. Our analysisalso provides resultsfor the deviation from

classicabehaior dependingnthesizeof s andthetemperaturef the system.

Knowledgeof the exacttwo-spintime correlationfunctionsis of greatimportance
sincethis enablesoneto predictthe outcomeof measurementsuchasthe proton-
spin lattice relaxationrate[11] by nuclearmagneticcesonanc€NMR) techniques
andinelasticmagnetimeutronscatterind12]. In anearlierpublication[13] we ex-
aminedin detailthepropertiesof thethermalequilibriumautocorrelatioriunction,
to bedenoteddy A,(¢, T), for aquantumHeisenbeg dimercomposeaf two iden-
tical spinss which interactwith isotropicexchange Somefeaturesof A,(¢, T') that
occurfor a dimer arereadily shavn to occurfor the trimer, too, andwe will not
dealwith thoseissuesHowever, therearetwo featuresof A,(t,T’) for thequantum
trimerwhich desere carefulattentionandtheseareconsideredn detail.

First, for the quantumHeisenbey trimersthe quantity A, (¢, T) is a periodicfunc-
tion of the time with arecurrenceime 7. For the correspondinglassicalHeisen-
beig trimer, whoseACF is denotedby A.(¢,T), thereexists a unique,non-zero
long-time limit A.(co, T') [14]. To make a meaningfulcomparisonbetweenthe
asymptoticong-timebehaior of the classicalHeisenbeg trimer with a quantum
trimer, we suggestomparingA.(oco, T') with thetime averageof A(¢, T') overthe
correspondingecurrencéime 7, to bedenotedy A, (T); thisvalueis equivalentto
thecoeficientof §(w) in theexpressiorfor the Fouriertime transformof A (¢, T').



In particularwe will explorethelarge s behaior of A,(T"). Secondfor theclassical
Heisenbay trimer, andfor thespecialcaseof infinite temperaturé hasbeenshavn

thatA.(oco, o0) = (9/40) In 3+ 7/30 [14]. This curiousexactvaluediffersfrom the
result,1/N, thatfollows from a phenomenologicaliffusive spindynamicgDSD)
[14] basedon linear equationsof motionfor aring of N, hereN = 3, interacting
classicaHeisenbey spins.By contrastfor boththe quantumandclassicaldimers
it hasbeenfoundthat A, (co) = A.(oc0, 00) = i, independentf s andin agree-
mentwith the DSD result.lIt is thusof interestto track the emegenceof the exact
classicaresultuponconsideringhe sequencef quantumtrimersfor increasings.

We have derivedtheexactvaluesof A, (co) for thequantumtrimersfor thechoices
s = 1/2,1,3/2,...,7. It is necessaryo considerthe resultsfor half-integer s
separatelyfrom thosederived for integer s sincethey exhibit differentbehaiour
patternsEachsubsequencappearso cornverge very slowly to the above value of
A, (00, 00) for the classicaltrimer. For spinss the deviation of A,(cc) from the
classicalresultis of order1/s?. However, whenwe apply the Levin u-sequence
acceleratiormethod[15,16] to the subsequenc#r half-integer s we arrive at an
estimatefor thelarge-s-limit which agreedo 6 significantfigureswith A. (oo, 00).
For integer s the Levin u-estimateagreeswith A.(oco, oc) to 5 significantfigures.

Thelayoutof this paperis asfollows. In Sec.2 we calculatethe partitionfunction
andthe zero-fieldsusceptibilityof the quantumtrimer for generals. We shaw that
bothquantitiesapproachhecorrespondingesultsfor theclassicatrimer. In Sec.3
we derive a generaformulafor thetime averageA, (co). Numericalevaluationof
the formulabecomesa very lengthy processwith increasings, however, we have
beenableto performthesecalculationdor s < 7. TheLevin u-estimategor A, (cc)
arealsoprovidedin Sec.3.

2 Thermodynamic functions

Thequantumtrimer is specifiedby the Hamilton operator

‘] — — — — — —
I;I():ﬁ <§1'§2+§2'§3+§3'§1) 1)
~on2 Q" — 81— S22~ 53 ;o R=811t %2+ 53,

wherethe spin operatorssatisfythe usualcommutatiorrelationsandwhereJ has
unitsof enegy. J > 0 describeantiferromagnetiand.J < 0 ferromagneticou-
pling. Throughoutthis articleit is assumedhat the spin quantumnumbersof the
threesitesareidentical,s; = s, = s3 = s. The eigenstateg S, M, So3 ) of the
Hamilton operatorcanbe chosenassimultaneougigenstatesf the total spin SQ,



its z-componentS,, andof S2, = (32 + 33)2 The quantumnumberssS, M, S
characteriz¢he eigenstatesompletely The eigervaluesEs of the Hamiltonoper
ator

Es=% (S(S+1)—-3s(s+1)) (2)

do notdependon Sy3 or M. Thusthe partitionfunctionin the canonicalensemble
reads

Z=tr{ePH) = 3 (S, M, S| PH0|S, M, Shs) . 3)
S,M,S23

Therespectre classicaHamiltonfunction H, is definedas[13]

Hc:Jc (51'62+62'é3+53'61) y Jc:JS(S+1), (4)

whereé,, €, andé; areunit vectors(c-numbers)Thenthe classicalpartitionfunc-
tion turnsoutto be[10]

Z = [ dB D.(E) exp(~BE) (5)

with the classicaldensityof states

L +3 D =S <E<—J
Do(E)=q 43— /2+3) : —J.<E<3J (6)
0 . else

whichis normalizedo unity. In orderto comparequantumandclassicaldensityof

statesthe enegy spectreof the quantuntrimersfor differents have to bemapped
ontothe sameenegy interval; we take [—3.J./2, 3.J.], i.e. all enegiesaredivided

by s(s + 1).

Figurel demonstratebow the quantumdensityof statesapproacheshe classical
limit with increasingspins. Consideringheeigervalues(2) of theHamiltonopera-
tor (1) andtheirmultiplicities, which originatefrom thedegenerag in themagnetic
guantumnumberM andfrom differentpossibilitiesto coupleto a certaintotal spin
S, onecanshow analyticallythatthe quantumdensityof statescornvergesagainst
theclassicabnefor infinite s [17].

But the coincidenceof the classicallndthe quantumdensityof statedor high spin
doesnotmeanthatotherobsenablescoincide too. An interestingexampleis given
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Fig. 1. Normalizeddensity of statesfor quantumHeisenbey trimers (dashedines) and
their classicalcounterpar{solid line).

by the zerofield susceptibility The susceptibilityis definedasthe derivative of the
magnetisation

1 _
M= Etr{—guBé‘ze *8}, H=Ho+gusBS. (7)

with respecto themagnetidield B

w= (55 )., (elere), .

For ferromagneticcoupling, Fig. 2 r.h.s.,the graphsfor differents nearly coin-
cide with eachotherandwith the classicalresult. However, for antiferromagnetic
couplingthezerofield susceptibilitypehaesdifferentlyfor integerandhalf-integer
spinquantunnmumbersasshovn onthel.h.s.of Fig. 2. Thereasoris thatfor integer
spinthe groundstate,which is non-dgeneratehasS = 0 andthusthe zerofield
susceptibilityapproachegerofor smalltemperature§’, whereador half-integer
spinsthegroundstate whichis fourfold degeneratehasS = 1/2 which causeshe
susceptibilityto goto infinity for smallT". However, if we considerafixednonzero
value of T, the susceptibilitiegendto the classicalresultwith increasings. The
classicaresultis “indifferent”atl’ = 0, it approaches.

3 Autocorrelation function

Anotherimportantobsenableis the two-spintime correlationfunction becauset
senesasamajoringredientfor severalquantitiessuchasthe spinlatticerelaxation
rateandthe neutronscatteringcrosssection.
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Fig. 2. Zero-fieldsusceptibilityfor N = 3 andchoicess = 1/2,1,...,9. Thesolidlines
shaw theresultfor half integer spins,the dashedines for integer spin quantumnumbers.
The classicalresultis given by the thick dottedline. L.h.s.: antiferromagneticoupling,
r.h.s.:ferromagneticoupling.

Consideringhatthe Hamiltonoperator(1) is isotropic,oneobtainsfor theautocor
relationfunction

Re (ES,M,S23< S, M, Sa3 | S1z (t) : 51;:(0) eiﬂgo ‘ S, M, Sy ))
Y5050 Sy M, Sa3 | 51.(0) - 51.(0) e "E° | S, M, Sa3 )

A (t,T)= . (9)

Since(S, M, Sy | s1.| S, M', Shs) is zeroif |S — S'| > 1, the contributing fre-

quenciesarew = J(S + 1)/hk. They areall multiplesof a basicfrequeng, whichis

w, = J/h for integerspinquantummumbersandw, = J/(2F) for half integerspin

guantumnumbersThusthe autocorrelatiorfunctionis periodicwith arecurrence
time 27 /w,..

We have evaluatedthe expressionA, (occ)

27
A,(c0) = lim / T dt A, T) (10)
T—o0 Jo
for half-integervaluesl /2 < s < 13/2 andfor integervaluesl < s < 7, andthese
arelisted in table 1. It appeargo be impracticalto extendtheseresultsto larger
spinvaluessincetheamountof computetime requiredgrovsatanastonishingate
with increasings. Fortunatelyadditionalcalculationsareunwarrantedin Fig. 3we
displayourresultsversugheindependentariablel /(2s + 1)? alongwith the solid
line which hasbeenchosento passthroughthe quantumresultsfor s=11/2and
s=13/2.The goodagreemenbetweenthe resultsfor the larger half-integer values
of s andthe solid line is consistentvith the conclusionthatthe deviation between
the quantumresultsand the classicaltrimer decreasesnonotonicallyto zero but
very slowly, the deviation beingof order1/(2s + 1)2. In fact, if we approximate
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Fig. 3. Resultsfor A,(cc0) (openandfull circles)and A.(co, 00) (cross).Theline, which
connectgheresultsfor s = 11/2 ands = 13/2, is dravn to guidetheeye.

A;(00) by theform

B

Zs(oo)=A+m,

(11)
we may useour resultsfor s = 11/2 and13/2 to determinethe unknavn param-
etersA and B. In particularthe result A = 0.480511 provides an estimatefor

lims_, o As(00). Thisresultis rathercloseto the exactclassicakesult[14]

A,(00,00) = (9/40) In3 + 7/30 = 0.4805210983 . (12)

AdoptingEqg. (11) for thecaseof integervaluesof s andusingourresultsfor s = 6
ands = 7 wefind that A = 0.480575.

We may obtainan improved estimatefor lim,_,.,As(co) by exploiting the Levin
u-sequencacceleratioomethod[15,16]which s tailor-madefor suchslowly con-
vergent, monotonicsequencesasthe oneswe face.If the sequencelementsare



labelledU;, Us, Us, . .. (to be identified with A;5(c0), A3/2(c0),...) andif we
definethe quantitiesu, = Uj,uy = Uy — Uy, u3 = Uz — Us, ... thenthe Levin
u-estimatefor lim,,_, U, basednemploying thefirst A valuesof U, is givenby

ZIWZ (_1)k—1 <M)kM_2%£‘
22”1(—1)’“—1(%%”“ | -

U

UM =

We find that U[7] = 0.48052085. ... For the correspondingsequencef integer
valuesof s we find thatU[7] = 0.4805179.. ..

It is interestingto notethatfor half-integer valuesof s the Levin u-estimatesare
closerto the exactclassicaresultthanthosefor integers.

s As(o0) 8 As(o0)

1/2 2 = 0.55555556 1 32 = 0.49382716
3/2 118 = 0.49460317 2| B =0.48648889
5/2 s = (.48647303 3| ois = 0.48385973
712 et = 0.48381095 4| 5% = 0.48264642
92 |  S02812TT820T — 0.48260962 | 5|  2853% = 0.48199074
11/2 | 203055T0LCTL = 0.4819651 || 6 | 35270299 — (.48159723
13/2 | {30998T208970LI5T — 0.48157919 || 7 | 11599087l — 0.48134282

Tablel
Time average,A;(co), of the quantumautocorrelatiorfunction in the high-temperature
limit fors =1/2,1,...,7.
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