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Aim

Description of many-fermion systems like atomic nuclei, plasmas or
atomic gases in magnetic traps in terms of dynamics and thermo-

dynamics.
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Why molecular dynamics for fermions?

Multifragmentation reactions:

large fluctuations in the final results;
cannot be accounted for with TDHF, because nucleons are to fast (¢ > ep = 30 MeV);
no common mean field established;

molecular dynamics better suited.

Molecular dynamics:

molecular dynamics means: single-particle states always localized;
“trajectory” calculations for fermions;

quantum mechanically necessary ingredients: Heisenberg uncertainty principle, Pauli

exclusion principle;

dynamics will be non-linear through localization.

Uni Osnabriick 3 J. Schnack



Systematic creation of a model

1. Trial state:

e definition of a trial state which has the necessary degrees of freedom;

e working with quantum states automatically guarantees the Heisenberg uncertainty

principle;
e using antisymmetrized states automatically guarantees the Pauli principle.

2. Ground states:

e Ritz variational principle defines ground states;
e aim: reasonable (nuclear) ground state properties like binding energy and rms radius;
e usually phenomenological interaction suited for choice of trial states.

3. Dynamics:

e time-dependent variational principle defines dynamics;

e aim: dynamics should cover the phenomena of the desired energy range, i.e. fusion,

deeply inelastic reactions, evaporation, fragmentation, vaporisation.

4. Open problems:

e restricted dynamics causes barriers in Hilbert space;

e due to localization no tunneling or branching.
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Applications

Nuclear physics
e Classical Molecular Dynamics (CMD): Pauli and possibly Heisenberg potential

to correct for missing quantum features; applied to collisions;

e Quantum Molecular Dynamics (QMD): product state of gaussian wave packets
and Pauli potential to mock effects of antisymmetrization; wide spread in nuclear

physics because simple; applied to collisions;

e Antisymmetrized Molecular Dynamics (AMD): Slater determinant of gaussian

wave packets with fixed width (coherent states); applied to collisions;

e Fermionic Molecular Dynamics (FMD): Slater determinant of gaussian wave
packets with time-dependent width; applied to collisions and thermodynamics;
Atomic physics
e Classical Molecular Dynamics: many groups worldwide; description of atomic

clusters etc.;

e Quantum Molecular Dynamics: product state of gaussian wave packets and Pauli

potential to mock effects of antisymmetrization; description of Hydrogen plasma.
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Time-Dependent Variational Principle

TDVP?® with trial state |Q(t)) = |{qu(?)}):

5 [t L@, Q) =5 [ ar(Qu i~ HlQw) =0

t1 t1

A variation of ( Q(¢) | in the complete Hilbert space yields the Schrédinger equation.

Euler—Lagrange equations in their most general form:

9
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e variation in the set of Slater determinants leads to TDHF

e variation with localized single-particle states leads to various kinds of quantum mole-

cular dynamics models

?P. Kramer, M. Saraceno, Lecture Notes in Physics 140, Springer, Berlin (1981)
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Conservation laws

1. Generalized Poisson Brackets
B be a time-independent operator, H = (Q(t) | H | Q(t) )

d oB
— B(t) = t)|BlQ)) = 5 — Al =: {H,B
GB0 = 5 (QOIBIQW) =Y d B M? Ao = {1, B}
2. Conservation Laws
e for time-independent operators B
d OH oB
— Bt)=0if {H,B}=> — A, =0
7 B0 =00 (LB =3 5 Aug

obviously for H since A and A~1 skew symmetric

e for generators G which do not map out of the set of trial states and commute with H

w%vlﬁ&l@s_:mum_ Q)

Relates the choice of the trial state to possible conservation laws, e.g. total momentum

conservation is possible if a translated trial state is again a valid trial state.
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Example 1 — Schrodinger Equation

5 [[Car 2@t @y =5 [ ae Qi - m100) -

_Qv — _bwybwu... uﬁ.fﬁ.wv...vHM ®3_3 MM Abﬁl_lsﬁ.ﬁ\v_\;v
L = IM pnTn — H(p1, p2, -+ ,71, T2, - )+ total time derivative
d OH d OH
— MTp = — and — pp =
dt 0 pn dt 0 mn

These classical looking equations of motion are equivalent to the time-dependent

Schrodinger equation and provide the full quantum solution (if { |n )} is complete).
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Example 2 - WPMD, QMD

%\M&Q%E@l\& HQU) T~ HIQW) =
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(Z |7, ,Dr ) = A|v @NU%IA k) + i Py HW
Tag 2ag
W D H(71,P TN,DN) = Wi IIQ\I and Wﬂ ||®\I
” NU H_.uNUHv...v Zuﬁz ﬁN.ﬁ NU\&l @W\w\ﬂ ﬁN.ﬁ \A| %mw

e product state describes distinguishable particles; most classical MD;

e impact of Pauli principle on dynamics sometimes mocked by additional terms in
H(71,D1,...,7N,Dn) — “Pauli potential”;

e E.J. Heller, J. Chem. Phys. 62 (1975) 1544
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Example 3 —- EQMD

to . to d
5 [t Q). Q) =5 [ (Qu)lis — H1QW) =0
wH .wH &w
Q) = |FLPLa)® - ® |Fy, By an)
. —3/4 L
(@ |Fopna) = [2m % %*@ ) i@.&
a; + ay 2ay

The width parameter a;(t) is a first non-classical degree of freedom.
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Example 3 — Free motion

a¥ aj —3/4 (2 —7)2
(2 |P,Bpa) = |2m—t— 96* +§.$
a; + ay 2a
d D; d d )
—F==t, —P=0, —a=—
dt mj dt dt mj
ﬁ
:: _—
0 - —

=i

(t) a(t) p(t)
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Example 3 — Non-interacting particles

moving in a harmonic oscillator

ay a 3/ (2 —7)2
x| 7, py,a = o —L expl — +ip; - T
l * l
a; + ay 2a
|| | d ., B d )

— T =—, —p=-mwT7
M it ' om at e
NS L1 ﬁN )
T |EHPI&3NEM§M

dt mj
: [ ( : Oscillation of the wave-packet centres (7;(%),p;(t)) as

well as of the widths a;(t).
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Example 4 — FMD

%\MQEQS“@ST%\& At (Q)i ~ HIQU) =

Fermionic Molecular Dynamics (FMD)%:

Q) 37 3 sEnm) 19 (1) @@ lann ()
T —7)?
(Fla) = a_yu?@:?%nmiu I i3 e ), dil0)e [me()

e antisymmetrized many-body state: a priori Pauli principle

e exact for free motion and common harmonic oscillator

“H. Feldmeier, Nucl. Phys. A 515 (1990) 147;
H. Feldmeier, J. Schnack, Rev. Mod. Phys. 72 (2000) 655
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FMD — Expectation values

Inverse overlap matrix:
Wave packets |qx ) are not orthogonal, therefore expectation values involve an inverse

overlap matrix O:

AGIHVNQ = (qr |q1)

Kinetic energy:

N
(QITIQ)=>D (arltla) Ow
k,l
Two-body interaction:
;N
(Q] N Q) = M M (qrai v |gmn) (OmkOni — OmiOnk)
k,l,m,n

— Total effort scales with N4,

in classical MD or for simple product states with N?2.
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Error due to restriction of the wave

function

The error | A(t,dt)) = exp(—iHdt) | Q(t) ) — | Q(t + dt) ) is orthogonal to all tangent states

9 | Q). Thus the TDVP-evolved state has the minimum distance ( A(¢,8t) | A(t, 8t)) to
0 qy

the exact solution.
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4 Ground States ‘
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ground state | Q) lowest one in energy

(Ritz variational principle)
0

B (QIH|Q)=0 Vqu

—> qu, = 0 Vg, stationary

for experts: take care of centre of mass

motion

phenomenological interaction suited
for choice of trial states; short range

repulsion & long range attraction

graphics shows single-particle density

for selected nuclear ground states
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Multifragmentation

20} 60fm/c ¢ 120fm/c { 300fm/c -

= (
£
L @@ -
-20 4
\ %
-20 0 20 -20 0 20 -20 0 20
x (fm) x (fm) x (fm)
do m_.. T T T T T3 cm ! ! T T T] Om [T T T T T] m m_ T T T T
m m AOLN M. -
1L ] 0.4 F . 04 F i w
m m Sos3f - So3t - S 102k E
M O d L. Ceee,, e P QN | | P O N | ) P IQN F
© - . 3 . . . 10 5 3 E
0.01F T4 LAY 1 o1F - . - o
. . . . 107 _F 3
i 0.0 " (et )] 00R" , “....4.. ] Wm_ ] ] ] 13
Oood 1 1 1 1 1 1
0 5 10 15 20 25 6 5 10 1B 20 0 5 10 15 20 0 5 10 15 20
N 7\_9‘033 Zg Z_Bqﬂ

0Ca-19Ca at Er,p = 354 MeV
experiment: K. Hagel et al., Phys. Rev. C50 (1994) 2017
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‘ Event Ensemble I

e FMD ground states have to be treated like intrinsically de-

e The event ensemble consists of all orientations of the two initial
ground states: |(Q - Q) Qg) :

e Within the ensemble large fluctuations arise.
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formed Hartree—Fock states.

The same holds for the impact parameter.
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Open questions

Pictorial scetch of a four particle cluster and a passing

wave packet.

localization implies that a wave packet moves always as a whole and does not split;

in quantum mechanics the wave packet may split with parts getting attached to the

four particle cluster;
localization also implies that the wave packet cannot tunnel;
idea: quantum branching;

jumps | Q;(t)) = |Q;(t)) with a probability amplitude related to the residual hamil-

tonian; not realized up to now, only reasonable probability distributions utilized;

problems: conservation laws, small probabilities.
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Thermodynamics
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Thermostated molecular dynamics

Canonical ensemble

H H

21) =t (el - nt ) = [du@Qlews - b 1Q)

e calculation of Z(T') impossible due to two-body interaction

e replace ensemble averages by time averages

(B) = lm \M&A@@_m_@@:

to—00 AN.M — N.”_.v 1 ~
e exact quantum dynamics also not known

e use approximate dynamics instead = Molecular Dynamics for Fermions
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Example

Atomic physics — solid hydrogen?

T=300 K rg=1.78 ]
mm —— 128 molecules 1
Eo 32 molecules ]
O: ]
. of ]
(=} L ]
0ot i e electrons described by wave packet molecular
2F . .
dynamics
0  RRERARARARARRARRERA R ARA AR ARRARARRE .
: 1-3000 kK re=1.76 § @ Protons classical
3f ) — 128 molecules 1 . . L
: -~ 32 molecules 1 @ temperature via equipartition theorem for pro-
Ol m
2 m tons /
o w
o m
u; ]
0

°D. Klakow, C. Toepffer, P.-G. Reinhard, Phys. Lett. A192 (1994) 55
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Classical Mechanics

Nosé—Hoover—Thermostat

Introduction®’‘of a pseudo friction coefficient &:

d g d . oV . d 1 p2 3N
=T —Eh, ¢

dt m, . dt T o7, dt S~ M.\ Z=2m, 2

o« (08 —ksT)>0 = cooling

¢ AMU@ e — %Fwﬂv <0 = heating

e there is no equipartition theorem for quantum systems

“W.G. Hoover, Phys. Rev. A31 (1985) 1685

®S. Nosé, Prog. of Theor. Phys. Suppl. 103(1991) 1
°D. Kusnezov, A. Bulgac, W. Bauer, Ann. of Phys. 204 (1990) 155
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Coupling to a Thermometer

e excited nucleus: self-bound liquid drop in a large

container (harmonic oscillator)
HNy =TN + VNN + V(w),

e thermometer: single wave packet in a second oscilla-

tor with wry,, ideal gas thermometer
Hryn =Tth + Vorn,

e coupling of all nucleons to the thermometer wave packet:
VN_Th, H=HN+Hrn+VN_Th, [|Q(t))= |nucleus)® |thermometer),

~J ~Y

e time-averaging:
Erhn=(Hrn), E*=(HN—-Ey),

e zeroth law: both subsystems approach the same T

3
Ern + Swrh

3
Erh — SwTh

—1

T = wrp |In
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Nuclear liquid-gas phase transition
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e simulation: equilibrium due to evolution in container over long time, ideal
gas thermometer

e experiment®: event—ensemble shows equilibrium properties, chemical

thermometer

@J. Pochodzalla et al., Phys. Rev. Lett. 75 (1995) 1040
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4 Thermostat 1 -

Total system:
|Q(t)) = |system(t))® |thermometer(t))

Complex time steps:

dr =dt —idp , df o< (Tpn —T)/Tn , |Q(t)) — |Q(t+dT))

e I' desired temperature
o T}, temperature measured by the thermometer

e dB >0 = cooling; df <0 = heating
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4 Thermostat 11 -

JH,

15

10

T(t) (MeV)

ml_ A ] A ] A ] A ] ! ] ! L

3
t (fm/c) x10 4

Fermions in a harmonic oscillator:
e actual temperatures — pointed lines
e time averaged temperatures — solid lines

e thermometer — red lines, fermions — blue lines
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Summary

Dynamics

e TDVP allows approximate quantum time evolution

e system (H) and observables of interest determine how sophisticated trial state | Q(¢))

~Y

must be

e FMD: |Q(t)) is Slater determinant of Gaussian wave packets; trial state may be
improved with UCOM and configuration mixing

Thermodynamics

e thermodynamic properties can be extracted from time evolution via coupling to a
thermometer and time averaging

e a thermostat can be defined using a coupled thermometer and a feedback mechanism

with complex time steps

Problems to solve

e tunneling, branching
e realistic interactions

e reliable thermostats
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