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Abstract If a stringis cyclically shiftedit will re–appearaftera certainnumber
of shifts,whichwill becalledits order. Wesolvetheproblemof how many strings
exist with agivenorder. This problemarisesin thecontext of quantummechanics
of spinsystems.

1 Intr oduction and definitions

Let
�������	��


denotethesetof strings �������� ��������� ����� of naturalnumbers������ � �������!�"�$#&%('
. Thereare exactly

� � suchstrings.For any �)� �*���+�"��

let, � � 
�-�.0/21 ��(354 ��� and 6 � � 
7-�.0/8����� � �9� � ��: ��������� ���*;��<� . 6 is the cyclic shift

operator. If 6 � denotesthe = th power of 6 , =>�&? , it follows that 6 � @6 4 
1A!BDCFE �HG .
Weconsidertwo equivalencerelationson

�������	��

. For � �JI � �*�����"�K


wedefine�ML ION , � � 
  , �PI<

(1)

and �RQ ION �RS6 � ��I<
 for some=T�U? �
(2)

Obviously, �7Q I
implies �RL I

sincethesumof thenumbersin astringis invariant
underpermutations.

The aim of this article is to analyzethe structureof the equivalenceclasses
of stringswith respectto L and Q . The main questionwill be: How many Q -
equivalenceclassesof a given sizeexist? Or: How many Q -equivalenceclasses
of a given sizeexist which arecontainedin a certain L -equivalenceclass?ThisV
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problemcan,of course,be solved in a straight-forwardmannerfor any given
�

and
�

, eitherby handor by meansof a simplecomputerprogram.We arerather
seekingexplicit formulaewhich answertheabovequestions.

The problemarisesin the context of quantummechanicsof spin rings with
a cyclically symmetriccouplingbetweenthe

�
individual spins.Any individual

spin canassume
�

differentstatesand the total systemcanassume
� � differ-

ent states.More precisely:The total Hilbert spaceof the problempossessesan
orthonormalbasisof productstatesparametrizedby the set

�*���+�"��

. Accord-

ing to thesymmetriesof theproblemit is possibleto split the total Hilbert space
into a sumof orthogonalsubspaceswhich areinvariantundertheHamiltonianof
theproblem.Thesesubspacesarecloselyconnectedto theequivalenceclassesof
stringsdefinedabove.For moredetailssee[1–3].

2 Strings with constantsum

For any �W� �*�����	��

we denotetheequivalenceclassof stringshaving thesame

sumby X �ZY\[ -�.0/ �������	�W�	]^

where

] -�.0/ , � � 
<� (3)

Obviously,
�*�����	��


is adisjoint union�*���+�"��
  _` 3�4�ababa � BDC ;��cG �*���+�"�W�J]^

(4)

andthetotalnumberof stringssatisfiesd �*�����"�K
 d  � �  e` 3�4�ababa � BDC ;��cG d �*�����	�W�	]^
 d �
(5)

Theproblemof determiningthenumberof stringswith aconstantsum
d �*���+�"�W�J]^
 d

is equivalentto theproblemof calculatingtheprobabilitydistributionof thesumof�
independent,finite, uniformly distributedrandomvariables.An examplewould

be the probability of scoringthe sum
]

in a throw with
�

dice with
�

faces.
Geometrically, this is theproblemof how many latticepointsaremet if you cut a
hypercubecontaining

� � latticepointsperpendicularto its maindiagonal.
Thesolutionto this problemis known sincelong andtracesbackto Abraham

deMOIVRE[4]:d �*�����	�W�	]^
 d  fJg hHie�(3�4 �c#j% 
 �lk � =�m k �n#&%Oop]q# = ��r#&% m �
(6)

where sut�v denotesthelargestinteger w&t . Theproof is straight-forwardusingthe
generatingfunction(seee.g. [5])x C ;5�ey 3�4{z y | �  � B}C ;5�~Ge� 3�4 d �*���+�"�W�"�U
 d z ���

(7)
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3 Cyclesof strings

We will call the equivalenceclasses�� X �ZYu� � �p� �������	��

of stringswhich

areconnectedby cyclic shifts“cycles”.Thedifferentsetsof cycleswill bedenoted
by � �����"�K
 -�.0/ �������	��
"� Q � � �����"���	]^
 -�.0/ �*�����"���	]^
"� Q �

(8)

Thisnotationappearsnaturalsincecyclesaretheorbitsof thecyclic group��-�.0/ � 6 ��� =W � ���������	�n#�%�' L$� � (9)

operatingon stringsin the way definedabove. Hencecyclescanat mostcontain�
strings.The numberof stringscontainedin a cycle will be calledits “order”.

“Propercycles” aredefinedasthoseof maximalorder
�

, “epicycles” arecycles
of orderlessthan

�
. Specialepicyclesarethosecontainingexactly oneconstant

string ������ � � ��������� �~� � ��� ��� ���������"�$#&%('
. Thesewill be of orderoneandare

called“monocycles”.Obviously, thereareexactly
�

monocycles.
Generally, theorbit of a group

�
generatedby theoperationon someelement� will be isomorphicto the quotientset

�+�(� y , where
� y is definedasthe sub-

groupof all transformationsleaving � fixed. In our case
� y will be isomorphic

to ��� where � is a divisor of
�

and � will be of order =S � � . Thecase�K %
correspondsto propercycles,whereasthecase�� �

yieldsmonocycles.
To put it differently:If astring ��� �*���+�"��


consistsof � copiesof asubstringI � �*���+� = 
 , ��=& �
, it will generateanepicycle �T X �ZY � containingat most= strings. � containsexactly = stringsif f

I
itself generatesa propercycle �n�� ���+� = 
 . Conversely, any epicycle � of order = consistsof stringswhich are �

copiesof substrings
I

belongingto propercycles � . Moreover, if ��� � ���+�"�W�J]^

is of order = the correspondingpropercycle � will satisfy �^� � ���+� = �c�W


with] >� � . Thuswe obtainthefollowing

Lemma 1 1. The order = of any cycle ��� � �����	�W�	]^

is a divisor of

�
.

2. Moreover, in this case
��-�.0/ ` �� will be an integer.

Hencetheorderof cycleswill alwaysbelongto thefollowing set:

Definition 1 � ���+�"�W�J]^
 -�.0/ � =T��? � = d � and
� d ] = ' .

In passingwe notethatif
�

is a primenumber, thentherewill beonly proper
cyclesandexactly

�
monocycles,asmentionedabove,hence

�
will divide

� � #�
, which is essentiallyFERMAT’s theoremof 1640.

Definition 2 Let � �����"���	]�� = 
 denote the number of cycles ��� � ���+�"�W�J]^

of

order = and � �����	�W�	]�� = 
 the number of strings belonging to these cycles:� ���+�"�W�J]�� = 
 -�.0/�� ���+�"�W�J]�� = 
 = � (10)

Accordingto theprecedingdiscussionthefollowing holds:
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Lemma 2d �������	�W�	]^
 d  e���(� B}CFE � E ` G � �����	�W�	]�� = 
�� (11)

� ���+�"�W�J]�� = 
 �� � ����� = � ` �� � = 
 �
if =T� � ���+�"�W�J]^
� �
else

�
(12)

Togetherwith (6) this yieldsa recursionrelationfor � ���+�"�W�J]�� = 
 . It is, how-
ever, possibleto obtainanexplicit formula,which will beshown in thenext sec-
tion.

4 Explicit formula for ¡£¢c¤�¥§¦¨¥ª©«¥�¬�
Let us considerfor example

�  % ®
. Then(11) yields the following equations,

whereredundantargumentswill besuppressed:d �*������%§®9�J]^
 d -�.0/°¯ �c: (13)«� ���+��% ®��	]���% ®�
�o � ���+�"±��J]>�(®��"±Z
!o � ���+�c²³�J]>�ª´³�c²µ
o � ���+�"´��J]>�§²¶�"´Z
!o � �����J®9�J]>�ª±��J®�
�o � ������%��J]>��% ®���%§
-�.0/ ] �c: op]�·Hop]¹¸Oo�]�º»o�] : o�] � ] �c: o>� ¯ ·l#�]�ºl#�] : #¹] � 
5o¨� ¯ ¸¼#�] : #�] � 
oR� ¯ º¼#¹] � 
½o>� ¯�: #�] � 
¾o ¯½� ] �c: o>� ¯ ·l#S� ¯ ºl# ¯½� 
¿#&� ¯�: # ¯½� 
{# ¯½� 
½o� ¯ ¸�#&� ¯�: # ¯ % 
F# ¯½� 
¾o>� ¯ ºl# ¯½� 
½o¨� ¯5: # ¯½� 
5o ¯½�À] �~: °¯ �c: # ¯ · # ¯ ¸ o>�c%l#�%§
 ¯ º o¨�~%Oo>%l#&% 
 ¯ : o�~#j%l#&%Oo$%l#&%Oo>%Oo$%Oo>%l#�%§
 ¯ � �
We seehow each ¯�� will enterin differentwaysinto theexpressionfor

] �~: ac-
cordingto different“divisor chains” = d ����� d � . Hereby a “divisor chain” we un-
derstanda finite sequenceof numberseachof which is a divisor of thenext one.
In the example,thereare “odd” divisor chains

± d %§®
,
² d %§®

,
´ d % ®

,
® d % ®

,
% d ´ d ± d %§®

,% d ® d ± d % ®
,
% d ® d ² d %§®

(with an odd numberof strokes
d
), and“even” divisor chains´ d ± d % ®

,
® d ± d %§®

,
® d ² d % ®

,
% d ± d % ®

,
% d ² d % ®

,
% d ´ d %§®

and
% d ® d %§®

. Eachevendivisor chain= d ����� d % ® yieldsa term
o ¯ � , eachoddonea term

# ¯ � in theexpressionfor
] �~: .

Generalizingthis example,we concludethat� ���+�"�W�J]��"��
  e���(� B}CFE � E ` G§Á � E �$Â³ÃÃÃÃ �*���+� = � ] =� 
 ÃÃÃÃ (14)

where Á � E � is definedasthe numberof evendivisor chains= d ����� d � minusthe
numberof odddivisorchains= d ����� d � .
Thustheproblemis reducedto the taskof finding anexplicit formula for Á � E � .
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Obviously, Á � E �  Á � E �{Ä	� -�.0/ Á �¿Ä	� if = d � . Let Å° ��� = . Eachdivisor chain� 4  % d � � d � : d ����� d �ZÆ�^Å correspondsin a
% � %

mannerto a factorizationof Å
of theform ÅÇ �<È� Â �JÉ� È Â�Â�Â �JÊ�JÊ Ë È -�.0/�Å �HÂ§Å�:lÂ ����� Â�Å Æ . Of course,permutations
of differentfactorscountasdifferentfactorizationssincethey giveriseto different
divisorchains.Even(resp.odd)divisor chainscorrespondto even(resp.odd) Ì .

Lemma 3 If Å is a product of Í different primes, ÅÎ¨Ï!�ÐÏ¶: ����� Ï!Ñ , then ÁRÒ �~#j%§
 Ñ .

Proof: We proceedby induction.If Å is prime,i. e. Í� %
, thereis only oneodd

(trivial) factorizationÅ�¨Å � and ÁMÒ  #j%
.

Next we assumethe formula to be valid for Å andaregoing to prove it forÅ�Ó�ÔÅÔÂªÏ!Ñ<Õ¾� , where ÏÖÑ�Õ¾� is a prime different from Ï!� ��������� Ï!Ñ . Let Å×Å �FÂ�Â�ÂcÅ Æ be an arbitraryfactorizationof Å . Therearetwo processesto obtain
from this a factorizationof ÅKÓ : Multiplication of oneof the Ì factorsby Ï!Ñ<Õ¾� ,
whichdoesnotaltertheeven/oddcharacterof thefactorization.Theotherprocess
is insertionof Ï!Ñ<Õ¾� into oneof Ì oØ%

places.This yieldsa factorizationof lengthÌ op%
andhencechangestheeven/oddcharacter. Obviously, every factorizationofÅ�Ó will beobtainedby exactly oneof thesetwo procedures.Denoteby Ù � Å 


the
numberof odd factorizationsof Å andby Ú � Å 


thenumberof evenones.Then
theprecedingargumentshows thatÚ � Å Ó 
 >Ì5Ú � Å 
½o>� Ì o>% 
 Ù � Å 
��

(15)

and Ù � Å Ó 
 >Ì½Ù � Å 
½o¨� Ì o$%§
 Ú � Å 
<�
(16)

Subtractionyields Ú � Å�Ó 
H# Ù � ÅKÓ 
 nÙ � Å 
l# Ú � Å 

, henceÁRÒlÛ  # ÁMÒ �~#j%§
 Ñ�Õ¾� . Ü

Lemma 4 If in the prime factorization of Å at least one prime occurs twice or
more, then ÁRÒ  �

.

Proof: Let Å�Ó¿�Å°ÂJÏÖÑ�Õ¾� asin theprecedingproof, but ÏÖÑ<ÕF� d Å . If Å�Ó¿ÝÅ�Ó� ÂÅ Ó� Â�Â�ÂcÅ ÓÆ Û is any factorizationof Å Ó , it may be obtainedfrom factorizationsofÅ by differentprocessesof multiplicationby or insertionof Ï Ñ<ÕF� . (For example,% ®  ´ Â ® Â ® maybeobtainedfrom
±  ´ Â ® by insertionat two differentplaces.)

In orderto maketheprocessuniquewemaketheconventionto deletetheleftmost
occurrenceof Ï Ñ�Õ¾� in Å�Ó¶>Å�Ó� Â�ÅKÓ: Â�Â�Â"Å�ÓÆ Û therebyarriving at a factorizationofÅ . Vice versa,this meansthatwe will only multiply or insert Ï Ñ<Õ¾� left from Å�Þ
(including Å Þ in thecaseof multiplication),if Å Þ is thefirst factorwith ÏÖÑ�Õ¾� d Å Þ .
HenceÏÖÑ<ÕF� canbemultipliedwith ß factorsandinsertedat ß placeswhenceÚ � Å Ó 
 ¨ß³Ú � Å 
½o ßÖÙ � Å 
<�

(17)

and Ù � Å Ó 
 >ßÖÙ � Å 
Fo ß¶Ú � Å 
��
(18)
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Order à Numberof cyclesof order à
1 5
2 10
3 40
4 150
6 2580

12 20343700

Table1 Numberof cyclesof order à for á�âSã�ä and å�â�æ .
Subtractionyields Ú � ÅKÓ 
 ØÙ � ÅKÓ 
 andthus ÁRÒlÛ  �

. Ü
In orderto formulateour mainresultwedefineç � Í 
 -�.0/è� �c#j% 
 � �

if Í is a productof
�

differentprimes,� �
else

�
(19)

Summarizing,wehaveproventhefollowing

Theorem1

� ���+�"�W�J]��"��
  e���(� B}CFE � E ` G ç � � = 
 f g»éê h5ieÑ<3�4 �~#j% 
 Ñ{k = Í³m k = #&%Oo ` �� # Í �= #&% m �
(20)

� ���+�"�W�J]�� = 
  � � ����� = � ` �� � = 
 �
if =T� � ���+�"�W�J]^
� �
else

(21)

Let � ���+� = 
 denotethenumberof stringsbelongingto cyclesof order = , irre-
spective of

]
. This numberdoesnot dependon thetotal length

�
of thestrings.

By ananalogousreasoningasabovewe mayconclude

Theorem2 � ����� = 
 ¨e �ªë � ç � = � 
~� � � (22)

Fromthisthenumberof cyclesisobtainedbydivisionby = . Notethat = d � ����� = 
 ,
hence(22) generalizesFERMAT’s original resultto thecasewhere = neednot be
prime.

We closethearticleby giving a numericalexamplefor
�  %§®

and
� íì in

table1.
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