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Abstract

For the diagonalizationof the Hamilton matrix in the Heisenberg modelrelevant dimen-
sionsaredetermineddependingon theapplicablesymmetries.Resultsarepresented,both,
by generalformulaein closedform andby therespective numbersfor a varietyof special
systems.In thecaseof cyclic symmetry, diagonalizationsfor Heisenberg spinringsareper-
formedwith theuseof so-calledmagnonstates.Analytically solvablecasesof smallspin
ringsaresingledoutandevaluated.
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1 Introduction and summary

As far astheir magneticbehaviour is concerned,somerecentlysynthesizedmole-
culeslike “ferric wheels”of six, eightor ten iron ionsof spin

�� [1–4] appearasa
limited arrayof localizedsingle-particlespinswhich areadequatelydescribedby
theHeisenberg model[5–8]. Thecalculationof key quantitieslike for examplethe
spin-spincorrelationfunctionbecomeseasyoncetheHeisenberg Hamiltonianhas
beendiagonalized.For a straightforward diagonalizationthe dimension� of the
Hilbert space� , whichfor instanceis �����
	���
������ for � spinswith spinquantum
number� , may, however, appearprohibitively largeevenfor rathersmallsystems.
But the obvious symmetriesallow to reducethe problemto a set of lessample
problemsaccordingto a decompositionof � into a set of mutually orthogonal
subspaces.�
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In the caseof spin arraysthe following symmetryoperatorsmay be employed,
dependingon the degreeof symmetryexhibited by the system,i.e. the Hamilton
operatorunderconsideration:� the3-componentof thetotal spinin thecaseof axialsymmetry,� thetotal spinin thecaseof full rotationalsymmetry,� the cyclic shift operatorfor rings of identicalsinglespinswith translationally

invariantcoupling,� furtherdiscretesymmetrieslike reflectionof thespinring, reflectionof thespin
orientationandreflectionof timeorder.

Group theoreticalargumentsare alreadyusedto calculatethe spectraof some
moleculesby meansof anirreducibletensoroperatorapproach[6,9]. In thepresent
article an alternative techniqueis devised.Also, generalexpressionsfor the rele-
vant dimensionarederived without taking recourseto any specificprocedureof
diagonalization.

We will generalizeconsiderationsby D. Kouzoudis[10,11] who foundanalytical
solutionsfor specialcasesof smallHeisenberg rings.To this endwe areconcen-
trating on the first threesymmetriesand denotethe correspondingsimultaneous
eigenspacesby ���
������� �!� . After introducingournotationin Sec.2,wewill inves-
tigatethevarioussymmetriesandtheir correspondingsubspacesin Sec.3. Thedi-
mensionof the ��� �������
�"� canbecalculatedexactlyandwederiveanexplicit for-
mulafor thedimensionof thesubspaces��� �����#� and ���
�����$�
�!� , which enables
theevaluationof therelevantdimension�&% . In Sec.4 we provide recursionformu-
laeto calculatetheHamiltonmatrixrestrictedto thesubspaces��� �������
�"� . To this
endtools from solid statephysics,namely ' -magnonstates,areutilized [12–14].
Section5 is devotedto examplesandapplications.For ringsof �(�*)+���,�-� and�.�0/1���2� �� anexactdiagonalizationof theHeisenberg Hamiltonianwith nearest
neighbourinteractionhasbeenperformedusingMathematica3 [15]. Furtherwe
comparethe analyticalanti-ferromagneticgroundstateenergies for � �4	6575859/
with theasymptoticBethe-Hulth́enformulafor �.: ; [16,17].

2 Heisenberg model

ThemostgeneralHamiltonoperatorconsideredin theseinvestigationsconsistsof
a spin-spininteractionterm < =?> anda term < =A@ describingthe interactionwith an
externalfield which is assumedto point in the B -direction

< = ��< = >C
D< = @E�GF �H I J KML �ONP�9Q1�SR �= �ONT�CUVR �= �OQW��F �H�IYX[Z �=+\ �ONT�S5 (1)
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NP�9Q*]-^ � _`�&�757585a�b�dc label the spin sitesmodulo � and the upperright in-
dex denotesthespincomponent.All spinsaredefinedto bedimensionlessvector
observableswith thecommutationrelationse �=Wf��ONT�g�7�=Wh��iQ1�kjl�nm`o fphrq �=Wq��rNT�Ws I K 5 (2)

Theeigenvalueof �
R �=P�ONT��� � is �`�ONT�a�
�`�ONT�V
E��� , �`�rNT� beingtheindividually fixedquan-
tumnumberatsite N . Thepossibleeigenvaluesof any �= \ �ONT� arethemagneticquan-
tumnumberst I

. Onemayintroducetheladderoperators�=vuw�ONT���x�= � �ONT�zy{m"�= � �rNT� (3)

to reformulate< =|> as

< =|>T�}F HI J Kg~7� L �rNP�9Q1�����=W\��rNT�a�=W\V�iQ1��
 �	 e �=W�w�ONT�g�=l���iQ1��
$�=T���ONT�g�=v�C�iQ1� j�� 5 (4)

ThetotalHilbert spaceis spannedby theproductbasisof thesingle-particleeigen-
statesof all �= \ �rNT��=W\ �ONT�,��t � �7585758�9t I �757575a�9t ��� �$t I ��t � �757575a�9t I �758575a��t ��� � (5)

whichwill bea referencebasisin our investigations.

3 Symmetry operations and relevant dimensions

Our mostgeneralHamiltonian(1) allows only for invariancewith respectto rota-
tionsaboutthe B -axis.Obviously, < =|> aswell as < =|@ commutewith the B -component� = \ of thetotal spine < =[��� =�\ j �d��� � =�\�� HI ~7� �=1\V�ONT��� (6)

thepossibleeigenvaluesof whicharethetotalmagneticquantumnumbers

� ��F�� max �8F�� max 
$���757575a��� max with � max � �HIg� � �`�ONT� (7)

beingthemaximumtotal spinquantumnumber. Thetotal Hilbert space� for the
Heisenberg modelis thedirectsumof all eigenspaces���
�#� of � = \
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��� �v� max�� � �+� max

��� �#�S5 (8)

The problemof diagonalizing< = in � is thusbroken up into the corresponding
problemsin eachof the ��� �#� . This reducesthedimensiononehasto copewith
from

��� dim �O���w� ��Ig� � �
	&�`�rNT�z
$��� (9)

to therespective dim �r���
�#��� . Therelevantdimension�&% thenis themaximumof
thosedimensions,if noothersymmetriescanbeexploited.For givenvaluesof � ,� andof all �`�rNT� thedimensiondim �r���
�#��� canbedeterminedasthenumberof
productstates(5), which constitutea basisin ���
�#� , with � I ~7� t I ��� . The
solutionof thiscombinatorialproblemcanbegivenin closedform.

Theorem:

dim �r���
�#����� ��
� max FD�#�������� ��` �¡ � max� � ��Ig� � �|F}  ��¢�£ Ig¤ � ��|F¥  ¦§�¨ � > 5 (10)

For equalsingle-spinquantumnumbers�`�p���©�ªU«U«U1���¬�i���6�G� , andthusa maxi-
mumtotal spinquantumnumberof � max ���E� , Eq.(10)simplifiesto

dim �r���
�#���v��­�� ���b	&��
®�&��� max FD�#� with (11)­C� �¯� X ��°1�W�¥± ²9³
´gµH¶ � > ��F·��� ¶ � � ¸ ¡¹� �ºF»�©
{°�F ¸ X�¼F½� ¡ 5 (12)

In bothformulae(10)and(11), � maybereplacedby �¾�¿� sincethedimensionof���
�#� equalsthoseof ����F��0� . ÀÁ°WÂ XlÃ
in thesumsymbolizesthe greatestinteger

lessor equalto °WÂ X . Eq.(11) is known asa resultof deMoivre[18].

Proof: Theproofof (10)and(11)maybeaccomplishedby comparingany product
state(5) with thecompletelyalignedstate�pÄ � �Å��t � �#�`�p�«�g�9t � �0�`�
	��g�757585a�9t � �0�¬�i��� � � (13)

which is alsocalledmagnonvacuumstate,seenext section.Evidentlyit is alsoan
eigenstateof < = andin theferromagneticcaseagroundstateof < =A> . Usingthepos-
sibledecrementsÆ!�ONT�©�Ç�`�ONT�CF¥t I

of themagneticquantumnumberateachspin
sitewe want to constructa generatingfunction ÈÉ�  &� of thenumbersdim �O���
�0���
asapolynomialin  
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È¹�i Ê��� � � maxH¶ � > dim �O��� � max F ¸ ���W  ¶ 5 (14)

Theconsideration,thatthenumberof productstateswith fixedmagneticquantum
number� correspondsto therelatednumberof sequencesof decrements,leadsto
thefollowing definition

È¹�i Ê��� ��Ig� ��ËÌ ��¢k£ Ig¤Hf £ Ig¤Í� >  �f £ Ig¤iÎÏ � ��Ig� � �?F}  ��¢�£ Ig¤ � ��|F¥  5 (15)

Eq. (10) is thenobvious and(11) is easily inferredfrom (10) by usingLeibniz’s
theorem[19] tocalculatemultiplederivativesof theproduct���¬F�  ��¢ � � �p�ÐUi�p�`FÑ Ê� � � .Ò
In thespecialcaseof identicalsingle-particlespins,< =|@ is proportionalto � = \ and
thereforecommuteswith < =|> . Thesimultaneouseigenstatesof < =|> and � = \ arethen
alsoeigenstatesof < =?@ . < =?@ causesasplittingproportionalto � of theeigenvalues
of < =A> , whichotherwisewouldnot dependon � .

In whatfollows,considerationis alternatively restrictedto oneof two specialcases.
In thefirst case(I) theHamiltonoperatoris field free, < =0�Ç< =?> , andthusinvariant
underany rotation.In thesecondcase(II) all individualspinsareidentical.

The total spin quantumnumberwill be denotedby � . It hasvaluesin the set_V��Ó(� min �b� min 
Ô�&�757575g��� maxc and R� = �
haseigenvalues �|�
�}
ª�«� . The simulta-

neouseigenspaces���
�����#� of R� = �
and � = \ arespannedby eigenvectorsof < = . The

one-dimensionalsubspace���
� ��� max�|�G��� � max��� max� , especially, is spanned
by �pÄ � . Thetotal ladderoperatorsare� =zuE��� = � yMm¬� = � 5 (16)

For �*Õª� , � = � mapsany normalized< = -eigenstate]»���
���b� 
Ç��� ontoan < = -

eigenstate]E��� �����#� with norm Ö �|� �E
$�«��FD���
� 
$��� .
Lemma: For ��Ó$� ×»� max, ���
�#� canbedecomposedinto orthogonalsubspaces���
�#�S�®��� �����#�PØ½�=��"��� � 
®��� (17)

with � =��v���
� 
$���w� ��ÊÙ � � � ���
���b�#�©5 (18)
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Proof: The ���
�����#� representanorthogonaldecompositionof ���
�#� . It is there-
foresufficientto identify theorthogonalcomplementof � = � ���
�x
¹��� within ��� �#�
as ���
���b�#� . This, in turn, is clear if any ��Ú �*Û� �-]Ü���
�#� with ��Ú �MÝ� = � ���
� 
���� vanisheson applicationof � = � . The definingpropertyof all such��Ú � isÞ Ú���� =��ß��à � ��� á¹��à � ]E��� � 
®����5 (19)

But then � = � ��Ú � ]E���
� 
$��� and

Þ � = � Ú���à � ��� whichproves � = � ��Ú � �0� .
Ò

In consequence,thediagonalizationof < = in � hasnow beentracedbackto diago-
nalizationin thesubspaces���
������� , thedimensionof whicharefor �M×®� max

dim �r���
���������w� dim �O���
� �0������F dim �r���
� ���E
®����� (20)

andcanbecalculatedaccordingto Eq. (10) in case(I) or Eq.(11) in case(II). The
relevantdimension�Ê% is themaximumof thenumbersgivenby Eq.(20).

For many of thesystemsof interesthere,theindividualspinquantumnumbersare
equal,thecouplingcoefficients L havethespecialpropertyL �rNP�9Q1�w� L �b� N�FÐQP�â� and
theappliedmagneticfield is homogeneous.This renderstheHamiltonianinvariant
with respectto translationson thegroup ^ª�ª_`���757575a�b�ãc of spinsites. Any such
translationis representedby thecyclic shift operatorä = or a multiple repetition.ä =
is definedby its actionon theproductbasis(5)ä = ��t � �7585758�9t � � � �9t ��� � ��t � �9t � �7575858�9t � � � � 5 (21)

Theeigenvaluesof ä = arethe � -th rootsof unity,  ��*ågæ+ç�_`F?mè��c , where� will be
calledmagnonmomentumandcantake thefollowing � valuesmodulo 	Vé fromê^��ªë¬�����¹� 	�é�ì� �wìß���+�757575a�b�¼F½�1í#� (22)

where ì will be calledtranslationalquantumnumber. Clearly, ä = commutesnow
with bothHamiltonianandtotalspin.Any ���
���b�#� is decomposedinto simultane-
ouseigenspaces��� �������
�!� of R� = �

, � = \ and ä = , anddiagonalizationcanbereduced
to a diagonalizationin the subspaces��� �������
�!� . The accordingreductionof the
relevantdimensioncanbequantifiedif thevaluesof � andtheirdegeneracy within���
������� areknown. As a rule of thumbonefindsa tendency for equaldegeneracy
andthus�&%©î �� ïÉð æ� dim �r���
���������ß5 (23)
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It is, however, possibleto determine�&% exactly for any � and � . To this endwe
introducethenotationsof cycles,propercyclesandepicycles.A specialdecompo-
sitionof � into orthogonalsubspacescanbeachievedby startingwith theproduct
basis(5) andconsideringtheequivalencerelation��Ú ��ñ� ��à ��ò ��Ú � �$ä = ¶ ��à � � ¸ ]�_`�&��	+�758575a�9�ãc (24)

for any pair of statesbelongingto theproductbasis.Theequivalencerelationthen
inducesa completedecompositionof thebasisinto disjoint subsets,i.e. theequiv-
alenceclasses.A “cycle” is definedasthelinearspanof suchanequivalenceclass
of basisvectors.Theobviouslyorthogonaldecompositionof � into cyclesis com-
patiblewith thedecompositionof � into thevarious���
�#� but not,generally, with
thedecompositionof ���
�#� into its subspaces��� �����#� . Evidently, thedimension
of acyclecanneverexceed� . Cyclesarecalled“propercycles” if theirdimension
equals� , they aretermed“epicycles”else.Oneof the � primarybasisstatesof a
propercyclemayarbitrarilybedenotedas��Ú � � � ��t � �757575a�9t I �7575858�9t �¹� (25)

andtheremainingonesmaybeenumeratedas��Ú ¶ � � � �®ä = ¶ ��Ú � � � ¸ �G�&��	¬�757575a�b�¼F½�Ð5 (26)

Thecycleunderconsiderationis likewisespannedby thestates

��óPô � � �õ � � � �H² � >�ö�÷8ø�ùûú`üý ä =�þ ² ��Ú � � (27)

whichareeigenstatesof ä = with therespectivemagnonmomentum��� ìW���0	Vé�ì1Â8� .
Consequently, every ì (every ��� ìW� ) occursoncein apropercycle.

Thereaderwill easilyverify thevalidity of thefollowing relatedstatements:� An epicycle of dimensionÿ is spannedby ÿ eigenstatesof ä = with eachof the
translationalquantumnumbersìß���1�b��Â ÿE�757575g���iÿ{F��«����Â�ÿ occurringexactly
once.� For a primary productstatein an epicycle of dimensionÿ , the spin sitesare
groupedinto ÿ “subrings”,eachsubringhaving a constantmagneticdecrement�SFdt I � � Æ onall of its places.Thesubringformsapatternwhichrepeatsitself
onacyclic shift of ÿ steps.Thetotalnumberof spinsitesin asubringis ��Â�ÿ .� Therefore,for � ×x� max, ���
�#� containsa cycle (epi or proper)of dimensionÿ if andonly if ÿ is adivisorof � , including ÿ ��� and ÿ¿�0� , and ÿn� � max F�#��Âa� is aninteger. Thesetof suchallowed ÿ will bedenotedas

� � �¯���&���#� .
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Let � � � ÿ�� bethelinearspanof all cyclesof dimensionÿ occurringwithin ��� �#�
andlet ì ¢ �i�������9ÿ�� denoteits dimension.Accordingto theaboveremarkswehave

dim �O��� �#���v� H� ~�� £ � J ¢ J � ¤ ì ¢ �i�������9ÿ�� (28)�ãì ¢ �i�����$�b���z
 H� ~�� £ � J ¢ J � ¤ � �
	� � ì ¢ �i�����$�bÿ��w5
Becauseto eachepicycle of dimension ÿ therecorrespondsexactly one proper
cyclewith ÿ spinsitesandtotalmagneticquantumnumber��ÿ�Â8� , andviceversa,
(28)mayberewrittenas

dim �r���
�#���v��ì ¢ � �¯�����b�E�z
 H� ~�� £ � J ¢ J � ¤ ì ¢ �iÿE� �0ÿ� �9ÿ���� (29)

which, togetherwith (11), may be usedas a recursionrelation for the functionì ¢ �i�������9��� andhencealsofor ì ¢ � �¯�����bÿ�� . This recursionrelationcanbetrans-
formedinto anexplicit formulawhich reads

ì ¢ �i�������9����� H� ~�� £ � J ¢ J � ¤���
 � ÿ�� ­ � ÿ���	&��
®�&� ÿ��
� max FD�#�� ¡ (30)

where­ is takenover from Eq.(12)and

� �
°1�S� �� � �pF[����� if ° is aproductof t differentprimes,� else.
(31)

Theproofrestsonsomeelementarycombinatoricsandwill beomittedhere.Further
wehave for thesimultaneouseigenspaces���pUè�����
��� ìW��� of � = \ and ä =

dim �r���pUè�����
��� ìW�����W� �H� � ���� � � ��� ô ì ¢ 
 �����$� � � � �� (32)

and

dim �r���
�����$�
�!���w� dim �û���pUè�����
�!����F dim �r���pUè����
®�&�
�!��� (33)

for �ßÓ$�M×»� max and �¾�¿�¬Ó�� . Thisallows theexplicit calculationof therelevant
dimensionsfor any given � and � , for examplesseetable2.
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4 Diagonalization of the Hamiltonian in the magnon basis representation

In this sectionwe considertheHamiltonian(1) with L �ONP�9Q1��� L �b� N�F}QP�â� , Z ���
andequalsinglespinquantumnumbers< = �DF HI J K�~7� L �b� NÉF¥Q��¾�SR�= �ONT��UVR �= �OQW�w� á!Nn]�^ � �`�ONT���#��5 (34)

In orderto calculatethematrixelementsof thisHamiltonianrestrictedto subspaces���
�����$�
�!� it is recommendableto useabasisof vectorswhicharealreadyadapted
to theproblem.Wefoundit mostconvenientto work with abasisconstructedfrom
so-calledmagnonstates,usedfor examplein [14]. Thesemagnonstatesshould
not beconfusedwith thosedefinedby HolsteinandPrimakoff [13]. Thepertinent
definitionsarethefollowing.

For any function ­ of spin sites N$]$^ the discreteFourier transformis asusual
definedby

­�� � � �õ � HI ~7� ÷ ø � I ­C�ONT���T��] ê^G5 (35)

Theanalogoustransformationmaybeappliedto linearoperators� = �rNT� , where� = �ONT�
for instancemaybeasingle-particlespincomponentatsite N

� =��� � � �õ � HI ~7� ÷ ø � I �=�� �ONT� (36)

or a ladderoperator(3), whichyields� =zu� ��� = �� yMm¬� = �� 5 (37)

ThentheHamiltonian(34)canbewritten in termsof the � = u� and � = \� as(see[14])

< = �DF õ � H� ~ ê� L � R� =! � U R� = � (38)�DF H� ~ ê� "L � ö � =z� � � � =��� 
M� =�\ � � � =P\� þD� "L � � � õ � L �Ð� HI ~7� ÷8ø � I L �rNT�©5
It is straightforwardto obtainthefollowing commutationrelations
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e � = �� ��� = �# j�� e � = �� ��� = �# j6�0��� (39)e � =z�� ��� =��# j � 	õ � � =�\� � # � e � =z\� ��� =Pu# j �0y �õ � � =zu� � # (40)

from thecorrespondingcommutationrelationsof thespinoperatorsat site N .

Wedefine“ ' -magnonstates”with momenta� � �757575a�
��$ as�pÄ&%� � � �pÄ'��( J*)*)*) J �,+ � � �#� =����( � =����( U«U«U9� =���,+ �pÄ � (41)

for � ² ] ê^ß��°$� �&�857575g�b' and ',�(�1�757585a��	 ��� , �pÄ � being the magnonvacuum
stateasgivenin Eq.(13).For '�Õ½	��E�}�pÄ-%� � will bethezerovector. Sincethe � = ���.
commute,a uniquerepresentationof (41) may be achieved by postulating� � Ó� � ÓÇU«U«UWÓ ��$ .
One-magnonstates �pÄ'� � areorthogonalÞ Ä'�|�pÄ # � �#	���s/� J # � (42)

which follows from (40)and� = \� �pÄ � � õ ����s0� J >ß�pÄ � 5 (43)

Moreover, theone-magnonstatesarealreadyeigenvectorsof < = and ä =< =}�pÄ'� � �21
���pÄ'� � � 1
�Ñ��	&� "L ��
{�`� �E�?FD	&� "L >6� (44)ä = �pÄ'� � � ÷ � ø � �pÄ'� � 5 (45)

Thelastrelationmaybederivedfromä = I � =zu� � ÷ � ø � I � =zu� ä = I á!Nn]�^ß�zá¬�E] ê^�5 (46)

For ' Õ�� the ' -magnonstatesarein generalno longerorthogonalor linearly in-
dependent.But they spanthe total Hilbert space� andthey behave nicely with
respectto theladderoperator� = � , namely

� =��{�pÄ'��( J*)*)*) J � + � � õ � �pÄ6> J ��( J*)*)*) J � + � � (47)

andthey spanthesubspaces���
���
�"� , which follows from
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ä =#�pÄ'��( J*)*)*) J � + � �dågæ+ç�ë�F?m $H² � � � ² í��pÄ'��( J*)*)*) J � + � (48)� =�\> �pÄ'��( J*)*)*) J � + � �M� �E�?F}'i���pÄ'��( J*)*)*) J � + � 5 (49)

Let themagnonstates �pÄ-%� � beorderedasfollows�pÄ � (50)�pÄ6> � �C�pÄ � � �757575g�C�pÄ � � � ��pÄ6>k> � �C�pÄ �k� � �757575a�C�pÄ � � � J � � � �
...

whereeachrow is orderedlexicographically. We will call thebasisof � generated
by applying the well-known Gram-Schmidtorthonormalizationprocedureto the
sequence(50) “magnonbasis”.NotethattheGram-Schmidtprocedurewill some-
timesproducezerovectors,becausethe �pÄ-%� � are linearly dependent.The main
resultof thissectionis thenthefollowing proposition.

Proposition: Themagnonbasiscontainsasubbasisfor eachsubspace���
������� �!� ,� ���E�&�b���2F{�&�757575a���â�ª�43T��] ê^ .

Proof: Sincethe �pÄ&%� � spanthe subspaces��� ���
�!� and different ���
�$�
�!� are
orthogonal,the magnonbasisspans���
�$�
�!� , too. The subspacewith maximal� ���E� is spannedby themagnonstates�pÄ � ���pÄ6> � �C�pÄ6>k> � �857575��pÄ £ � � ¢ ¤ zeros� � (51)

whichalsooccurin themagnonbasisup to normalization.Thesevectorsalsospan
the one-dimensionalspaces���
���b���
�!� with �ª�����53�� � FÐ���7575758���63
�®��� .
Hencethe propositionholds for � � ��� . We then may proceedby induction.
Undertheassumptionthat thepropositionholdsfor all ��Õ*�l> , we have to show
that it holdsfor �M���l> . Considerthesubspaces���
�#� with � ���l> . According
to (18)wehave���
�l>g�w�#�=�� ��� �l>C
®���zØD���
�l>«�b�l>��S5 (52)

Hence���
�l>7�b�l>�� is spannedby vectorsfrom themagnonbasisandthesameholds
for every ���
�l>«���l>7� �!�g�
� ] ê^ . For theothersubspaces���
�l>«���$�
�!�g�b� ×x�l>«� we
have���
�l>«���$�
�!�w� ö � =�� þ �87�� � ���
�l>«���l>7� �!� (53)

andweknow thattherestrictions

11



� =�� � ��� � 
®����FT: ��� �#�S� � 9®�1� (54)

are isometriesup to a factor Ö �|� �E
$�«��FD���
� 
$��� . Hence � = � mapsvectors
from themagnonbasisontovectorsfrom themagnonbasis(up to a factor),which
concludestheproof.

Ò
We areleft with two tasks.First, in orderto calculatethemagnonbasis,we needa
formulafor theinnerproductbetweenmagnonstates.Wehavenoexplicit formula,
but usingthecommutationrelations(39) and(40) we deriveda recursionrelation,
which is sufficient for computeralgebraiccalculations.Similarly, we canexpress
thematrix elementsof theHamiltonianbetweentwo magnonstatesby finite sums
containingonly innerproductsof magnonstates,whichcompletesthesecondtask.
TheresultsareÞ Ä'��( J*)*)*) J � + �pÄ # ( J*)*)*) J # + � � 	&� $H² � � s # . J ��( Þ Ä'� ù J*)*)*) J � + �pÄ # ( J*)*)*) J;:# . J*)*)*) J # + � (55)F 	� H��< ²8=`´ < $

Þ Ä'� ù J*)*)*) J �,+1�pÄ # ( J*)*)*) J;:# . J*)*)*) J £ #?>8@A £ #B> � # . � ��( ¤Í¤ J*)*)*) J # + � �
wherethesymbol C� ² denotesdeletionof the index

� ² and � � ´ED: � � ´ 
 � ² F�� � ���
denotesreplacementof theindex

� ´ by thegivenexpressionwhichhasto beunder-
stoodmodulo � . FurtherÞ Ä'��( J*)*)*) J �,+1�p< =D�pÄ # ( J*)*)*) J # + � (56)� H� ~ ê� "L �

Þ Ä'� J ��( J*)*)*) J ��++�pÄ'� J # ( J*)*)*) J # + � 
 "L > Þ Ä'��( J*)*)*) J �,+1�pÄ # ( J*)*)*) J # + � � � � ��F¥	&�«'W
 ' �� ¡
 H� ~ ê�!J � 	� > "L � �� $H² J ´ � � Þ Ä'��( J*)*)*) J £ # . @A £ # . � � ¤Í¤ J*)*)*) J � + �pÄ # ( J*)*)*) J £ # > @A £ # > � � ¤Í¤ J*)*)*) J # + � 5
Now wehaveall whatis requiredin ordertowriteaprogram[15] whichreducesthe
diagonalizationof < = to thediagonalizationof thesubmatricesof < = with respectto
themagnonbasisof the relevantsubspaces���
�����$�
�!� . Thefinal diagonalization
canbedonenumericallyor in the few cases,wheretherelevantdimensionis less
or equal4, analytically. Table2 showsin bold facefor whichcasesanalyticalsolu-
tion will bepossible.Two examplesfor eigenvaluesandmultiplicitiesaregivenin
thenext section.Thecompleteroutine,which alsopresentstheeigenvectors,may
be downloadedfrom the internet[15]. It may be possibleto exactly solve other
casesif the discretesymmetriesmentionedin the introductionaretaken into ac-
count.Thecases�Y�¿	+�bB1�GF can,in principle,alsobesolvedby Clebsch-Gordan
decompositionof theHilbert space.
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H
0 1 2 3 4 5

S 3 1 0 2 1 0 2 1 2 1 0 2 1 2 1 0

I
3 1

2 1 1 1 1 1 1

1 1 2 1 1 1 2 1 1 1 2 1 1

0 1 2 1 1 1 1 1 2 1 1 2 1 2 1 1 1

-1 1 2 1 1 1 2 1 1 1 2 1 1

-2 1 1 1 1 1 1

-3 1

Table1
Dimensionsof thesubspacesJLKNMPO I ORQ�K HTS�S for UWVYX , Z6V �� . Eachcolumncanbecreated
by applyingtheladderoperator(16)yielding K\[]M-^`_ S -dimensionalsubspaces.Onerealizes
adiscretesymmetrybetweencolumnsfor

H
and X6a H .

5 Examples

5.1 Relevantdimensionof spinrings

In orderto illustratethe above considerationslet us discussthe example � �cb ,��� �� , whichhasbeensolvedby D. Kouzoudis[11]. Thedecomposition(8) yields
thefollowing relationbetweenthedimensionsof theinvolvedHilbert spaces

dim �r���w�#	ed��G�©
fb?
®��)|
{	��?
$�«)A
fb?
$�Ð� � maxH� � �+� max

dim �O��� �#���¹5 (57)

Obviously, �pÄ � � ��
M
M
{
{
 
 � spanstheone-dimensionalspace��� �#� with� ��� max � �E�n��B , which is an epicycle of dimensionÿ �(� . ���
� ��	&�
consistsof the propercycle generatede.g.by ��F 
{
{
M
 
 � andhenceis six-
dimensional.It is spannedby the six eigenstatesof ä = and < = given in Eq. (27),
whichareone-magnonstates.Thenext space���
� �x��� consistsof two propercy-
clesgeneratede.g.by ��F»FD
{
M
[
 � and ��F}
®FD
{
 
 � , respectively, andone
three-dimensionalepicyclegeneratedby ��F}
M
$FD
 
 � . Hencedim �r��� � �x�«���w�b[
gb[
®B�� ��) . Note that the lastmentionedepicycle correspondsto the proper
cycle generatedby ��F}
M
 � with � �ÔB , � � �� . Thelargestspace��� � �Ô�Ê�
is spannedby threepropercyclesgeneratedby ��F»FD
$F¥
[
 � , ��
M
®F}
$F[F � ,��
M
M
$F½F[F � andonetwo-dimensionalepicyclegeneratedby ��
®F¥
$FD
,F � .
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U
2 3 4 5 6 7 8 9 10

Z

�� 1 2 3 5 9 14 28 48 90�� 1 1 1 1 2 2 4 6 10_ 1 3 6 15 40 105 280 750 2025_ 1 1 2 3 8 15 37 84 207\� 1 4 11 36 120 426 1505 5300 19425\� 1 2 4 8 23 61 192 590 1956[ 1 5 17 70 295 1260 5620 25200 113706[ 1 2 5 14 53 180 712 2800 11403�� 1 6 24 120 609 3150 16576 88900 484155�� 1 2 7 24 105 450 2085 9884 48483

Table2
Relevant dimensionassumingonly invariancewith respectto rotations(upperrows) and
assumingalsoinvariancewith respectto cyclic shifts(lower rows).

Consequently, dim �O��� � ���Ê�����hb�
ib,
ib�
�	}� 	�� . The remainingspaces���
�#� with � ×$� have thesamecycle structureas �����¾�¿�â� dueto thesymmetry
kj F .

Thedimensionsof thesubspaces���
���b���
��� ìW��� aregivenin table1. Note that in
accordancewith the rule of thumb(23) the numbersdim �O����U ����� �!��� arealmost
uniformly distributedwith respectto � . Thedeviationsfrom theuniform distribu-
tion for �â�ª�&���1�7� canbeexplainedby theextraeigenvaluesof ä = producedby the
mentionedepicyclesof dimensionsthreeandtwo.

Thenext table2 shows therelevantdimensionsfor a wide varietyof � and � . The
ratio of upper-row to lower-row entriesis roughly � in accordancewith the rule
of thumb,Eq.(23).Dimensionslessthanfive aregivenin bold, thesecasescanbe
solvedanalytically. Two examplesarepresentedin thenext subsection.

5.2 Exactlysolvablesystems

Analytical solutionsarefor instancepossiblein thecases�4�Ô)+���,�¿� and �(�/1���¯� �� , which to our knowledgehave not yet beenpublished.Table3 contains
the exact eigenvaluesandmultiplicities for the Heisenberg HamiltonianEq. (34)
with nearestneighbourinteractionand � �º)+�b����� andFig. 1 shows the same

14



E/J -10 -4 2 [
lm[en [ 4 oplm[en _�_ q&lr[en X�q q
lsn q a-q&lsn q
deg(E) 11 7 12 15 3 3 1 2 18

E/J a-t
lsn q _ulsn q [&lsn q
lsn _,t �\wv X
lkx;n q&^2[en [�t!y{z]|�KR} SB~��
deg(E) 14 14 10 6

E/J
�\wv X&l x n q6amn [�t!y{z]|�KR} S ~ lsn X��!|�����KR} S �

deg(E) 6

Table3
Eigenvaluesanddegeneraciesfor theHeisenberg HamiltonianEq.(34)with nearestneigh-

bourinteractionand UWVYq�O/Z�V�_ . Thevalueof } is }�V �\ arctan ���� � \k\����� q8�

Fig. 1. Eigenvalues and degeneraciesfor the Heisenberg Hamiltonian Eq. (34) withU V�q�O/Z2V�_ (l.h.s.) and U V���O/Z2V �� (r.h.s.).The lines are drawn as a guide for
theeye.

information graphically, but also for � � /1���½� �� . The analytical,but rather
lengthy expressionsfor the latter casemay be evaluatedusing a Mathematica3
scriptweprovide[15]. Herewewould like to presentonly theeigenvaluewhich in
theantiferromagneticcasecorrespondsto thegroundstateenergy

1?>gÂ L � F B ë 	|
 õ �«B'�8�5��� �B arctan � B õ B)4¡�� í for �Å��/+���Ð� �	 5 (58)

In orderto clarify thestructureof theenergy spectrumwecalculatethesmoothened
densityof states.To this endthe degeneracy of an energy eigenvalue 1 ¶ is first
divided by the meandistanceto the neighbouringeigenvalues,thenthe resulting
function is linearly interpolatedandconvolutedwith a characteristicfunction of
width 1. Thisdensityof states�!�B1�� , which is displayedfor theHeisenberg Hamil-
tonianEq.(34) in Fig. 2 for �Å��)+������� (l.h.s.)and � �#/1���Ñ� �� (r.h.s.),shows
aninterestingbandstructure.
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Fig. 2. Smootheneddensityof states��KR� S for the Heisenberg hamiltonianEq. (34) withUWVYq�O/Z�V�_ (l.h.s.)and UWVY��O/Z�V �� (r.h.s.).

Fig. 3. Comparisonof analytical( U¡ i� ) andnumerical( U£¢¤� ) groundstateenergies
(symbols)for antiferromagneticcouplingwith the large U limit (solid line) of Betheand
Hulthén[16,17].

5.3 Bethe-Hulth́en

Thecalculatedeigenvalues,Table3 andFigure1, correspondto theferromagnetic
casefor L Õº� andto the antiferromagneticcasefor L ×º� . Thusour dataalso
contain the antiferromagneticgroundstateenergy 1?>V�i��� and we can compare1?>V�i����ÂW� � L � with theexactlimit

¥§¦ ï� Aw¨ 1|>�� �E�� L �#	 ¥§© �
	&��F �	 (59)

known astheBethe-Hulth́enformula[12,16,17].In Fig. 3 analytical( �YÓ�/ ) and
numerical( � ÕÔ/ ) groundstateenergiesaredisplayedby symbolsandthe large� limit by asolid line. It turnsout thatthelimit is approachedfrom abovefor even� andfrom below for odd � andthattheapproachis fasterfor evenvaluesof � .
Thisshows theeffectof spinfrustration.
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