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Abstract

For the diagonalizatiorof the Hamilton matrix in the Heisenbag modelrelevant dimen-
sionsaredeterminedlependingnthe applicablesymmetriesResultsarepresentedyoth,
by generalformulaein closedform andby therespectie numberdor avariety of special
systemsin thecaseof cyclic symmetrydiagonalization$or Heisenbeg spinringsareper

formedwith the useof so-calledmagnonstates Analytically solvable casesof smallspin
ringsaresingledoutandevaluated.
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1 Introduction and summary

As far astheir magneticbehaiour is concernedsomerecentlysynthesizeanole-

culeslike “ferric wheels”of six, eightor teniron ions of spin g [1-4] appearasa

limited arrayof localizedsingle-particlespinswhich areadequatelydescribedoy

the Heisenbey model[5—8]. The calculationof key quantitiedik e for examplethe

spin-spincorrelationfunctionbecomesasyoncethe Heisenbey Hamiltonianhas
beendiagonalizedFor a straightforward diagonalizatiorthe dimensiond of the

Hilbertspace, whichfor instancés d = (2 s+1)% for N spinswith spinquantum
numbers, may, however, appeaiprohibitively large evenfor rathersmall systems.
But the obvious symmetriesallow to reducethe problemto a setof lessample
problemsaccordingto a decompositiorof 4 into a setof mutually orthogonal
subspaces.
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In the caseof spin arraysthe following symmetryoperatorsmay be employed,
dependingon the degreeof symmetryexhibited by the system,i.e. the Hamilton
operatomunderconsideration:

e the3-componenof thetotal spinin the caseof axial symmetry

¢ thetotal spinin thecaseof full rotationalsymmetry

¢ the cyclic shift operatorfor rings of identical single spinswith translationally
invariantcoupling,

o furtherdiscretesymmetriedik e reflectionof the spinring, reflectionof the spin
orientationandreflectionof time order

Group theoreticalagumentsare alreadyusedto calculatethe spectraof some
moleculedy meanf anirreducibletensoroperatorapproach6,9]. In thepresent
article an alternatve techniqueis devised.Also, generalexpressiondor therele-

vant dimensionare derived without taking recourseto ary specificprocedureof

diagonalization.

We will generalizeconsideration®y D. Kouzoudis[10,11] who found analytical
solutionsfor specialcasesf small Heisenbey rings. To this endwe areconcen-
trating on the first three symmetriesand denotethe correspondingimultaneous
eigenspacesy H (S, M, p). After introducingour notationin Sec.2, we will inves-
tigatethe varioussymmetriesaandtheir correspondingubspacem Sec.3. Thedi-
mensiorof the # (S, M, p) canbe calculatedexactly andwe derive anexplicit for-
mulafor the dimensionof the subspace®(/(S, M) and#(S, M, p), which enables
the evaluationof therelevantdimensiond,.. In Sec.4 we provide recursionformu-
laeto calculatethe Hamiltonmatrix restrictecto thesubspace®((S, M, p). To this
endtools from solid statephysics,namely/-magnonstates are utilized [12—-14].
Section5 is devotedto examplesandapplicationsFor ringsof N = 5,s = 1 and
N=8,s= % anexactdiagonalizatiorof the Heisenbeg Hamiltonianwith nearest
neighbourinteractionhasbeenperformedusing Mathematic® [15]. Furtherwe
comparethe analyticalanti-ferromagnetigroundstateenegiesfor N = 2...8
with theasymptotidBethe-Hultlenformulafor N — oo [16,17].

2 Heisenberg model

The mostgeneraHamilton operatorconsideredn theseinvestigationsonsistsof
a spin-spininteractionterm H, andaterm H describingthe interactionwith an
externalfield whichis assumedo pointin the 3-direction

N

(y) =Y nBs’(x). (1)
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z,y € G = {1,...,N} labelthe spin sitesmodulo N andthe upperright in-
dex denoteghe spincomponentAll spinsaredefinedto be dimensionlessector
obsenableswith thecommutatiorrelations

[5%(2), 5* ()] = €ae 5°(2) Oy - @)

Theeigemvalueof (3(z))? is s(z)(s(z) +1), s(z) beingtheindividually fixedquan-
tumnumberatsitez. Thepossibleeigervaluesof ary s*(z) arethemagneticquan-
tum numbersn,. Onemayintroducetheladderoperators

s(z) = s'(2) i s°(2) 3)

to reformulateH, as

Ho== % ) {$@£0 +5 [ @ ) +5 ()

T,yeG 2
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Thetotal Hilbert spacds spannedy the productbasisof thesingle-particleeigen-
statesof all s*(z)

§3(x) | My, .oy Mgy ooy My ) =My | M,y Mgy, mMy ), (5)

whichwill beareferencebasisin ourinvestigations.

3 Symmetry operationsand relevant dimensions

Our mostgeneralHamiltonian(1) allows only for invariancewith respecto rota-
tionsaboutthe3-axis.Obviously, H, aswell asH » commutewith the3-component

S? of thetotal spin

[H.8°]=0, $°=Y ), 6)

zeG

the possibleeigervaluesof which arethetotal magnetioquantunrnumbers

N
M = _Smax; _Smax+ 1; SRR Smax with Smax = Z S(x) (7)
=1
beingthe maximumtotal spinquantumnumber Thetotal Hilbert spaceH for the
Heisenbey modelis thedirectsumof all eigenspace® (M) of S*



+Smax
H= P HWM). (8)
M=—Smax
The problemof diagonalizingH in # is thusbroken up into the corresponding

problemsin eachof the 7 (). This reduceghe dimensiononehasto copewith
from

d=dim(H) = ﬂ (2s(z) + 1) 9)

to therespectre dim (H (M )). Therelevantdimensiond, thenis the maximumof
thosedimensionsif no othersymmetriesanbeexploited.For givenvaluesof M,
N andof all s(z) thedimensiondim (% (M )) canbe determinedasthe numberof
productstates(5), which constitutea basisin # (M), with - .om, = M. The
solutionof this combinatoriabroblemcanbegivenin closedform.

Theorem:
1 d Smax—M N 1— Z2s(w)+1
di M)=————1||-+— _ . (10
For equalsingle-spinquantumnumberss(1) = - -- = s(N) = s, andthusa maxi-

mumptotal spinquanturmumberof Spax = Ns, EQ.(10) simplifiesto

dim(H(M))= f(N,2s 4+ 1, Smax— M) with (11
[v/u] w [N (N —-1+v—npu

In bothformulae(10)and(11), M maybereplacedy | M| sincethe dimensiorof
H (M) equalsthoseof H(—M). [v/u] in the sumsymbolizeshe greatesinteger
lessor equalto v/ . Eq.(11)is known asaresultof de Moivre[18].

Proof: Theproofof (10) and(11) maybeaccomplishetby comparingary product
state(5) with thecompletelyalignedstate

Q)= |my =s(1),ms =5(2),...,my =5s(N)), (13)

whichis alsocalledmagnonvacuumstate seenext section Evidentlyit is alsoan
eigenstatef H andin theferromagneticasea groundstateof H,. Usingthe pos-
sibledecrements(z) = s(x) — m, of themagnetioquantumnumberat eachspin
site we wantto constructa generatingunction F'(z) of the numbersdim (H(M))
asapolynomialin z



2Smax

F(z) = Z dim (H(Smax—n)) 2" . (14)

The considerationthatthe numberof productstateswith fixed magnetioquantum
numberM correspond$o therelatednumberof sequencesf decrementdeadsto
thefollowing definition

N 2s(x) N 2s(z)+1
F(z) = H ( Z Za(w)) - H ﬁ (15)

=1 -z

Eq. (10) is thenobviousand (11) is easilyinferredfrom (10) by usingLeibniz’s
theoren{19] to calculatemultiple derivativesof theproduct(1—z2 1)V .(1—z) V.
|

In the specialcaseof identicalsingle-particlespins,H ¢ is proportionalto 5 and
thereforecommuteswvith H,. Thesimultaneougigenstatesf H, and.S® arethen
alsoeigenstatesf H . H  causes splitting proportionalto M of theeigervalues
of H,, which otherwisewould notdepencbn M.

In whatfollows, considerations alternatvely restrictedo oneof two speciakcases.
In thefirst case(l) the Hamiltonoperatoiis field free, H = H,, andthusinvariant
underary rotation.In theseconccase(ll) all individual spinsareidentical.

The total spin quantumnumberwill_be denotedby S. It hasvaluesin the set
{0 < Shin, Smin + 1, ..., Smat @nd S? haseigervaluesS(S + 1). The simulta-

neouseigenspace® (S, M) of 5’2 andS® arespannedy eigervectorsof H. The
one-dimensionadubspacé{(M = Smax) = H(Smax Smax), €Speciallyis spanned
by |2). Thetotal ladderoperatorsare

S*F=5"+iS%. (16)

For S > M, S~ mapsary normalizedH-eigenstatec #(S, M + 1) ontoan H-
eigenstates # (.S, M) with norm \/S(S +1)— M(M +1).

Lemma: For0 < M < Smax H(M) canbedecomposethto orthogonakubspaces

H(M) =H(M,M)® S H(M +1) a7)
with
STH(M+1) = @ H(S, M) . (18)
S>M+1



Proof: The# (S, M) represenainorthogonaddecompositiorof H(M). It is there-
foresufficienttoidentify theorthogonatomplemenbf S~ H (M +1) within H (M)
asH(M,M). This, in turn, is clearif ary |¢) # 0 € H(M) with |¢) L
S~H(M + 1) vanisheson applicationof S*. The defining propertyof all such

[)is

(V1S7[¢)=0 V]g)eH(M+1). (19)
ButthenS™ |¢) € H(M + 1) and({ ST | ¢) = 0 whichprovesS* [¢)=0. R

In consequencehediagonalizatiorof H in # hasnow beentracedbackto diago-
nalizationin thesubspace®i((S, S), thedimensiorof which arefor S < Spax

dim (#(S, S)) = dim(H(M = S)) — dim(H(M = S + 1)) (20)

andcanbe calculatedaccordingto Eq. (10) in case(l) or Eq.(11)in case(ll). The
relevantdimensiond,. is themaximumof thenumbersggivenby Eqg. (20).

For mary of the systemf interesthere theindividual spinquanturumbersare
equalthecouplingcoeficientsJ havethespeciapropertyJ(z,y) = J(|x—y|) and
theappliedmagnetidield is homogeneous his renderghe Hamiltonianinvariant
with respecto translationonthegroupG = {1, ..., N} of spinsites. Any such
translationis representedly the cyclic shift operator]’ or a multiple repetition.7’
is definedby its actionon the productbasis(5)

I\ml,...,mN_l,mN):\mN,ml,...,mN_l). (21)

Theeigervaluesof T' arethe N-th rootsof unity, z = exp{—ip}, wherep will be
calledmagnommomentumandcantake thefollowing N valuesmodulo27 from

. p
G:{p|p:ik,k:o,...,N—1}, (22)

N

wherek will be calledtranslationalquantumnumber Clearly T commutesnow

with bothHamiltonianandtotal spin.Any H (.S, M) is decomposethto simultane-
ouseigenspace®( (S, M, p) of 5%, S* andT, anddiagonalizatiorcanbe reduced
to a diagonalizationin the subspace${(S, S, p). The accordingreductionof the
relevantdimensioncanbe quantifiedif the valuesof p andtheir degenerag within

H(S, S) areknown. As arule of thumbonefindsatendeng for equaldegenerag

andthus

1 .
d, ~ N mgxdlm(H(S, S)) . (23)



It is, however, possibleto determined, exactly for ary N ands. To this endwe

introducethe notationsof cycles,propercyclesandepigycles.A specialdecompo-
sition of # into orthogonakubspacesanbeachieved by startingwith the product
basis(5) andconsideringhe equialencerelation

[v)y=le)e [¢v)y=T"¢),ne{l,2,...,N} (24)

for ary pair of statedelongingto the productbasis.The equivalencerelationthen
inducesa completedecompositiorof the basisinto disjoint subsetsi.e. the equv-

alenceclassesA “cycle” is definedasthelinearspanof suchanequivalenceclass
of basisvectors.Theohviously orthogonabdecompositiorof # into cyclesis com-
patiblewith thedecompositiorf A into thevarious (M) but not,generallywith

thedecompositiorof (M) into its subspace®L (S, M). Evidently thedimension
of acycle canneverexceedN. Cyclesarecalled“propercycles”if theirdimension
equalsN, they aretermed‘epicycles” else.Oneof the V primarybasisstatesf a
propercycle mayarbitrarily be denotecdas

‘w1>:‘m1"":mwa'--amN> (25)

andtheremainingonesmaybeenumerateas

‘¢ﬂ+1>:,‘zn|¢l>’n:172a"':N_]—' (26)

Thecycle underconsiderations lik ewise spannedy the states

1 N1 27 k

) = 75 X (¢FL) ) (27)

whichareeigenstatesf 7" with therespectie magnormomentunp(k) = 27k/N.
Consequentlyevery k (every p(k)) occursoncein a propercycle.

Thereademill easilyverify thevalidity of thefollowing relatedstatements:

¢ An epigycle of dimensionD is spannedy D eigenstatesf T' with eachof the
translationatjuanturmumbers: = 0, N/D, ..., (D —1)N/D occurringexactly
once.

e For a primary productstatein an epigycle of dimensionD, the spin sitesare
groupednto D “subrings”,eachsubringhaving a constantmagneticdecrement
s —m, =: a onall of its placesThesubringformsa patternwhich repeatstself
onacyclic shift of D stepsThetotal numberof spinsitesin asubringis N/D.

e Thereforefor M < Smax H(M) containsa cycle (epior proper)of dimension
D if andonly if D isadivisorof N, includingD =1 andD = N, andD(Smax—
M)/N is aninteger. Thesetof suchallowed D will bedenotedasC(N, s, M).



Let K1 (D) bethelinearspanof all cyclesof dimensionD occurringwithin H (M)
andletk, (N, M, D) denotets dimensionAccordingto theabose remarkswe have

dm®#(M)= Y k(N,M,D) (28)
DeC(N,s,M)
—k(N,M,N)+ Y ky(N, M, D) .

DEC(N,s,M);D#N

Becauseo eachepigycle of dimensionD therecorrespondsxactly one proper
cyclewith D spinsitesandtotalmagnetiqquanturmumberd D /N, andviceversa,
(28) mayberewrittenas

MD

dim(#(M)) =k, (N, M,N)+ > ko(D, — D)., (29)

DEC(N,s,M)

which, togetherwith (11), may be usedas a recursionrelation for the function
ks(N, M, N) andhencealsofor k,(N, M, D). Thisrecursiorrelationcanbetrans-
formedinto anexplicit formulawhich reads

RN = 5 () £ (Dasen, P
DEC(N,s,M) D N
wheref is takenoverfrom Eq.(12) and
—1)™ if visaproductof m differentprimes,
4 (v) = {( ) P P (31)
0 else.

Theproofrestsonsomeelementargombinatoricandwill beomittedhere Further
we have for thesimultaneougigenspace®/(-, M, p(k)) of $* andT

am (e Mpk) = Sk (N ) 2 32
and
dim (H(S, M, p)) = dim (K (-, S,p)) — dim (H(-, S + 1, p)) (33)

for0 < S < Smaxand|M| < S. Thisallowstheexplicit calculationof therelevant
dimensiondor ary given N ands, for examplesseetable2.



4 Diagonalization of the Hamiltonian in the magnon basis representation

In this sectionwe considerthe Hamiltonian(1) with J(z,y) = J(|z — y|), B=10
andequalsinglespinquantunrnumbers

H=—Y J(o—y)3) 30), VYeeG:sa)=s. (34)

z,yeG

In orderto calculatehe matrix element®f thisHamiltonianrestrictedo subspaces
H(S, M, p) it isrecommendabl usea basisof vectorswhicharealreadyadapted
to the problem.We foundit mostcornvenientto work with a basisconstructedrom
so-calledmagnonstates,usedfor examplein [14]. Thesemagnonstatesshould
not be confusedwith thosedefinedby HolsteinandPrimaloff [13]. The pertinent
definitionsarethefollowing.

For ary function f of spinsitesz € G the discreteFouriertransformis asusual
definedby

fo=—=> eip”f(x),peé. (35)

Theanalogousransformatiormaybeappliedto linearoperatorsi(z), whereA(x)
for instancamaybea single-particlespincomponenatsite x

Z e sl (z (36)

wEG

or aladderoperator(3), whichyields

SE=gitigh @)

Thenthe Hamiltonian(34) canbewrittenin termsof the S7- andS? as(see[14])

H=-VN Z Jp S5+ Sy (38)
pEG
=—> (Sipsp +Sip52) . =VNI, =3 e J(x)
pea reG

It is straightforwardto obtainthefollowing commutatiorrelations



1S5, 84 =[S5.8;] =0, (39)

q ~p I Rq
R R I A (40)

from the correspondingommutatiorrelationsof the spinoperatorsatsite x.

We define®[-magnonstates’with momenta,, ..., p; as

19%) = | D1, ) = Spy Bpy 2 |92 (41)

~P1
forp, € G,v = 1,...,landl = 0,...,2Ns, |©2) beingthe magnonvacuum

stateasgivenin Eq.(13).Forl > 2Ns | ) will bethezerovector Sincethe S,
commute,a uniquerepresentationf (41) may be achieved by postulatingp; <

pp<--<pp

One-magnorstates| €2, ) areorthogonal

<Qp | Qq) = 280p,q (42)

whichfollows from (40) and

S 1Q)=VNsb, |Q). (43)

Moreover, theone-magnostatesarealreadyeigervectorsof H andT

H|Q)=E, |Q,), E,=2sJ,4+s(Ns—2)J,, (44)
T|Q)=e"]Q,). (45)

Thelastrelationmaybederivedfrom

T°SE=e™SET" Vred, Vpel. (46)
For ! > 1 thel-magnonstatesarein generalno longerorthogonalor linearly in-
dependentBut they spanthe total Hilbert space{ andthey behae nicely with
respecto theladderoperatorS—, namely

’gi ‘ QPh---:Pl) = \/N ‘QO,pl,---,Pz > ) (47)

andthey spanthe subspace®{ (M, p), which follows from

10



l
Zj | Qpl,...,pl > = exp {_/L Zpll} | Qpl,...,pl > (48)
v=1

*58 | QPI;---:P! > = (NS - l) ‘ QPI;---;P! > . (49)

Let themagnorstates| 2; ) beorderedasfollows

1) (50)
‘QO>5 ‘Ql>a"'a ‘QN71>

‘QOO>7 |Qll>a AR |QN—1,N—1>

whereeachrow is orderedexicographicallyWe will call the basisof H generated
by applyingthe well-known Gram-Schmidbrthonormalizatiorprocedureto the

sequencégb0) “magnonbasis”.Note thatthe Gram-Schmidprocedurewill some-
times producezero vectors,becausehe |(2; ) arelinearly dependentThe main

resultof this sectionis thenthe following proposition.

Proposition: Themagnorbasiscontainsa subbasigor eachsubspacéi (S, M, p),
S=Ns,Ns—1,...,|M|; peG.

Proof: Sincethe | ) spanthe subspace${ (M, p) and different? (M, p) are
orthogonal,the magnonbasisspansH (M, p), too. The subspacevith maximal
S = Ns is spannedy themagnonstates

12), 1), |Q00),--- | Qenszeros) , (51)

which alsooccurin the magnonbasisup to normalization Thesevectorsalsospan
the one-dimensionaspacesH (S, M,p) with S = Ns; M = —S,...,S;p = 0.
Hencethe propositionholdsfor S = Ns. We then may proceedby induction.
Underthe assumptiorthatthe propositionholdsfor all S > S,, we have to shov
thatit holdsfor S = Sy. Considerthe subspace$((M) with A = S,. According
to (18) we have

H(So) =S H(So + 1) ® H(So,S) - (52)

HenceH (S, So) is spannedy vectorsfrom the magnorbasisandthe sameholds
for every H(So, So,p),p € G. For the othersubspace${(Sy, M, p), M < Sy, we
have

)SofM

H(So, M,p) = ($~ H(So, S0, 1) (53)

andwe know thattherestrictions

11



ST H(M+1) — H(M), M>0, (54)

areisometriesup to a factor\/S(S +1) — M(M +1). HenceS~ mapsvectors
from the magnonbasisonto vectorsfrom the magnonbasis(up to a factor),which
concludeghe proof. [ |

We areleft with two tasks.First, in orderto calculatethe magnonbasis,we needa
formulafor theinnerproductbetweermmagnonstates\We have no explicit formula,
but usingthe commutatiorrelations(39) and(40) we deriveda recursiorrelation,
which is sufficient for computeralgebraiccalculations Similarly, we canexpress
the matrix elementf the Hamiltonianbetweenwo magnonstateshy finite sums
containingonly innerproductsof magnorstateswhich completeshe secondask.
Theresultsare

l
<Qpla"'apl | qua'"aql > = 28 Z 5anpl <Qp27'"5pl | qua"'aqﬂa"'an ) (55)
v=1
2
N Z (Qps,...p, | Qg1 (@ (@00 —p1) et )
1<v<u<l

wherethe symbolg, denotesdeletionof theindex ¢, and(g, — (g, + ¢ — p1))
denoteseplacementf theindex ¢, by thegivenexpressiorwhich hasto beunder
stoodmoduloN. Further

<QP1,---’P1 ‘ I,:I ‘ qu""yql > (56)
~ ~ [2
= Z Jp < Qp5p17---apl | prql;'“sql > + JO <QP1,---’P1 ‘ qu;---"}l > <S2N - 28l + N)
pea
-1 d
+ Z Ip N Z <Qm,---,(qw—>(qu+p)),---,pz |Qq1,---,(quH(unrp)),---,qz) .
peG p#0 vou=1

Now we haveall whatis requiredn orderto write aprogram15] whichreduceshe
diagonalizatiorof H to thediagonalizatiorof thesubmatricesf H with respecto
the magnonbasisof the relevantsubspace${(S, M, p). Thefinal diagonalization
canbedonenumericallyor in the few caseswherethe relevantdimensionis less
or equal4, analytically Table2 shavsin bold facefor which casesanalyticalsolu-
tion will be possible Two examplesfor eigervaluesandmultiplicities aregivenin
the next section.The completeroutine,which alsopresentshe eigervectors,may
be downloadedfrom the internet[15]. It may be possibleto exactly solve other
casedf the discretesymmetrieanentionedn the introductionaretaken into ac-
count.ThecasesV = 2, 3,4 can,in principle,alsobe solved by Clebsch-Gordan
decompositiorof theHilbert space.

12



k
0 1 2 3 4 5

S{3 1 02 1 0|2 1 21 0|12 1 2 1 0
31
21 1 1 1 1 1
11 2 11 1 2 11 1 2 11

M Of1 2 1)1 1 1|1 2 11 2|1 2 1 11
1)1 2 11 1 2 11 1 2 11
21 1 1 1 1 1
31

Tablel

Dimensionof thesubspace® (S, M, p(k)) for N = 6, s = . Eachcolumncanbecreated
by applyingtheladderoperato(16)yielding (25 + 1)-dimensionasubspace®©nerealizes
adiscretesymmetrybetweercolumnsfor £ and6 — k.

5 Examples
5.1 Relezantdimensiorof spinrings

In orderto illustratethe above considerationget us discussthe example N = 6,
s = 1, whichhasbeensolvedby D. Kouzoudig11]. Thedecompositior{8) yields
thefollowing relationbetweerthe dimensionf theinvolvedHilbert spaces

Smax
dm(H)=2°=1+6+15+20+15+6+1= > dim(H(M)) (57)

M=~—Smax

Obviously, |Q2) = |+ + + + ++) spanghe one-dimensionapaceH (M) with
M = Smax = Ns = 3, whichis an epig/cle of dimensionD = 1. H(M = 2)
consistsof the propercycle generatece.g.by | — + + + ++ ) andhenceis six-
dimensionallt is spanneddy the six eigenstatesf 7' and H givenin Eq. (27),
whichareone-magnomstatesThenext spaceH (M = 1) consistf two propercy-
clesgenerateeé.g.by | — — + + ++) and | — + — + ++ ), respectiely, andone
three-dimensionapigyclegeneratethy | — + + — ++ ). Hencedim (H(M = 1)) =
6 + 6 + 3 = 15. Note thatthe lastmentionedepicgycle correspondso the proper
cycle generatedy | — + + ) with N = 3, M = 3. ThelargestspaceH (M = 0)
is spannedy threepropercyclesgenerateddy | — — + — ++), |+ +— + ——),
|+ + + — ——) andonetwo-dimensionakpicgy/cle generateddy |+ — + — +—).

13



N
2| 3| 4] 5| 6 7 8 9 10
sl 12| 3| 5| 9| 14| 28| 48 90
slhap1p 1 1 2 2 4 6 10
1 13| 6| 15 40| 105| 280| 750| 2025
1|11 2| 3| 8| 15| 37 84| 207
30 1] 4|11 36|120| 426| 1505| 5300| 19425
i S0 12| 4| 8| 23| 61| 192| 590| 1956
2| 1| 5|17 | 70| 295| 1260| 5620| 25200| 113706
21| 2| 5| 14| 53| 180| 712| 2800| 11403
20 1] 6|24)|120| 609 | 3150 | 16576 | 88900| 484155
21 1| 2| 7| 24|105| 450| 2085| 9884 | 48483

Table2
Relevant dimensionassumingonly invariancewith respectto rotations(upperrows) and
assumingalsoinvariancewith respecto cyclic shifts (lower rows).

Consequentlydim (#(M =0)) = 6 + 6 + 6 + 2 = 20. The remainingspaces
H(M) with M < 0 have thesamecycle structureas?#(|M|) dueto thesymmetry
+ & —.

The dimensionsof the subspace${(S, M, p(k)) aregivenin table1. Notethatin

accordancavith the rule of thumb(23) the numbersdim (#(-, M, p)) arealmost
uniformly distributedwith respecto p. The deviationsfrom the uniform distribu-

tionfor [M| = 0,1 canbeexplainedby theextraeigevaluesof 7' producedy the
mentionecepicgyclesof dimensionghreeandtwo.

Thenext table2 showns therelevantdimensiondor awide varietyof N ands. The
ratio of upperrow to lowerrow entriesis roughly NV in accordancevith therule
of thumb,Eq. (23). Dimensiondessthanfive aregivenin bold, thesecasexanbe
solvedanalytically Two examplesarepresentedh the next subsection.

5.2 Exactlysolvablesystems

Analytical solutionsarefor instancepossiblein thecasesV = 5,s = 1 andN =
8,s = £, which to our knowledgehave not yet beenpublished.Table 3 contains
the exact eigervaluesand multiplicities for the Heisenbey HamiltonianEq. (34)
with nearesheighbourinteractionand N = 5,s = 1 andFig. 1 shawvs the same

14



E/J ||-10|-4| 2 |2+2V2 |4 |44+2/11 | 54+2V65 | 5+vV5 | -5++/5
deg(E) || 11 | 7 | 12 15 3 3 1 2 18
EN || -3+v56 | 1+V6 | 2+V5+v13 | 2(6+ [V5+2v23cos()])
deg(E) 14 14 10 6
EN || 2(6+ [v5—v23cos(a)] + v69sin(a))
deg(E) 6
Table3

Eigervaluesanddegeneraciefor the Heisenbey HamiltonianEq. (34) with nearesheigh-
bourinteractionand N = 5, s = 1. Thevalueof a isa = %arctan[ ¥ @/5]

N=h, s=1 J

N=8, s=1/2

0 5 2 4
E/J E/]
Fig. 1. Eigervalues and degeneraciedor the Heisenbeg Hamiltonian Eq. (34) with
N = 5,5 = 1(Lhs)andN = 8,s = 3 (rh.s.).Thelines aredravn asa guide for

theeye.

information graphically but alsofor N = 8, s 5. The analytical, but rather
lengthy expressiondor the latter casemay be evaluatedusing a Mathematic®
scriptwe provide [15]. Herewe wouldlik e to presenbnly theeigervaluewhichin
theantiferromagneticasecorrespondso the groundstateenegy

4 1 1
Ey/J = 3 {2 + /13 cos [garctan<¥>]} for N =8,s = 3 (58)

In orderto clarify thestructureof theenegy spectrunwe calculatehesmoothened
densityof states.To this endthe degenerag of an enegy eigervalue E,, is first
divided by the meandistanceto the neighbouringeigervalues,thenthe resulting
functionis linearly interpolatedand corvoluted with a characteristidunction of
width 1. This densityof statesp(E), whichis displayedor the Heisenbeyg Hamil-
tonianEq.(34)in Fig.2for N = 5,s =1 (l.h.s.)andN = 8,s = % (r.h.s.),shows
aninterestingoandstructure.
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020 LT T T T T T ]
N=b, s=1

= 0Bf . =
W ot} . L
o (@74

0.05 | .

0 5 0 5 10 15

E/]

Fig. 2. Smoothenediensityof statesp(F) for the Heisenbeg hamiltonianEqg. (34) with
N =5,s=1(L.h.s.)andN =8,s = % (r.h.s.).

2.0 _I v T v T v T v T v I_
_ 15 X ]
() \
N 10 X N4
s T XX
05 X 1
0.0, L I L I L I L I L L]
0 2 4 6 8 10
N

Fig. 3. Comparisorof analytical(N < 8) andnumerical(N > 8) groundstateenegies
(symbols)for antiferromagneticouplingwith the large N limit (solid line) of Betheand
Hulthén[16,17].

5.3 Bethe-Hultlen

Thecalculateckigervalues,Table3 andFigure 1, correspondo the ferromagnetic
casefor J > 0 andto the antiferromagneticasefor J < 0. Thusour dataalso
containthe antiferromagnetiground stateenegy E,(N) and we can compare
Ey(N)/(NJ) with theexactlimit

. Ey(N) 1
]\}1_1)20 N 2In(2) — 3 (59)
known asthe Bethe-Hultlenformula[12,16,17].In Fig. 3 analytical(N < 8) and
numerical(N > 8) groundstateenegiesaredisplayedby symbolsandthe large
N limit by asolidline. It turnsoutthatthelimit is approachedrom abovefor even
N andfrom below for odd N andthatthe approachs fasterfor evenvaluesof N.
This shavs the effect of spinfrustration.
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