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Abstract

Analytical solutionsfor the time-dependenautocorrelatiorfunction of the classicaland
guantummechanicakpindimerwith arbitraryspinarepresenteéndcomparedFor large
spin quantumnumbersor high temperatureghe classicalandthe quantumdimer become
more and more similar, yet with the major differencethat the quantumautocorrelation
functionis periodicin time whereagheclassicals not.
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1 Introduction and summary

Thereis a growing interestin the magneticpropertiesof synthesizednolecules
[1-4] containingrelatively small numbersof paramagneticons. With the ability

to control the placementof magneticmomentsof diversespecieswithin stable
molecularstructurespne cantestbasictheoriesof magnetismandeven begin to

explorethe designof novel systemghat offer the prospeciof usefulapplications.
Mostspecie®f organic-basedoleculamagnetsxhibit veryweakintermolecular
magneticinteractionsso that measurementgerformedon a bulk sampleactually
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reflectintramoleculainteraction®nly. Themagnetidnteractionappearso bewell

describedvy the Heisenbag modelwith isotropic,nearest-neighbaxchange A

key quantityis thetime- andtemperature-dependetarrelationfunctionfor pairs
of magnetianomentsasit senesasthebasicingredientfor understandingiverse
dynamicalphenomenasuchasinelasticneutronscattering5] andspinlatticere-

laxation[6].

Thepresenstudyis motivatedby adesireto achieve adeepeunderstandingf spin
dynamicsin the Heisenbey model,especiallyconcerninghe trendsthatoccurin

arraysof N interactingmomentgindividual spinss) for increasingvaluesof both
N ands. The classicalHeisenbeg modelturnsout to provide accuratequantita-
tive resultsfor static properties suchas magneticsusceptibility down to thermal
enegiesof the orderof the exchangecoupling[7,8]. It is quite easyto establish
the connectionof that model, for staticpropertiesto the correspondingjuantum
modelfor arbitrarys. However, considerableareis requiredto successfullylink

up with classicaHeisenbegy spindynamicsstartingfrom quantunHeisenbey spin
dynamics.

In this article we presentthe analyticalform of the time-dependenequilibrium
autocorrelatioriunctionof thequantunmechanicatiimerwith generakpins. The
trendsfor increasings areexploredin somedetail andin particularwe compare
the quantumresultswith the exact analyticalresultrecentlyderived[9,10] for a
classicalHeisenbey spindimer. The quantumresultsfor arbitrary s are obtained
usingMathematic® to evaluatethe Clebsch-Gordanoeficients.Resultshave pre-
viously beenobtainedfor s = % spinrings of lengthupto N = 16 by complete
diagonalizatiormethodq11], andin Ref.[12] someaspect®f the high spinlimit
werediscussed.

The presentstudyof the equilibriumautocorrelatiorfunctionfor large valuesof s
is timely giventhefactthatNMR measurementsave veryrecentlybeenperformed
[13] on a dimer molecularmagnetcomposedf FE* (s = 5/2) ions. Heretofore
only s = ; dimershave beenavailablefor NMR studies[14—16]. For comparison
betweertheoryandexperimentit will alsobe necessaryo incorporatemolecular
andsingle-ionanisotropy termsin the Hamilton operator This will bethe subject
of aforthcomingarticle.

2 Thequantum dimer

Thequantumdimeris specifiedoy the Hamiltonoperator

J_, N J Vel = - 3 2 ]
H=535=0m ($-5-8) 5 S=5+5%. @)
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whereJ > 0 describesantiferromagnetiand J < 0 ferromagneticcoupling.
Throughoutthis article it is assumedhatthe spin quantumnumbersof both sites
of thedimerareidentical,s; = s, = s. Theeigenstates.S M ) of total spin.S?

SPISMY=rS(S+1)|SM),  S.|SM)=EM[SM) (2)

are alsoeigenstatesf the Hamilton operatorwith eigervaluesEg, which, in the
absencef a magnetidield, do not dependon thetotal magnetiocquantumnumber
M

Ij|SM):% (S(S+1)—2s(s+1)) | SM) = Eg | SM) . @3)

Thusthe partitionfunctionin the canonicakensembleeads

Z=tr{e"} =3 (SM|e ¥ |SM) (4)
S, M
2s

= P75t §7 (28 4 1) e 5 ST
S=0

and, consideringthat the Hamilton operator(1) is isotropic, one obtainsfor the
unnormalizedautocorrelatiorfiunction

3 _

7 (S M [ 50:() - 51:(0) e ¥ [ S M) (5)
S,M

Y R B (SN 5] 8 M

S,M,S' M’

Thelastexpressionsimplifieswhenwe take into accounthatonly matrixelements
with M = M'" andadifferencein total spinnotlargerthanonecontritute[17], i.e.

(SM|s.|S'M)y=0 if [S=S|>1 o M#M . (6)

Theresultingexpressions shovn in Eg. (A.1) in the appendix Note thatthe an-
gular frequeng spectrumof the spin dimeris given by integer multiplesof J/#,

which in turn meanghatthe autocorrelatiorfunctionis periodicin time andthat
therecurrenceaime 7 only depend®nthecoupling.J but notonthe spinquantum
numbers

we{%S}, S=0,....25 = r=2""" 7)
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Fig. 1. Normalizedautocorrelatiorfunction Re(C(t)), seeEq. (A.2), for a spin%—dimer
for four differenttemperaturegsolid lines). The left panelsdisplayour resultsfor the fer-
romagnetiadimer, theright panelsthe antiferromagneticase[20]. The dashedinesshav
theclassicaresult;for detailsseethe next section.

Thisis of coursetruefor all Hamiltonoperatorghatcanbewrittenlik e thetermon
ther.h.s.of Eq. (1), namelyfor the spintrimer andthe spintetrahedron.

Figure 1 shaws the autocorrelatiorfunction normalizedto unity att = 0 for a
spin-2-dimer, a systemthat hasbeensynthesisedFe dimer) andthatis currently
underinvestigation[13]. The analyticalexpressionfor this autocorrelatiorfunc-
tionis givenin Eq. (A.2) in theappendixOneclearlyseeghatthe autocorrelation
function, which is a superpositiorof five harmonicoscillationsanda constantjs
dominatedat low temperatureby the highestfrequeng in the ferromagneticase
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andby the lowestfrequeng in the antiferromagneticase At highertemperatures

otherfrequencieslso contritute. One alsonoticesthat, independenbf tempera-

ture,theautocorrelatioriunctionreturnsto its initial valueafterr = @

3 Comparison to the classical dimer

In orderto comparethe resultsof the quantumdimer for differentspin quantum
numberss with eachotherandwith the classicaldimer it is usefulto introduce
normalizedspinoperators

3
2on

€n = —F——,
T R?s(s+1)

whichdependon s. Note, that

n=12 (8)

9)

[gnmagny] = \/ﬁ Enz,

andhencethesebecomecommutingoperatorgor s — oco. EQ.(8) suggestshatwe
definea classicaHamiltonfunction H,

Hc:Jc_él'_éQ y JCZJS(8+1), (10)

whereé; andé, areunit vectors(c-numbers)We expectthatthe thermalproper
ties of this classicalHeisenbeay systemwill coincidewith thoseof the quantum
Heisenbey dimerif s > 1 exceptfor very low temperaturesThis is becausehe
spectrunof eigervaluesof ¢, , is confinedwithin (-1, 1) andbecomesiensefor
s — oo andthuscoincideswith the continuougangeof e,, ,.

Similarly, if we substituteEq. (8) in the quantumequationsof motionfor 3; and
32, wehave

¢ =—08ixd , £ =10&x& (12)
where
J/s(s+1
oo TVrl_ (12)
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This suggestshatwe prescribehefollowing equationsf motionfor the classical
unitvectorsé; ande,,

_él:—Q_élxé'g s 62:+Qél X_ég. (13)

We emphasizéhatin theseequations? is given by Eq. (12). It is expectedthat
theautocorrelatioriunctionderivedusing(13) andthecanonicaensembleverage
basedon H, will coincidein thelarge s limit with the normalizedautocorrelation
derivedfrom Eq. (A.1). This expectations in factconfirmedasdiscussedbelon.

Usingthefactthatthetotal spinis aconstanbf motiontheclassicapartitionfunc-
tion canbedervedas[18,19]

2 J,
Zc:%/o dSSeXp{—'BQ (52—2)} (14)
1 Je _ sinh(8J,)
—2Jc /_JC dE eXp{—ﬁE}—T

Note that the classicaldensity of statesturnsout to be a constantin the enegy

intenal [—J,., J.]. This coincidesnicely with the quantumdensityof stateswhich

canbe obtainedby countingthe discreteeigervaluesper unit enegy interval and
normalizingthe densityso thatits integral gives 1. One canshaw, startingfrom

Eq. (4), thatthe quantity 7 /(4 s(s + 1)) is in closenumericalagreementith Z,

for temperaturesz T > 0.2 J s(s + 1). Thissenesto clearlydefinethe classical
regimefor thethermalpropertiesof thedimer.

For theclassicalutocorrelatioriunctiononefindsthat[9,10]

1 1 Je
C.(t)= 5 [1 —coth(8 J.) + ﬁjj + 1— exg(—QﬂJc)

2 S? BJ.S?
X/OdSS<1_Z>eXP<_ 5 )cos(SQt),

which canbeintegratedusingerrorfunctionsof complec agumentsseeRef.[20].
In contrasto thequantumautocorrelatiorfiunction(5), theclassicafuantityis real.
Thereasonis that3; (t) - 3,(0) is nota hermitianoperatorfor ¢ # 0. If onewould

like to constructa hermitianoperator 1 (gl(t) -31(0) 4+ 3:1(0) - gl(t)) would be
appropriateThis coincideswith therealpartof our definitionEgs.(5) and(A.1). It

is alsointerestingo notethattheimaginarypartof << 31(t) - 31(0) >> doesindeed
vanishin the high temperaturdimit.

(15)

In Fig. 2 the dashecturvesdisplaythe classicalautocorrelatiorfunction obtained
from (15) togetherwith the quantumresult (solid lines) for threedifferent spin
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Fig. 2. Normalizedautocorrelatiorfunction for three different spinsat the temperature
kgT/(Js(s + 1)) = 0.2. The left panelsdisplaysthe ferromagneticdimer, the right
panelgheantiferromagnetione.Thesolid linesshav thequantunresult,thedashedines
theclassical.

guanturmumbersin orderto comparehedifferentcorrelatiorfunctionsall spectra
have beenmappednthesameenepy interval [—J., J.]. Thusthedifferentfigures
shaowv the autocorrelatiorfunctionsfor the sameposition of the meanexcitation

enegy in thespectrumj.e.thesame

kT kpT
Js(s+1) J. 0 (16)

Basedon our earlierremarkconcerninghe closenumericalagreemenof the clas-
sicalandquantumpartition functionswhenkg 7' > 0.2 J., we anticipatesimilar
agreementor the autocorrelatiorfunctionin this temperatur@ange.This is con-
firmedoninspectinghevariouspanelsof Fig. 2, whichdemonstrataicely thatthe
guantumautocorrelatioriunctionapproachethe classicaresultwith increasings.
Themostprominentifferencebetweertheseresultss thattheclassicabhutocorre-
lation functiondoesnotreturnto its initial valuebut approachea uniquenon-zero
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limit, whereaghe quantumautocorrelatiorfunctionis recurrentwith arecurrence
time independenof spinandtemperatureThis is dueto thefactthatthe classical
systemhasa continuousspectrunof excitationsin the angularfrequeng interval
[0, 2€2] whereaghe quantumsystempossessea discretespectrumof excitations
which areall integermultiplesof thelowestone.
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A Thequantum dimer

Using the matrix propertieg6) the unnormalizedautocorrelatiorfunction (5) can
be simplifiedto

= = 3 s(s
((31()-31(0) ) = - 776+ (A1)
X{Ze—"TJS<S+”\<SM\gu\SM>|2
S,M
2s M=S-1
+3 Y KSM|si|S—1M))?
S=1 M=—5+1

X (Cos [t—‘]S] [e_ﬂ-TJS(S‘H) +e % 5(5_1)]
h

s [125] e e )

Takingasanexamplethecases = 5/2 yields
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10))) _ A2

330 +180€°78 4+ 84¢°78 + 30278 46!t B

+35¢’ (+149) 4 3567 (=54150) 4 64,627 (+66) 1 a2/ (~7470)
181637 (#+38) 4 g1 37 (—%+48) 4 gp e (**+58) 4 g0 ¢ (—*++9)

+55¢ %" + 55 5! (=7+8)

/[35 (11+965Jﬁ+769‘]ﬁ+5612J’3+361“ﬂ+61“5) )

Autocorrelatiorfunctionsfor otherspinquanturmumbersanbeevaluatedisinga
Mathematic® 3.0 script,thatthereadelis encouragedo downloadfrom our web
site[20].
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