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Abstract

Analytical solutionsfor the time-dependentautocorrelationfunction of the classicaland
quantummechanicalspindimerwith arbitraryspinarepresentedandcompared.For large
spin quantumnumbersor high temperaturethe classicalandthe quantumdimer become
more and more similar, yet with the major differencethat the quantumautocorrelation
functionis periodicin timewhereastheclassicalis not.
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1 Introduction and summary

Thereis a growing interestin the magneticpropertiesof synthesizedmolecules
[1–4] containingrelatively small numbersof paramagneticions.With the ability
to control the placementof magneticmomentsof diversespecieswithin stable
molecularstructures,onecantestbasictheoriesof magnetismandeven begin to
explore thedesignof novel systemsthatoffer theprospectof usefulapplications.
Mostspeciesof organic-basedmolecularmagnetsexhibit veryweakintermolecular
magneticinteractions,so thatmeasurementsperformedon a bulk sampleactually�
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reflectintramolecularinteractionsonly. Themagneticinteractionappearsto bewell
describedby the Heisenberg modelwith isotropic,nearest-neighborexchange.A
key quantityis thetime- andtemperature-dependentcorrelationfunctionfor pairs
of magneticmoments,asit servesasthebasicingredientfor understandingdiverse
dynamicalphenomena,suchasinelasticneutronscattering[5] andspin latticere-
laxation[6].

Thepresentstudyis motivatedby adesireto achieveadeeperunderstandingof spin
dynamicsin theHeisenberg model,especiallyconcerningthe trendsthatoccurin
arraysof � interactingmoments(individual spins � ) for increasingvaluesof both� and � . The classicalHeisenberg modelturnsout to provide accuratequantita-
tive resultsfor staticproperties,suchasmagneticsusceptibility, down to thermal
energiesof the orderof the exchangecoupling[7,8]. It is quite easyto establish
the connectionof that model,for staticproperties,to the correspondingquantum
modelfor arbitrary � . However, considerablecareis requiredto successfullylink
upwith classicalHeisenberg spindynamicsstartingfrom quantumHeisenberg spin
dynamics.

In this article we presentthe analyticalform of the time-dependentequilibrium
autocorrelationfunctionof thequantummechanicaldimerwith generalspin � . The
trendsfor increasing� areexploredin somedetail andin particularwe compare
the quantumresultswith the exact analyticalresult recentlyderived [9,10] for a
classicalHeisenberg spindimer. The quantumresultsfor arbitrary � areobtained
usingMathematica� to evaluatetheClebsch-Gordancoefficients.Resultshavepre-
viously beenobtainedfor ��� �� spin rings of lengthup to � �	��
 by complete
diagonalizationmethods[11], andin Ref. [12] someaspectsof thehigh spinlimit
werediscussed.

Thepresentstudyof theequilibriumautocorrelationfunctionfor largevaluesof �
is timely giventhefactthatNMR measurementshaveveryrecentlybeenperformed
[13] on a dimermolecularmagnetcomposedof Fe���������������� ions.Heretofore
only ��� �� dimershave beenavailablefor NMR studies[14–16].For comparison
betweentheoryandexperimentit will alsobenecessaryto incorporatemolecular
andsingle-ionanisotropy termsin theHamiltonoperator. This will be thesubject
of a forthcomingarticle.

2 The quantum dimer

Thequantumdimeris specifiedby theHamiltonoperator� � � �� ��� �� �! � �� � � �� � �#" �$ � �&% � �� � � % � �� ��(' ) �$ � � � �� �+* � �� �-, (1)
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where
�/. 0

describesantiferromagneticand
�/1 0

ferromagneticcoupling.
Throughoutthis article it is assumedthat thespinquantumnumbersof bothsites
of thedimerareidentical, � � �2� � �2� . Theeigenstates3 $5476

of total spin �$ � �
�$ � � 3 $54/6 � � � $ � $ * �8�93 $:476 , $ �<; 3 $=4/6 � � 4 3 $5476

(2)

arealsoeigenstatesof the Hamilton operatorwith eigenvalues >@? , which, in the
absenceof a magneticfield, do not dependon thetotal magneticquantumnumber4

� � 3 $=4/6 � � � � $ � $ * �8� % �A�B�C� * �8�D��3 $:476 �E>F?G3 $54/6IH
(3)

Thusthepartitionfunctionin thecanonicalensemblereadsJ � tr K�LNMPORQ SUT���V?RW XZY $=4 3[LNMPORQ S�3 $=4/6
(4)

�\L O^]`_�ab_  �Cc � _V?edgf ��� $ * �8�UL Mih�jk ? a ?  �Cc
and,consideringthat the Hamilton operator(1) is isotropic,one obtainsfor the
unnormalizedautocorrelationfunctionlPl � �� � �nmo�  � �� � � 0 �IpPpU�rqJsV?8W X�Y $54 3t�� � ; �nmo�  �� � ; � 0 �gL MPORQ S�3 $=4/6

(5)� qJ V?8W XuW ?RvwW Xuv Lgx�yz ab{}|NMB{ | v c L MPO`{}| 3 Y $:4 3t�� � ; 3 $!~�4�~�6 3 � H
Thelastexpressionssimplifieswhenwetakeintoaccountthatonlymatrixelements
with

4 � 4 ~
andadifferencein total spinnot largerthanonecontribute[17], i.e.

Y $=4 3��� � ; 3 $!~�4�~�6 � 0
if 3 $ % $!~ 3 . � or

4 �� 4�~�H
(6)

The resultingexpressionis shown in Eq. (A.1) in theappendix.Note that thean-
gular frequency spectrumof the spin dimer is givenby integermultiplesof

� � � ,
which in turn meansthat the autocorrelationfunction is periodicin time andthat
therecurrencetime � only dependson thecoupling

�
but not on thespinquantum

number������ � � $F� , $ � 0 , H�H�H , �A� � ��� �!� �� H
(7)
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Fig. 1. Normalizedautocorrelationfunction Re �n��������� , seeEq. (A.2), for a spin-�� -dimer
for four differenttemperatures(solid lines).Theleft panelsdisplayour resultsfor thefer-
romagneticdimer, theright panelstheantiferromagneticcase[20]. Thedashedlinesshow
theclassicalresult;for detailsseethenext section.

This is of coursetruefor all Hamiltonoperatorsthatcanbewritten likethetermon
ther.h.s.of Eq.(1), namelyfor thespintrimerandthespintetrahedron.

Figure 1 shows the autocorrelationfunction normalizedto unity at m�� 0
for a

spin-�� -dimer, a systemthat hasbeensynthesised(Fe dimer)andthat is currently
underinvestigation[13]. The analyticalexpressionfor this autocorrelationfunc-
tion is givenin Eq.(A.2) in theappendix.Oneclearlyseesthattheautocorrelation
function,which is a superpositionof five harmonicoscillationsanda constant,is
dominatedat low temperaturesby thehighestfrequency in theferromagneticcase
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andby thelowestfrequency in theantiferromagneticcase.At highertemperatures
otherfrequenciesalsocontribute.Onealsonoticesthat, independentof tempera-
ture,theautocorrelationfunctionreturnsto its initial valueafter ��� �8�`�] .

3 Comparison to the classical dimer

In orderto comparethe resultsof the quantumdimer for differentspin quantum
numbers� with eachotherandwith the classicaldimer it is useful to introduce
normalizedspinoperators

� ���� � � �� �� � � �B�C� * �8� , � �#� , � , (8)

whichdependon � . Note,that� ������ , ��B�� t¡ � ¢� �B�C� * �8� ���� ; , (9)

andhencethesebecomecommutingoperatorsfor �u£ ¤ . Eq.(8) suggeststhatwe
definea classicalHamiltonfunction

�Z¥
�Z¥ � ��¥ � L �! � L � , ��¥ � � �P�C� * �R� , (10)

where � L � and � L � areunit vectors(c-numbers).We expectthat the thermalproper-
ties of this classicalHeisenberg systemwill coincidewith thoseof the quantum
Heisenberg dimer if �=¦ � exceptfor very low temperatures.This is becausethe
spectrumof eigenvaluesof �� � ; is confinedwithin � % � , �8� andbecomesdensefor�§£ ¤ andthuscoincideswith thecontinuousrangeof L � ; .
Similarly, if we substituteEq. (8) in the quantumequationsof motion for � �� � and� �� � , wehave¨� �� � � %u© � �� �«ª � �� � , ¨� �� � � * © � �� �-ª � �� � (11)

where

© � � � �P��� * �8�� � �¬¥� � �B�C� * �8� H (12)
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This suggeststhatwe prescribethefollowing equationsof motionfor theclassical
unit vectors� L � and � L � ,¨� L � � %u© � L �ª � L � , ¨� L � � * © � L �-ª � L � H (13)

We emphasizethat in theseequations
©

is given by Eq. (12). It is expectedthat
theautocorrelationfunctionderivedusing(13)andthecanonicalensembleaverage
basedon

�Z¥
will coincidein the large � limit with thenormalizedautocorrelation

derivedfrom Eq.(A.1). Thisexpectationis in factconfirmedasdiscussedbelow.

Usingthefactthatthetotalspinis aconstantof motiontheclassicalpartitionfunc-
tion canbederivedas[18,19]

JA¥ � ��¯® �f±° $=$³²t´}µ5¶ %=· �¬¥� � $ � % ���R¸ (14)� �� ��¥ ® ]�¹M�][¹ d> ²�´}µ�º % · >5»¯�½¼D¾À¿gÁ � · �¬¥ �· �¬¥ H
Note that the classicaldensityof statesturnsout to be a constantin the energy
interval Â % �¬¥ , �¬¥�Ã . This coincidesnicely with thequantumdensityof stateswhich
canbeobtainedby countingthe discreteeigenvaluesperunit energy interval and
normalizingthe densityso that its integral gives � . Onecanshow, startingfrom
Eq. (4), that the quantity

J ���ÅÄI�P��� * �R�D� is in closenumericalagreementwith
JA¥

for temperaturesÆ¬Ç¯È .É0 H � � �P��� * �8� . Thisservesto clearlydefinetheclassical
regimefor thethermalpropertiesof thedimer.

For theclassicalautocorrelationfunctiononefindsthat[9,10]

Ê ¥ �nmo�g� ��GË � %ÍÌ�ÎNÏ Á � · �¬¥ � * �· ��¥ÑÐ * · �¬¥� % ²�´}µ � % � · ��¥ � (15)ª ® �f d
$G$ÓÒ � % $ �Ä�Ô ²t´}µ�Ò % · �¬¥ $ �� Ô Ì�Î ¼ � $ © mo� ,

whichcanbeintegratedusingerrorfunctionsof complex arguments,seeRef. [20].
In contrastto thequantumautocorrelationfunction(5), theclassicalquantityis real.
Thereasonis that � �� � �nmo�  � �� � � 0 � is not a hermitianoperatorfor m �� 0

. If onewould

like to constructa hermitianoperator,
�� " � �� � �nmo�  � �� � � 0 � * � �� � � 0 �  � �� � �Õmo� ' would be

appropriate.Thiscoincideswith therealpartof ourdefinitionEqs.(5) and(A.1). It
is alsointerestingto notethattheimaginarypartof

lPl � �� � �Õmo�  � �� � � 0 � pPp doesindeed
vanishin thehigh temperaturelimit.

In Fig. 2 thedashedcurvesdisplaytheclassicalautocorrelationfunctionobtained
from (15) togetherwith the quantumresult (solid lines) for threedifferent spin
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Fig. 2. Normalizedautocorrelationfunction for threedifferent spinsat the temperatureÖ Çu×AØ �CÙ§Ú9�ÕÚuÛ2Ü����ÞÝ	ß�àâá . The left panelsdisplaysthe ferromagneticdimer, the right
panelstheantiferromagneticone.Thesolid linesshow thequantumresult,thedashedlines
theclassical.

quantumnumbers.In ordertocomparethedifferentcorrelationfunctionsall spectra
havebeenmappedon thesameenergy interval Â % �¬¥ , ��¥ãÃ . Thusthedifferentfigures
show the autocorrelationfunctionsfor the samepositionof the meanexcitation
energy in thespectrum,i.e. thesameÆ¬Ç¯È� ��C� * �8� � Æ¬Ç�È�¬¥ � 0 H � H (16)

Basedonourearlierremarkconcerningtheclosenumericalagreementof theclas-
sicalandquantumpartition functionswhen Æ¬Ç�È .ä0 H � �¬¥ , we anticipatesimilar
agreementfor theautocorrelationfunction in this temperaturerange.This is con-
firmedoninspectingthevariouspanelsof Fig.2,whichdemonstratenicelythatthe
quantumautocorrelationfunctionapproachestheclassicalresultwith increasing� .
Themostprominentdifferencebetweentheseresultsis thattheclassicalautocorre-
lation functiondoesnot returnto its initial valuebut approachesauniquenon-zero
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limit, whereasthequantumautocorrelationfunctionis recurrentwith a recurrence
time independentof spinandtemperature.This is dueto thefact that theclassical
systemhasa continuousspectrumof excitationsin theangularfrequency intervalÂ 0 , � © Ã whereasthe quantumsystempossessesa discretespectrumof excitations
whichareall integermultiplesof thelowestone.
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A The quantum dimer

Usingthematrix properties(6) theunnormalizedautocorrelationfunction(5) can
besimplifiedtolPl � �� � �Õmo�  � �� � � 0 � p¬p � qJ L O^]`_�aw_  �Cc (A.1)ªÍåæ ç V?8W X L Mih¬jk ? a ?  �Cc 3 Y $:4 3(�� � ; 3 $:4è6 3 �* � _V?Nd � X¯d�? M �VX¯d M ?  � 3 Y $54 3t�� � ; 3 $ % � 4/6 3 �ª:é ÌÑÎ ¼uê m �� $9ë � L Mih¬jk ? a ?  �Cc * L Mih�jk ? a ? M �Cc ¡* ¢¬¼o¾�¿ ê m �� $ ë � L Mih�jk ? a ?  �Ccì% L Mih¬jk ? a ? M �Cc ¡îíFï ðñ H
Takingasanexamplethecase�§�ò�ó��� yields
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Ê �nmo�A� lPl � �� � �Õmo�  � �� � � 0 � p¬pl¬l � �� � � 0 �  � �� � � 0 � pPp � (A.2)ôõ q�q 0 * �Rö 0 L � ]�O * öóÄ&L�÷ ]gO * q 0 L �Å� ]�O * 
AL �nø ]gO* q �ùL ] � xCyz  �nø O � * q �ùL ] � M x�yz  � � O � * 
óÄ&L � ] � xCyz gú O � * 
óÄ&L � ] � M x�yz �û O �* ö��üL � ] � x�yz g� O � * ö}�9L � ] � M xCyz  ø O � * ö 0 L ] ��ý xCyz  � O � * ö 0 L ] � M ý x�yz  ÷ O �* ���óL�þ(x j yz * ���ùL � ] � M x�yz  O �oÿ�
� ôõ q � " ��� *�� L � ]�O *�� L�÷ ]gO * �AL �Å� ]�O * q L �nø ]gO * L � � ]�O ' ÿ� H

Autocorrelationfunctionsfor otherspinquantumnumberscanbeevaluatedusinga
Mathematica� 3.0script,that thereaderis encouragedto downloadfrom our web
site[20].
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