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Abstract

A remarkablghermodynamidermion-bosorsymmetryis foundfor the canonicakensem-
ble of idealquantungasesn harmonicoscillatorpotentialsof odddimensionsThebosonic
partitionfunctionis relatedto thefermioniconeextendedo negative temperaturesndvice
versa.
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1 Introduction and summary

Finite quantumgasesof identicalfermionsor bosonscontainedin harmonicos-
cillator potentialsarecurrentlyof greatinterest.The recentmotivationstemsfrom
theinvestigationof alkali atoms(bosons)n magnetidrapsandthe obsenation of
Bose-Einsteirtondensatiorseee.g.[1-3]. On thefermionicsidenucleiandtheir
low temperaturdoehaiour areinvestigatedfor instancen [4,5]. If thesesystems
areeitheronly weaklyinteractingor closeto the groundstate they maybe consid-
eredasanidealgasof (quasi-)particlesconfinedoy aharmonicoscillatorpotential.

For thesefinite ideal quantumgasesimpleexpressionse.g.for the partitionfunc-
tion of thecanonicaknsemblegouldnotbefoundupto now, butrecursiorrelations
couldbederived[6] andusedsuccessfully7-11].

In this article we reportthat a closerinspectionof the canonicalpartition func-
tion uncoversasurprisingsymmetrypropertywhich connectgermionsandbosons.
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FermionicandbosonicN-body partitionfunctionsareconnectedia analyticcon-
tinuationto negative temperaturesThermodynamianeanvaluesfor the bosonic
systemsanbe easilyevaluatedknowing the fermionicresultsandvice versa.Es-
peciallyfor fermionsthis procedureemovesthewell-known signproblembecause
thebosonicpartitionfunctiondoesnot suffer from alternatingsigns.

2 Symmetries of the partition function

We considerN identical particlessubjectto a single-particleHamiltonianin the
canonicalensembleThe partition function Z, can be recursvely built starting
with the single-particlgpartitionfunction[6]

1 ¥ 1

— N (£ Z VA Zo(B)=1,p=—7, (1
N g n/B) N— n(/B) ; O(ﬁ) ’ ﬁ kBT 3 ( )
wherethe uppersignin the sumstandgor bosonsandthelower signfor fermions.
For thecaseof athree-dimensiondlarmonicoscillatorpotentialthesingle-particle

partitionfunctionis

exp (-9%) |
7= [1 - exp(—ﬁhw)] | (2)

Introducingtheabbreviation

y = exp(—fhw) ®3)

we redefinethe partitionfunctionsto dependny, e.g.

Nl

Y

Zi(y) = -y (4)
Therecursionformula(1) thenreads
1 N
=5 2 EU G i) (5)

The partitionfunctionsZ3 arerationalfunctionsof 4 andcanbe split into factors
[7.8]
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Zn(y) = m Py (y) (6)

with P (y) beingpolynomialsin y. Obviously this leadsto arecursiorformulafor
the polynomialsPy

1 X (1 7)3
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whereP;f (y) = 1 and Pt (y) = 1. Thisis alreadya usefulresultsincefor numeri-
calevaluationrecursionformula(7) behaesbetter

A closerlook at thesepolynomialsopensnew insightinto fermion-bosorsymme-
try. Considerfor exampleN = 3:

Pif(y) =1+ 3y* + Ty® + 6y* + 6y° + 10y°® + 3y” (8)
Py (y)=v° (3 + 10y + 6y° + 6y° + Ty* + 3y° + 1y7) :

It seemsurprisingthatthecoeficientsappeain reverseordercomparingonepoly-
nomial with the other This is not mere coincidence but the following theorem
holds

Py(y) =y Py (i) ’ ©)

which canbe proven by inductionor with the help of an explicit representation
asdonebelow. The propertyof the bosonicandfermionic polynomialsleadsto a
relationbetweerfermionicandbosonicpartitionfunctionswhichis

200 = (-7 (1) (10)

Using the usualdependencen the inversetemperatures this propertyexpresses
itself as

Zy(B8) = (-1)"Zy(-8), (11)

wherethe partitionfunctionwith thenegative agumenthasto be understoodsthe
analyticcontinuationinto theregion of y = exp(—fhw) > 1. In thermodynamic
meanvalueslike meanenegy or specificheatthis symmetryalsoshavs up

Ex(B)=—En(=8) ,  CR(B)=Cy(-5). (12)
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A straightforwardapplicationof theaboreresultis to calculatefermionicpartition
functionsand meanvaluesby evaluatingthe respectre bosoniconesat negative
temperatureandtherebyto avoid the signproblem.

More generallythis propertyis relatedto the factthatthe single-particlepartition
function hasan analyticcontinuationto the whole 3-axiswhereit is anodd func-
tion, Z,(—B3) = —Z.(3). ThenZ% canbe analyticallyextendedin the sameway
andit satisfiexq.(11). We prove this relationrewriting the explicit representation
of Z%(B) asit is givenin eq.(8) of ref.[11] in theform

Z]:\E — (:tl)N Nz_:l Z (:tl)chrl Hf:o Zl ((ni+1 - nz)ﬂ) , (13)

k .
k=0 0<ni<--<np<N Hj:l U

wherewe understanchy = 0 andn,.; = N in theupperproduct.If 3 is replaced
by — 3 we obtain(k + 1) minussignsin the upperproduct,which eithercancelthe
factor(—1)¥*! in thefermioniccaseor introduceit in the bosoniconeandthereby
transformthefermionicpartitionfunctioninto thebosoniconeor vice versa.

Thistheorenshavsthatthefermion-bosorsymmetrydepend®nly ontheoddness
of Z; andnotontheform of the single-particleHamiltonian.But the harmonicos-

cillator potentialdor oddspacedimensionarethe only examplesve know, where

this conditionholds.

3 Propertiesof the polynomials

In orderto studythethermodynamicsf idealquantungasesn harmonicoscillator
potentialsonewould like to know moreaboutthe polynomialsPs definedby (6).
Usingthe explicit representationf the partitionfunction(13) onederives

N
Py(y) =DM [Q-4)? (14)
=1
NiI ) k1 1
X (£1) .
k=0 0<ni<—<ng<N H?:l n; [T (1 — yrivi—ni)?

Note, that P, althoughlooking like a rationalfunction, is actuallya polynomial
since[*_, (1 — y™+17)? divides[TY, (1 — y!)3.

In the following we have to distinguishbetweenpropertiesof Ps, which canbe
mathematicallyproven and thosewhich are only establishedy numericalevi-
dence,i.e. usually checled with MATHEMATICA for several N. For simplicity
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we are consideringonly bosonicpolynomialsnow, the respectre fermionic ones
canbeobtainedby transformation.

The following belongsto the secondclass(numericalevidence).The coeficients
pV) of the polynomials

L(N)

Z piv (15)

are non-ngatve and,for n > 0 and N > 4, monotonicallyincreasinguntil a
maximumis reachedndthenmonotonicallydecreasingThedegreeL(N) satisfies

L(N) < = (3N? = 7N +10) . (16)

l\')l»—\

Thefirst N +1 coeficientsp(™) areindependendf N. They form anapproximately
exponentiallyincreasingsequence
1,0,3,7,18,39,99, 213,492, 1056, ... . a7

For theindependencef thefirst N/2 coeficientswe know a mathematicallyexact
proof, for the otherswe have numericalevidence.

Severalidentitieshold for the polynomialse.g.

Py(1) = (N)? (18)
(1) = SN(N — 1)(W1)?

Py(1)= 41—8(271\12 — 23N —8)N(N — 1)(N!)?

Py(1)= 61—4(271\14 — 42N% — 9N? + 16N — 20)N(N — 1)(N!)?,

wherethe primesdenotederiatives.We sketcha prooffor thefirst relation,

L(N)

Z M) = (19)

the othersmay be provenin a similar way. All termswith n» > 1 in recursion
formula(7) containatleastonefactor(1 — y7)? andthusvanishfor y = 1. Hence
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=) | (20)

1 _
=ty +" 4y )P Pya() |

== NQPNfl(].)

y=1

Therelation(19) thenfollows by P, (1) = 1 andinduction.

Introducinga quasi-statisticahotation

L(N)
() ) = s 2 A0S (21)

we cansummarizeheseresultsas

pi=((n)) = IN(N ~1) (22)

o= ((n2)) — 2 = %(QN +5)N(N —1)

ps = (0= 1)) =~ N(N = 1),

Thelastresultis remarkablesinceit impliesthatthe“skewness”of thedistribution
of thepV), definedby [12]

v=5 (23)
g

is asymptoticallyproportionalto N~5/2 andthusvanishesor N — oo. This is
compatiblewith theobsenationthatfor large N thedistribution of coeficientscan
be approximatedy a symmetricbell-shapedunction.
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