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Abstract

A remarkablethermodynamicfermion-bosonsymmetryis foundfor thecanonicalensem-
bleof idealquantumgasesin harmonicoscillatorpotentialsof odddimensions.Thebosonic
partitionfunctionis relatedto thefermioniconeextendedtonegativetemperatures,andvice
versa.
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1 Introduction and summary

Finite quantumgasesof identical fermionsor bosonscontainedin harmonicos-
cillator potentialsarecurrentlyof greatinterest.Therecentmotivationstemsfrom
theinvestigationof alkali atoms(bosons)in magnetictrapsandtheobservationof
Bose-Einsteincondensation,seee.g.[1–3]. On thefermionicsidenucleiandtheir
low temperaturebehaviour areinvestigated,for instancein [4,5]. If thesesystems
areeitheronly weaklyinteractingor closeto thegroundstate,they maybeconsid-
eredasanidealgasof (quasi-)particlesconfinedby aharmonicoscillatorpotential.

For thesefinite idealquantumgasessimpleexpressions,e.g.for thepartitionfunc-
tionof thecanonicalensemble,couldnotbefounduptonow, but recursionrelations
couldbederived[6] andusedsuccessfully[7–11].

In this article we report that a closerinspectionof the canonicalpartition func-
tion uncoversasurprisingsymmetrypropertywhichconnectsfermionsandbosons.�
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Fermionicandbosonic� -bodypartitionfunctionsareconnectedvia analyticcon-
tinuationto negative temperatures.Thermodynamicmeanvaluesfor the bosonic
systemscanbeeasilyevaluatedknowing thefermionicresultsandvice versa.Es-
peciallyfor fermionsthisprocedureremovesthewell-known signproblembecause
thebosonicpartitionfunctiondoesnotsuffer from alternatingsigns.

2 Symmetries of the partition function

We consider� identicalparticlessubjectto a single-particleHamiltonianin the
canonicalensemble.The partition function ��� can be recursively built starting
with thesingle-particlepartitionfunction[6]
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wheretheuppersignin thesumstandsfor bosonsandthelowersignfor fermions.
For thecaseof athree-dimensionalharmonicoscillatorpotentialthesingle-particle
partitionfunctionis
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IntroducingtheabbreviationE 
 ),+F- � 1 	<;>=?� (3)

weredefinethepartitionfunctionsto dependon E , e.g.

� � � E ��
 E�GH� � 1 E � B C (4)

Therecursionformula(1) thenreads

� ���� E ��
 �� ������� ��� � � ����� � � � E � � � ���� � � E � C (5)

Thepartitionfunctions � �� arerationalfunctionsof E andcanbesplit into factors
[7,8]
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with ` JL M
NFO beingpolynomialsin N . Obviouslythis leadsto arecursionformulafor
thepolynomials̀

JL
` JL M
NFO<P [b Lcd X�Z Mfeg[hO d�i Z V LWYXjL�k d�i Z M\[^]9N W O _M\[4]9N d O\_ ` JL�k d M
NFO�l (7)

wherè
Jm M
NFO�Pn[ and ` JZ MTNoO�Pn[ . This is alreadya usefulresultsincefor numeri-

calevaluationrecursionformula(7) behavesbetter.

A closerlook at thesepolynomialsopensnew insightinto fermion-bosonsymme-
try. Considerfor example

b Pqp :
` i_ M
NFOFPr[tsrpuN.vRsxwyN _ srzuN|{�sxzuN~}�sq[��uN~�RsxpyNF� (8)` k_ M
NFOFP�N~v��Yp�sq[��uN�srzuN.v�srzuN _ sxwyN|{<srpuN~}Rsq[�N.�Y���

It seemssurprisingthatthecoefficientsappearin reverseordercomparingonepoly-
nomial with the other. This is not merecoincidence,but the following theorem
holds

` kL�M
NFO<P�N QU L���L�kjZ�� ` iL�� [N�� l (9)

which canbe proven by inductionor with the help of an explicit representation
asdonebelow. Thepropertyof the bosonicandfermionicpolynomialsleadsto a
relationbetweenfermionicandbosonicpartitionfunctionswhich is

I iL�M
NFO�P�M\]a[�O L I kL�� [N � � (10)

Using the usualdependenceon the inversetemperature� this propertyexpresses
itself asI iL�M � O�P�M\]a[�O L I kL�M6] � O�l (11)

wherethepartitionfunctionwith thenegativeargumenthasto beunderstoodasthe
analyticcontinuationinto the region of N�P��,�.�RM6] ���u� O���[ . In thermodynamic
meanvalueslikemeanenergy or specificheatthissymmetryalsoshowsup� iL M � O�P ] � kL M6] � O l ¡ iL M � O�Pq¡ kL M\] � O�� (12)
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A straightforwardapplicationof theaboveresultis to calculatefermionicpartition
functionsandmeanvaluesby evaluatingthe respective bosoniconesat negative
temperaturesandtherebyto avoid thesignproblem.

More generallythis propertyis relatedto the fact that thesingle-particlepartition
functionhasananalyticcontinuationto thewhole ¢ -axiswhereit is anoddfunc-
tion, £¥¤:¦6§�¢ ¨�©ª§«£?¤2¦
¢�¨ . Then £K¬­ canbeanalyticallyextendedin thesameway
andit satisfieseq.(11).We prove this relationrewriting theexplicit representation
of £ ¬­ ¦T¢�¨ asit is givenin eq.(8) of ref. [11] in theform

£K¬­ ©n¦f®g¯h¨ ­ ­�° ¤±²´³oµ ±µY¶|·y¸¹¶jº»º»º ¶|·�¼,¶ ­ ¦f®g¯h¨ ²´½ ¤¿¾ ²À ³oµ £¥¤�¦Á¦
Â À ½ ¤<§9Â À ¨\¢ ¨¾ ²Ã ³ ¤ Â Ã Ä (13)

wherewe understandÂ µ © Å and Â ²Æ½ ¤4© Ç in theupperproduct.If ¢ is replaced
by §�¢ weobtain ¦fÈ«É�¯h¨ minussignsin theupperproduct,whicheithercancelthe
factor ¦\§a¯�¨ ²´½ ¤ in thefermioniccaseor introduceit in thebosoniconeandthereby
transformthefermionicpartitionfunctioninto thebosoniconeor viceversa.

Thistheoremshowsthatthefermion-bosonsymmetrydependsonly ontheoddness
of £?¤ andnot on theform of thesingle-particleHamiltonian.But theharmonicos-
cillator potentialsfor oddspacedimensionsaretheonly examplesweknow, where
thisconditionholds.

3 Properties of the polynomials

In orderto studythethermodynamicsof idealquantumgasesin harmonicoscillator
potentialsonewould like to know moreaboutthepolynomialsÊ ¬­ definedby (6).
Usingtheexplicit representationof thepartitionfunction(13)onederives

Ê ¬­ ¦
ËF¨F©Ì¦�®Í¯�¨ ­ ­ÎÏÐ³ ¤ ¦6¯^§ÑË Ï ¨6Ò (14)Ó ­�° ¤±²´³oµ ±µY¶|· ¸ ¶jº»º»º ¶|·�¼,¶ ­ ¦f®g¯h¨ ²´½ ¤ ¯¾ ²Ã ³ ¤ Â Ã ¾ ²À ³oµ ¦6¯^§ÑË ·�ÔÐÕ ¸ ° ·�Ô ¨ Ò�Ö
Note, that Êa¬­ , althoughlooking like a rationalfunction, is actuallya polynomial
since ¾ ²À ³oµ ¦\¯�§9Ë ·�ÔÐÕ ¸ ° ·�Ô ¨ Ò divides ¾ ­ÏÐ³ ¤ ¦6¯^§9Ë Ï ¨ Ò .
In the following we have to distinguishbetweenpropertiesof Ê ¬­ , which canbe
mathematicallyproven and thosewhich are only establishedby numericalevi-
dence,i.e. usuallychecked with MATHEMATICA for several Ç . For simplicity
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we areconsideringonly bosonicpolynomialsnow, the respective fermionic ones
canbeobtainedby transformation.

The following belongsto the secondclass(numericalevidence).The coefficients×�Ø�Ù ÚÛ of thepolynomials

ÜaÝÙ�Þ
ßFàFá�â ØãÙ�ÚäÛ�åoæ × Ø�Ù ÚÛ ß Û (15)

are non-negative and, for çªèêé and ë èíì , monotonicallyincreasinguntil a
maximumis reachedandthenmonotonicallydecreasing.Thedegreeî Þ ë à satisfies

î Þ ë à4ï*ðñ Þ�ò ëôó�õ�öuëø÷ ð é à�ù (16)

Thefirst ër÷ ð coefficients×�Ø�Ù ÚÛ areindependentof ë . They form anapproximately
exponentiallyincreasingsequence

ð>ú é ú ò ú ö ú�ð�ûFú ò>ü ú ü>ü ú ñ ð ò ú ì ü ñ ú�ð é>ýyþ ú ù2ù2ù ù (17)

For theindependenceof thefirst ëÍÿ ñ coefficientsweknow amathematicallyexact
proof, for theotherswehavenumericalevidence.

Severalidentitieshold for thepolynomials,e.g.Ü Ù Þ ð àoáÌÞ ë�� à ó (18)Ü��Ù Þ ð àoá òì ë Þ ë*õ ð à2Þ ë�� à óÜ�� �Ù Þ ð àoá ðì û Þ ñ öuëôó�õ ñ ò ë�õ û à ë Þ ë*õ ð à2Þ ë�� à óÜ � � �ÙÍÞ ð àoá ðþyì Þ ñ öuë��tõ9ì ñ ë���õ ü ë ó ÷ ð þ>ë�õ ñ é à ë Þ ë�õ ð à Þ ë�� à ó ú
wheretheprimesdenotederivatives.Wesketchaproof for thefirst relation,

Ü Ù Þ ð à�á â Ø�Ù ÚäÛ�åoæ × Ø�Ù ÚÛ á�Þ ë�� à ó ú (19)

the othersmay be proven in a similar way. All termswith çªè ð in recursion
formula(7) containat leastonefactor Þ ð õ ß � à � andthusvanishfor ßÍá ð . Hence
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Therelation(19) thenfollowsby
	3 9�����3�:�

andinduction.

Introducingaquasi-statisticalnotation

;5;=< �4>?��@5@BAC� �
�4��DE� -

FHG 
�IJ
K &#L�M

G 
�IK < �">N�
(21)

wecansummarizetheseresultsas

O AC� ;5; >7@5@��QPR �S�T�U�V���
(22)

W -=AC� ;5; >X-Y@5@Z� O -)� �
[ R � [ �\(^]_�`���4�U�a���

O � AC� ;5; �4>b� O � � @'@c�:�dPeN�S�T�U�a����f
Thelastresultis remarkablesinceit impliesthatthe“skewness”of thedistribution
of the M

G 
�IK , definedby [12]

g � O �W � (23)

is asymptoticallyproportionalto
� �Hh�i -

and thusvanishesfor
� j k

. This is
compatiblewith theobservationthatfor large

�
thedistributionof coefficientscan

beapproximatedby asymmetricbell-shapedfunction.
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