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Abstract

Recursionformulaeof the � -particlepartition function, the occupationnumbersand its
fluctuationsare given using the single-particlepartition function. Exact resultsare pre-
sentedfor fermionsandbosonsin a commonone-dimensionalharmonicoscillatorpoten-
tial, for thethree-dimensionalharmonicoscillatorapproximationsaretested.Applications
to excitednucleiandBose-Einsteincondensationarediscussed.
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1 Intr oduction and summary

In thermodynamicsidealquantumgasesareusuallytreatedin thegrandcanonical
ensemblesinceall applicationswhich were importantin the past,like the elec-
tron gas,phononsor photons,dealwith hugeparticlenumbers,wherethethermo-
dynamiclimit is applicable.Only the experimentalattemptsof the last yearsto
investigatefinite Fermi andBosesystemsandto describethemin termsof ther-
modynamicscalledfor theoreticaleffort. Interestingfinite Fermi systemsarefor
instancenuclei,which behave like a liquid dropandthereforecanundergo a first
orderphasetransition[1]. On the low excitation site of the caloric curve the nu-
clearsystemsmightbewell describedasanidealFermigasin acommonharmonic
oscillatorpotential.�
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SmallBosesystemsbecameavailablethroughthedevelopmentof traps.Herethe
focusis on theBose-Einsteincondensationwhich for instancecouldbe found in-
vestigatingalkali atomsin magnetictraps[2–4]. Again the systemcan be well
describedasanidealquantumgascontainedin anexternalharmonicoscillatorpo-
tential.

Thesesfinite quantumsystemsarecharacterizedby aconstantparticlenumberand
may be representedby the canonicalor the micro-canonicalensembledepending
onwhetherheatexchangewith theenvironmentis possibleor not.

In thefollowing we presentthreeformulaefor thepartitionfunctionof thecanon-
ical ensemble,onebeingalreadyknown [5]. All of themneedthe single-particle
partitionfunctionasinput. In a one-dimensionalharmonicoscillatortheresultcan
befurthersimplifiedfor fermionsandbosons,leadingto theinterestingresultthat
bothhave thesamespecificheat.

In practicetheexactformulaefor thepartitionfunctionscanbeevaluatedonly for
small particlenumbers,say ���	�
� . Therefore,approximationsarederived in the
third section,which may be employed for larger � . They are testedagainstthe
exactresultfor small � . In the lastsectionwe alsodiscusstheexamplesof small
excitednucleiandBose-Einsteincondensation.

2 Recursionformulae and generatingfunctions

Throughoutthis article we assumethat the Hamilton operatoris a singleparticle
operator, typically thekineticenergy andacommonpotentialor ameanfield

� ��� �������������� �"! (1)

Thepartitionfunction # � for thecanonicalensembleof � particlescanberecur-
sively built startingwith thesingle-particlepartitionfunction[5]

# � ��$%�&� '� ���(��� �*) ' � ��+�� # � ���,$%� # �"- � ��$%�&. #&/ ��$%�&� ' .0$1� '24365 .
(2)

wheretheuppersignin thesumstandsfor bosons,thelowersignfor fermions.

A secondmethodusesa generatingfunction to obtain # � . Considerthe grand
canonicalpartitionfunction 7 �8$9.;:4�
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<>=8?"@BA4C"D EFG0HJI A GLK G =�?%C&@ AMDONQPQRS@
(3)

where
A

is the fugacityand T the chemicalpotential.Multiplying
<>=8?"@BA4C

with a
secondfunction U =8?"@BA4C

U =8?9@;A4C"DWV9X EFY H�Z =\[]V^C Y A Y K Z =8_,?%C (4)

andgroupingtheresultwith respectto powersof
A

yieldsa differentialequation

=`Vba U =8?"@BA4CcC dAA D d
<d=�?"@BA�C<d=�?"@BA�C (5)

whichcanbeintegratedobtaining

egfih <d=�?"@BA4CBjkD EFY H�Z =*[lV�C Y�m Z
A Y_ K Z =�_�?%C9DMnpoq=8?9@;A4C

(6)

or

<>=8?"@BA4C"D�rtsvu h oq=�?"@BA4CBjxw
(7)

Expandingthis function,whichexpresses
<>=8?9@;A4C

in termsof
K Z , into powersof

A
givesthe

K G =8?%C ascoefficients.Thisderivationis equivalentto first differentiating<>=8?"@BA4C
eq.(3) with respectto

A
, inserting(2) andthenregroupingthesum[6].

Thereis evena third methodwhichrepresents
K G =�?%C explicitly in termsof

K Z
K G =�?%C&D Vyxz {}|�~���� ZF� HJI =*[lV^C G ���Q� �`� y����p�q�Y��(� � ��� K Z =8_,?%C9w (8)

Weexplain thismethodwith thehelpof
K&� =�?%C

andtable1. Themethodstartswith
thedualrepresentationof

�
runningfrom zeroto � G � Z a�V

. Thisstring
�����

is filled
with zerosat theendto getasmany digitsasparticles,in our examplethree.Then
this string is divided into � ���p� substringseachsubstringclosingwith exactly one
zero,in our examplefor

� D�V
thestring

V����
is groupedinto

V��
and

�
. � �����

is the� ����� -tuplewhichconsistsof thelengthsof thosesubstrings.Thelastfactorinvolved
is
y������

whichis theproductof all integersfrom
V

to
y

takento thepowergivenby
therespectivedigit in thestring

���p�
. Addingup theresultsof ourexampleleadsto

K"� =�?%C&D V� z6� K �Z =�?%C�[ � K Z =�?%C K Z = � ?%C�X � K Z = � ?%C`��w
(9)
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  ¡¢ £ ¤1¡¢ £ ¥¦¡¢ �£ §¨¡¢ £ result

0 [000] (1,1,1) 3 ©Bª¬«(ª¬(ª9®�© ¯8°i©t±\ª�©t²´³µ ¯g¶,±
1 [100] (2,1) 2 © µ «(ª¬(ª9®�© ¯8°i©t± µ ©t² µ ¯·«Q¶,±�² µ ¯g¶6±
2 [010] (1,2) 2 © ª « µ  ª ®�« ¯8°i©t± µ «^² µ ¯g¶,±�² µ ¯·«Q¶6±
3 [110] (3) 1 © µ « µ  ª ®�« ¯8°i©t±\¸t«^² µ ¯·Q¶,±

Table1
Exampleof theexplicit methodeq.(8) for § ®¹ .

The proof of (8) is accomplishedby regroupingthe contributions º with respect
to »�º�¼ , wherethefirst groupcontainsall termswhere »�º�¼ endswith ½�½ , thesecond
where »�º�¼ endswith ½v¾�½ , thethird where »�º�¼ endswith ½¿¾�¾�½ andsoon.Thesegroups
canbeidentifiedwith thesummandsof therecursionformula(2). Thecoefficients
of theproduct À�Á µQÂ�Ã�Ä0Å in (8) satisfya numberof combinatorialrelationswhich
will be investigatedelsewhere.Herewe only note,that thesumof all coefficients
amountsto ½ in thefermioniccaseandto ¾ in thebosoniccase.

Following thevery sameideathatled to (2) onecanderive recursionformulaefor
theoccupationnumbersof single–particleenergy eigenstatesÆ ÃÈÇ with energy É^Ê
[7]

Ë ÊlÌÎÍ�Ï;Ï&ÐÑSÒÊ ÐÑ Ê Ç;Ç Í ¾Á"Ó Â8Ä0Å
ÓÔÕ×Ö µ Â*Ø ¾ Å Õ Ò µlÙtÚvÛkÜ4ÝßÞ Ä É^ÊpàxÁ"Ó"á Õ Â�Ä%Å"â (10)

Any single–particledensityãpÓ Â8Ä%Å (e.g.thespatialdensity)is givenby

ãpÓ Â8Ä0Å Í ¾Á9Ó Â�Ä%Å
ÓÔ
Ê Ö µ Â*Ø ¾ Å Ê Ò

µ ã µQÂ�Ã�Ä0Å Á µäÂ8Ã,Ä%Å Á9Ó&ápÊ Â8Ä%Å9å (11)

which follows from equation(10) usingthe density ã µ in one-particlespace.For
thefermioncasethefluctuationsarewell known to be

æ Ë ÊlÌçÍWÏ;Ïéè ÐÑ ÒÊ ÐÑ Ê�ê ¸ Ç;Ç Ý Ï;Ï ÐÑ ÒÊ ÐÑ Ê Ç;Ç ¸ ÍëÏ;Ï ÐÑ ÒÊ ÐÑ Ê Ç;Ç èä¾ Ý ÏcÏ ÐÑ ÒÊ ÐÑ Ê Ç;Ç ê (12)

for bosonsthefluctuationsaregivenwith thehelpof

Ï;Ïbè ÐÑ ÒÊ ÐÑ Ê�ê ¸ Ç;Ç Í ¾Á"Ó Â�Ä%Å
ÓÔÕ×Ö ¸ Â

ÞìÝ ¾ Å ÙtÚvÛíÜpÝßÞ Ä É^ÊpàxÁ"Ó"á Õ Â�Ä%Å9â (13)
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2.1 Exactsolutionfor theone-dimensionalharmonicoscillator

In thecaseof aone-dimensionalharmonicoscillatorpotentialthe î -particleparti-
tion functionscanbegivenexplicitly, they are(seealso[8] for bosons)

ï9ðßñ�ò%óJôöõt÷vøSñ`ùéò�úéûüñ î ócó
ðýþ(ÿ�� �� ù�õt÷vø�ñ`ù�� ò���� ó
	 (14)

whichdiffer for bosonsandfermionsonly in
úbû

úéûüñ î ó¦ô î ���� for bosons (15)

úéûüñ î ó¦ô î� ���� for fermions � (16)

Themeanenergy turnsoutas

úßð ñ�� ó&ô�úbûüñ î ó�� ð�þ�ÿ�� � ���� � coth � � ò������� ù ��� � (17)

It is interestingto realize that ideal Fermi and Bosegasescontainedin a one-
dimensionalharmonicoscillatorhave thesamespecificheat

� ô �î ��� ú>ñ�� ó� � ��� ô �
î �"! � � ð�þ�ÿ�� � � ���� � � �

sinh�$# �&%(' ��*) 	 (18)

which is dueto the equidistantspacingof energy levels andis, for instance,not
valid in thecaseof aone-dimensionalbox.

2.2 Exactsolutionfor theone-dimensionalbox

Sincetheformulae(2), (6) and(8) for the î -particlepartitionfunctionrely on the
knowledgeof thesingle-particlepartitionfunctionit is alwaysvaluableto have

ï �
explicitly. Consideringa particlewith mass+ in a one-dimensionalbox of length,

theenergy eigenvaluesare

ú þ ô � �� + -/. �,10 � and 243 ôOò � �� + -5.,60 � (19)

will denotethedimensionlessinversetemperature.Thenthepartitionfunctionfor
theone-dimensionalboxcanbecalculatedas
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798�:<;>=@?BACD(E 8 eFHG D(I ?KJLNMPORQ :TSVU eFHG =XW J(Y ?[Z \ :<]^=L`_ WaJL1b (20)

In threedimensionsit is just thethird power. ORQ is thethird elliptic O -functionand\ thecompleteelliptic integral [9]

O�Q :�c�Ued�=V? Jgf L ACD(E@h d D Ijilk�m : Lon c�=�U (21)\ :�]^=/?*prqtsvuh dw M J Wx] mzy|{ u : w = Y F�}I b
Thevariable

]
is relatedto thedimensionlessinversetemperature~ by

]�?�� O u :TS�U eFHG =ORQ :TS�U eFHG =t��� U O u :�c�UPd�=�? L d }� ACDtE@h d Do��Dt� 8T� ilk�m : L : n f�J =�c�= b (22)

In order to calculatethe meanenergy the first derivative of
798

is neededwhich
reads� 7$8� ~ ?�W _ F>�I� L \��I :<]^=^����:<]^=XW�: J Wx]^= \ :<]^=���U (23)

with
�

thecompleteelliptic integral��:�]^=&? p qtsvuh dw M J W�] mPy�{ u : w = Y }I b (24)

3 Approximations

3.1 Fermions

Theapproximationrestsonthefactthatathreedimensionalharmonicoscillatorcan
be viewed asthreeindependentonedimensionaloscillators,onefor eachspatial
coordinate.Thenthe ideais to apply thePauli principle for excitedstatesonly to
oneof the oscillators,i.e. directionsin space.The approximationof the partition
functionbecomes[10]
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��&�¡ <¢>£�¤¦¥¨§�©ª �«¡¢�¬®¯ T°±£P£ ² ³³ «x¥¨§�©� �«�¢�´¶µ$£t·&¸ � (25)¹ �º»t¼�½ ³³ «x¥�§�©� �«¡¾¿¢�´�µ$£
with
¬®¯ T°±£

beingthecorrectgroundstateenergy. Theapproximatemeanenergy�¬¡�À �ÁÀ£�¤¦¬®¯ T°±£/ÂÄÃ¶° ´�µÃ Å coth
² ¢�´�µÃ · « ³�Æ (26)Â �Ç»(¼�½ ¾ ´�µÃ Å coth
² ¾ ¢�´¶µÃ · « ³¨Æ

hasbesidesthe groundstateenergy threeparts,two for the two directionswhere
thePauli principleis notappliedandonewhereit is applied.Thereforethespecific
heatis a sumof two contributionsfor distinguishableparticlesin a commonone-
dimensionaloscillatorfield andone for fermionsin a commonone-dimensional
oscillatorfield. Althoughthepartitionfunctionis not completein this approxima-
tion the resultingmeanenergy turnsout to deviate from the correctresultby less
then1%, seeexamplefig. 1. Only for

° ¤KÃ
and
° ¤KÈ

the deviation is larger.
Thehigh temperaturelimit is correct.

Fig. 1. L.h.s: meanenergy of fermionsin a three-dimensionaloscillator, the
solid line displaysthe exact result, the dashedline the approximation(26).
R.h.s.:relative deviationbetweenapproximationandexactresult.

3.2 Bosons

Unfortunatelyanapproximationlike(25)cannotbederivedfor bosons,herewetry
to deriveanappropriatepowerseries.For theidealBosegasin athree-dimensional
oscillatorpotentialwehave� ½ ¤ ÉËÊ  ³ « É ¸ £ ÊÍÌ with É±Î ¤ eÏHÐ(Ñ�Ò¶Ó ¸ÕÔ (27)
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Obviously, Ö&× will be a rationalfunction of Ø . A closerinspectionshows that it
hasthestructure

Ö&×¡Ù�Ø�ÚÜÛ ØËÝ ×Þ ×ßtà�á Ù�â®ã�ØËä ß Ú Ýªå ×ÀÙæØ�Úgç whereå ×¡Ù�Ø�ÚÜÛ è¶éêëXà@ì¯í ë Ø ä ë (28)

isanevenpolynomialwith non-negativecoefficientsandadegreeof î¶ïÜ×�ð�ÙTñ�ò ä ãó ò1ôõâtö�Ú . Thefirst Ù<ò1ôõâ`Ú coefficients í ì ç í á ç(÷(÷(÷lç í × areindependentof ò , for
example,

å ×¡Ù�Ø�ÚÜÛ[âgôøñ¯Ø/ù�ô�útútú for òüûýâ�÷ (29)

Moreover, thefollowing identitieshold (theprimesdenotederivatives):

å ×ÀÙ�â`Ú@ÛþÙ<ò*ÿ Ú ä (30)å �× Ù�â`Ú@Û ñî ò�ÙTò�ã�âtÚ ÙTò ÿ Ú äå � �× Ù�â`Ú@Û ââtî Ù î ó ò ä ã î¶ñ�ò1ã � Úzò�Ù<ò�ã â`Ú Ù<ò*ÿ Ú äå � � �× Ù�â`Ú@Û â� Ù î ó ò¿ù&ã��Hî¶ò Ý ã���ò ä ô â���ò1ã î¶ö�Úzò�Ù<ò1ã â`Ú Ù<ò*ÿ Ú ä ÷
Theseidentitiesmaybeprovedby deriving ananalogousrecursionrelationfor theå × from eq.(2).

In orderto approximateÖÜ× weconsiderthefunction

	 ×¡Ù�Ø�ÚÜÛ�
����
� Ù å ×¡Ù�Ø�ÚzÚ��6ç (31)

which is analyticin a neighborhoodof therealpositiveaxisandhasa logarithmic
singularityat Ø^Û�ö dueto (29).Since

	 ×ÀÙæØ�Ú�ã���
��ÙæØ�Ú behavesrathersmoothlyin
thephysicallyrelevant interval Ø�� ÙTö�ç(â�� it appearssensibleto usea Taylor series
approximation

	 ×¡Ù�Ø�Ú/Û�����
��5Ù�Ø�Ú�ô���×¡Ù�Ø�Ú
� ��
��5Ù�Ø�Ú�ô �ê

 à@ì �  ! ÿ Ù�Ø�ã â`Ú  ÷ (32)

Thevaluesof the ! -th derivatives
	#"  %$× Ù�â`Ú¨ç ! Û öVç(÷ ÷(÷ ç%&4ç andhenceof �  , canbe

expressedin a straightforwardwayasfunctionsof å "  %$× Ù�âtÚ and,usingidentitiesof
theform (30),finally asknown functionsof ò , albeitof increasingcomplexity. We
choose& Ûañ and & Û'� andobtainapproximations(ÖÜ× , () × and (* × , wherethe
latteris comparedto exactresultsin figure2.
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Fig. 2. Specificheatof bosonsin a three-dimensionaloscillator, thesolid line
displaystheexactresult,thedashedline theapproximation(32) with +-,/. ,
thedottedwith +0,�1 .

Oneseesthat the approximationalreadyfor small 2 reflectstheexactbehaviour
qualitatively correct.In the high andlow temperatureregime it works alsoquan-
titatively well, but the maximumis describedonly roughly both in positionand
heights.For largerparticlenumbersmoreandmoretermsof theTaylor expansion
(32)wouldhave to betakeninto account.

4 Applications

4.1 Fermions
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Fig. 3. L.h.s.:relationbetweenexcitationenergy andtemperaturefor thehar-
monicoscillator(solid line) andthe freeFermigas(dashedline). R.h.s.:ex-
perimentallydeterminedrelation,figuretakenfrom [1].

Approximation(26) enablesus to evaluatethe low temperaturebehavior of the
excitationenergy of nucleiconsistingof for instance=?>-@�ABA nucleonsandcom-
pareit to theapproximationof thefreeFermigascommonlyemployedin nuclear

487



physics.Figure3 showson thel.h.s.asasolid line theresultobtainedfor thecom-
monharmonicoscillatorwith a frequency of

CBD�EGFIH
MeV JLKNMOQP (33)

which is obtainedif one demandsa correct root meansquareradius [11]. The
dashedline displaysthe respective dependencefor the freeFermigaswith an in-
verselevel densityparameterof

H�R
MeV. Oneclearlyseesthatfor verysmallexci-

tationsthetemperaturerisesmuchfasterwith excitationenergy if calculatedin the
oscillatorshellmodel.Thenthecurve bendsearliertowardsthehigh temperature
limit SUTWVYXYZ , meaningthat the temperaturenow grows lesswith excitation en-
ergy. In practicethisobservationis still beyondexperimentalverificationascanbe
anticipatedfrom the right handside,whereanattemptto determinethecomplete
caloriccurveof thenuclearliquid-gasphase-transitionis displayed[1].

4.2 Bosons

The observation of Bose-Einsteincondensationof very cold gasescontainedin
magnetictrapshasstimulatedmuchtheoreticalwork in this field during the last
years(seefor instance[12–15]andreferencestherein).Sincetheinvestigatedgases
areverydiluteandthetrapcanbemodeledby aharmonicoscillatorpotentialthese
systemscanbeviewedasidealBosegasesin commonharmonicoscillatorfields.

Beforegoing into detailslet us first remindsomeknown results[16]. Rigorously
speakingaphasetransitiontowardstheBose-Einsteincondensatedoesnot happen
in an externalpotentialsincethe chemicalpotentialis alwaysnon-zerofor finite
temperatures.Only for avanishingpotential(infinite volumelimit) it is zerofor all
temperaturesbelow []\ . It is alsotruethat thephasetransitiondoesonly occurfor
dimensionŝ̀ _ba .
Dealingwith finite systemsonehasto relaxtherigorouspointof view andlook for
criteria thatonewould like to identify a ”smoothBose-Einsteincondensation”.A
first naturalcriterion is themaximumin thespecificheat[17,14],which is a kink
in the free three-dimensionalcasebecausethe meanenergy jumpsat [c\ . Look-
ing at figures4 and5 (upperright corner)oneseesthat the specificheatexhibits
a clear maximumin the three-dimensionaloscillator whereasit doesnot in the
one-dimensionaloscillator. Usingthespecificheatasa criterionfor Bose-Einstein
condensationthepropertythatit doesonly occurfor dimensionslargerthantwo is
maintained.

A secondpossiblecriterionwouldbethegroundstateoccupationnumberdfe andits
fluctuation ghd�e . Onecouldarguethat thegroundstateshouldbemacroscopically
occupiedbelow a certaintemperature[]\ [12], but asfigures4 and5 (lower left)
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Fig. 4. One-dimensionalharmonic oscillator: mean energy, specific heat,
groundstateoccupationnumberandits fluctuationfor bosons(solid line) and
distinguishableparticles(dashedline).

Fig. 5. Three-dimensionalharmonicoscillator: meanenergy, specificheat,
groundstateoccupationnumberandits fluctuationfor bosons(solid line) and
distinguishableparticles(dashedline).

show, that happensalsowith distinguishableparticles(dashedline). The sameis
trueif onewouldtaketheexistenceof amaximumin thefluctuationsof theground
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stateoccupationnumberasa criterion.Also herethe mereexistencehappensfor
distinguishableparticlestoo,seefigures4 and5 (lowerright).Onealsorealizesthat
in this respectthereis nodifferencebetweentheone-or three-dimensionalcase.

Fig. 6. Fluctuations of the ground state occupation number in a
one-dimensional(upper)andathree-dimensionalharmonicoscillator(lower);
linesfrom bottomto topstartingwith ikj�l in stepsof l . L.h.s.bosons,r.h.s.
distinguishableparticles.

Thepossiblekey point in orderto distinguishbetweenbosonsanddistinguishable
particlesis the dependenceof the magnitudeof the fluctuationson the particle
number. For bosonsin a one-dimensionalharmonicoscillatorthefluctuationsmonfp
scalewith n (seealso[13]), whereasfor distinguishableparticlesthey scalewithq n . Thiscanalsobeseenin fig. 6 (upperfigures).

In an experimentalsituationone of courseknows whetherone is dealingwith
bosonsor not.Theexperimentalinterestthenis to bring asmany bosonsaspossi-
ble into thegroundstate.Comparingtheone-dimensional(fig. 6 upperfigures)and
three-dimensionalcase(fig. 6 lowerfigures)onerealizesthatfor thesameparticle
numberthishappensathighertemperaturesin onedimension.
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