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Abstract

Recursionformulaeof the N-particle partition function, the occupationnumbersandits
fluctuationsare given using the single-particlepartition function. Exactresultsare pre-
sentedor fermionsandbosonsin a commonone-dimensionadharmonicoscillatorpoten-
tial, for thethree-dimensiondiarmonicoscillatorapproximationsaretested Applications
to excitednucleiandBose-Einsteirtondensatiomarediscussed.
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1 Intr oduction and summary

In thermodynamicglealquantumgasesareusuallytreatedin the grandcanonical
ensemblesinceall applicationswhich were importantin the past,like the elec-
tron gas,phononsor photonsdealwith hugeparticlenumberswherethe thermo-
dynamiclimit is applicable.Only the experimentalattemptsof the last yearsto

investigatefinite Fermi and Bosesystemsandto describethemin termsof ther

modynamicscalledfor theoreticaleffort. Interestingfinite Fermi systemsare for

instancenuclei,which behae like a liquid drop andthereforecanundego a first

orderphasetransition[1]. On the low excitation site of the caloric curve the nu-
clearsystemsnightbewell describedsanidealFermigasin acommonharmonic
oscillatorpotential.
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Small Bosesystemdecameavailablethroughthe developmentof traps.Herethe
focusis on the Bose-Einsteircondensationvhich for instancecould be foundin-
vestigatingalkali atomsin magnetictraps[2—4]. Again the systemcan be well
describedasanidealquantumgascontainedn anexternalharmonicoscillatorpo-
tential.

Thesedinite quantumsystemsarecharacterizetby a constanparticlenumberand
may be representedby the canonicalor the micro-canonicaensembladepending
onwhethermeatexchangewith the ervironmentis possibleor not.

In thefollowing we presenthreeformulaefor the partitionfunctionof the canon-
ical ensemblepnebeingalreadyknown [5]. All of themneedthe single-particle
partitionfunctionasinput. In aone-dimensionatarmonicoscillatorthe resultcan
be furthersimplified for fermionsandbosonsjeadingto theinterestingresultthat
bothhave the samespecificheat.

In practicethe exactformulaefor the partitionfunctionscanbe evaluatedonly for
small particlenumberssay N $20. Therefore,approximationsarederivedin the
third section,which may be employed for larger N. They aretestedagainstthe
exactresultfor small N. In the lastsectionwe alsodiscusghe examplesof small
excitednucleiandBose-Einsteirtondensation.

2 Recursionformulae and generatingfunctions

Throughoutthis article we assumehat the Hamilton operatoris a single particle
operatortypically thekineticenegy anda commonpotentialor ameanfield

N
= 3 hn). (1)

The partitionfunction Z for the canonicalensembleof N particlescanberecur
sively built startingwith the single-particlepartitionfunction[5]

1

N
%Z ()™ Zi(nB) Zv-a(B) s Z(B) =1, B=1—7, @

wherethe uppersignin the sumstandgor bosonsthelower signfor fermions.

A secondmethodusesa generatingfunction to obtain Z. Considerthe grand
canonicapartitionfunctionQ (3, z)
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QB2 =3 N Znp), =, @3)
N=0

wherez is the fugacity and i the chemicalpotential.Multiplying Q(g, z) with a
secondunctionY (g, z)

Y(B,2) =1+ i (£1)" 2™ Z1(np) 4)

andgroupingtheresultwith respecto powersof z yieldsa differentialequation

(1-Y(B,2))dz _ dQ(5,2)

: Q6 ©
which canbeintegratedobtaining
QU2 = X (E0™ - 2i009) = W (5,2) ©)
or
Q(B, 2) = exp {W(8,2)} . (7)

Expandinghis function,which expresse€) (S, z) in termsof 7y, into powersof z
givesthe Zy () ascoeficients.This derivationis equialentto first differentiating
Q(B, z) eq.(3) with respecto z, inserting(2) andthenregroupingthe sum(6].

Thereis evenathird methodwhichrepresents  (5) explicitly in termsof Z,

Zn(B) =37 & DN Il 206). ®)

We explain this methodwith the helpof Z;(3) andtablel. The methodstartswith
thedualrepresentatioof » runningfrom zeroto 2V~ — 1. Thisstring[] is filled
with zerosatthe endto getasmary digits asparticles,in our examplethree.Then
this string is dividedinto k[v] substringseachsubstringclosingwith exactly one
zero,in ourexamplefor v = 1 thestring 100 is groupednto 10 and0. K[v] is the
k[v]-tuplewhich consistof thelengthsof thosesubstringsThelastfactorinvolved
is N[v] whichis theproductof all integersfrom 1 to IV takento thepowergivenby
therespectie digit in thestring[v]. Adding up theresultsof our exampleleadsto

2(8) = 5 (Z18) £32.(8)4:28) +22(3)) ©
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v| [V] K[v] | k[v] N[v] result

0| [000] | (1,1,1)| 3 |1°2030=1 (+1)°123(B)
1|[200] | (2,1) | 2 | 1%2030 =1 | (£1)'12:(28)Z1(B)
20101 | (1,2) | 2 | 19213 =2 || (£1)!'2Z:(B)Z1(20)
31101 | (] 1 | 1'2!130=2 (£1)22Z,(38)

Tablel
Exampleof theexplicit methodeq.(8) for N = 3.

The proof of (8) is accomplishedy regroupingthe contritutions» with respect
to [v], wherethe first groupcontainsall termswhere[v]| endswith 00, the second
where[v] endswith 010, thethird where[v] endswith 0110 andsoon. Thesegroups
canbeidentifiedwith the summand®f therecursionformula(2). The coeficients
of the product[] Z; (nf) in (8) satisfya numberof combinatoriakrelationswhich

will beinvestigatecelsavhere.Herewe only note,thatthe sumof all coeficients
amountdo 0 in thefermioniccaseandto 1 in thebosoniccase.

Following thevery samedeathatled to (2) onecanderie recursionformulaefor
the occupatiomumbersf single—particleenegy eigenstates| n ) with enegy ¢,

[7]

N
)™ exp {—m Be,} Zn m(B). (10)

m:l

Any single—particledensitypy (3) (e.g.thespatialdensity)is givenby

N

(FD)" pr(nB) Z1(nB) Zn-n(B) , (11)

pn (B

which follows from equation(10) usingthe densityp; in one-particlespace For
thefermioncasethefluctuationsarewell known to be

5N = {( (a5an) D= aian ) = Catan) (1~ aian ) (@2

~T A

for bosonghefluctuationsaregivenwith the help of

((aten) V=g X, m=1) exp(-m e} Znow(s). (9
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2.1 Exactsolutionfor the one-dimensiondharmonicoscillator

In the caseof a one-dimensionalarmonicoscillatorpotentialthe N-particleparti-
tion functionscanbe givenexplicitly, they are(seealso[8] for bosons)

N
1
Z = Eo( 14
N(ﬂ) eXp ﬂ 0 1:[ _ eXp(—n ﬂh&)) ) ( )
which differ for bosonsandfermionsonly in E,
Ey(N)=N % for bosons (15)
o hw :
Ey(N)=N o for fermions. (16)
Themeanenegy turnsoutas
N fw Bhw
n=1

It is interestingto realizethat ideal Fermi and Bose gasescontainedin a one-
dimensionaharmonicoscillatorhave the samespecificheat

_ 1 (oE) o
_N< oT >w NkBT2Z< 2) sink?(nﬂThw)’ (18)

which is dueto the equidistantspacingof enegy levels andis, for instance not
valid in the caseof a one-dimensionabox.

2.2 Exactsolutionfor theone-dimensionabox

Sincetheformulae(2), (6) and(8) for the N-particlepartitionfunctionrely onthe
knowledgeof the single-particlgpartitionfunctionit is alwaysvaluableto have 7;
explicitly. Consideringa particlewith massm in a one-dimensionabox of length
L theeneqgy eigervaluesare

B2 /7 n\2 B2 /m\2
En=5 (T) and z:=fo- (z) (19)

will denotethe dimensionlesiversetemperatureThenthe partitionfunctionfor
theone-dimensiondbox canbe calculatedas
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K(m)

1
- — . 20
2T 2 (20)

s 1
Z(p=3 " =5 (950, —1) =
n=1
In threedimensionst is justthethird power. 93 is thethird elliptic ¥-functionand
K thecompleteelliptic integral [9]

O3(u,q)=1+2> ¢% cos(2nu), (21)

n=0

K(m)= /OW/2 dé (1 —-m sin2(0))

1
2

Thevariablem is relatedto thedimensionlesgversetemperature: by

o 4 o
m= (%) , Ya(u,q) = 2¢* T;) "™ cos(2(n+ 1)u) .  (22)

In orderto calculatethe meaneneqgy the first derivative of Z; is neededwhich
reads

le . _71'_%

dr 2

with F the completeelliptic integral

K% (m) [E(m) — (1 - m)K(m)] , (23)

E(m) = /OW/Q dé (1 -m sin2(0))% . (24)

3 Approximations
3.1 Fermions

Theapproximatiorrestsonthefactthatathreedimensionaharmonicoscillatorcan
be viewed asthreeindependenbne dimensionaloscillators,one for eachspatial
coordinate Thentheideais to apply the Pauli principle for excited statesonly to
oneof the oscillators,i.e. directionsin space.The approximationof the partition
functionbecome$10]
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Zn(B) = exp (~BE(N

1 2N
exp(—ﬁhw)) &)

=
anj_jll 1 !

— exp(—n Bhw)

with Ey (V) beingthe correctgroundstateenegy. The approximateneanenegy

2
+ g: n% [coth (n%) — 1]
n=1

hasbesideghe groundstateenegy threeparts,two for the two directionswhere
thePauli principleis notappliedandonewhereit is applied.Thereforehe specific
heatis a sumof two contritutionsfor distinguishablearticlesin a commonone-
dimensionaloscillatorfield and one for fermionsin a commonone-dimensional
oscillatorfield. Althoughthe partitionfunctionis not completein this approxima-
tion the resultingmeanenepy turnsout to deviate from the correctresultby less
then1%, seeexamplefig. 1. Only for N = 2 and N = 3 the deviation is larger.
Thehightemperaturdimit is correct.

En(T) = Eo(N) + N [coth<@> — 1] (26)

—_
a1
T

0.01F" ' ' ' ' "

E/N (hw)

0E, L 1 L 1 . _0»01_| L 1 L 1 .
4 0 4

2 2
T (ho/kg) T tho/kg)

Fig. 1. L.h.s: meanenegy of fermionsin a three-dimensionabscillator the
solid line displaysthe exact result,the dashedine the approximation(26).
R.h.s.:relative deviation betweerapproximatiorandexactresult.

3.2 Bosons

Unfortunatelyanapproximatiorik e (25) cannotbederivedfor bosonsherewetry
to derive anappropriatgpowver seriesFor theidealBosegasin athree-dimensional
oscillatorpotentialwe have

£E3

7, = ok with z := e #m/2 (27)
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Obviously, Zy will be arationalfunctionof z. A closerinspectionshows thatit
hasthestructure

3N

ZT
() = v

Ly
Py(z) wherePy(z) = > pm 2®™  (28)
m=0

is anevenpolynomialwith non-negative coeficientsandadegreeof 2Ly < (3N?—
7N + 10). Thefirst (N + 1) coeficientspy, p1, . . ., py areindependenof N, for
example,

Py(z)=1+32"+--- forN>1. (29)

Moreover, thefollowing identitieshold (the primesdenotederivatives):

Py (1) = (N1)? (30)
Ph(1) = SN(N — (N1

Py(1)= 11—2(271\/2 — 23N — 8)N(N — 1)(N!)?

P¥(1)= %(27]\74 — 42N% —9N? 416N — 20)N(N — 1)(N!)?.

Thesedentitiesmaybe provedby derving ananalogousecursiorrelationfor the
Py fromeq.(2).

In orderto approximateZ y we considerthefunction

fn(z) =In[ln(Py(2))], (31)

whichis analyticin aneighborhooaf the real positive axisandhasa logarithmic
singularityatz = 0 dueto (29).Sincefy(x) — 4In(z) behaesrathersmoothlyin

the physicallyrelevantinterval x € (0, 1] it appearsensibleto usea Taylor series
approximation

fn () =:4In(z) + gn(2)

K
~4ln(z) + ) %(m —1)”. (32)
v=0 :
The valuesof the v-th deri\/ativesfz(\}’)(l), v =0,...,K, andhenceof g,, canbe

expressedn astraightforwardway asfunctionsof P](V" )(1) and,usingidentitiesof
theform (30), finally asknown functionsof N, albeitof increasingcompleity. We
chooseK = 3 andK =4 andobtainapproximation@N, Ex andéy, wherethe
latteris comparedo exactresultsin figure 2.
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2
T thw/kg)

Fig. 2. Specificheatof bosondn athree-dimensionaiscillator the solid line
displaysthe exactresult,the dashedine theapproximation32) with K = 3,
thedottedwith K = 4.

2
T tho/kg)

Oneseeghatthe approximationalreadyfor small K reflectsthe exact behaiour

gualitatvely correct.In the high andlow temperatureegime it works alsoquan-
titatively well, but the maximumis describedonly roughly both in positionand
heights.For larger particlenumberamoreandmoretermsof the Taylor expansion
(32) would have to betakeninto account.

4 Applications

4.1 Fermions

———
® Au+'"Au, 600 AMeV
0 *2¢, 0 +"Ag,*"Au, 30-84 AMeV
10 [ A ?Ne+'®'Ta, 8 AMeV E E

| V1o <E>/<A,> +

T (MeV)
TheL (MeV)

%(<E0>/<AO> -2 MeV)

! ! ! ! ! 0""""'|""|nnn~
0 5 10 15 20 0 5 10 15 20

E*/A (MeV) <Ey>/<Ay> (MeV)

Fig. 3. L.h.s.:relationbetweerexcitationenegy andtemperaturdor the har
monic oscillator (solid line) andthe free Fermigas(dashedine). R.h.s.:ex-
perimentallydeterminedelation,figuretakenfrom[1].

Approximation (26) enablesus to evaluatethe low temperaturéoehaior of the
excitationenegy of nucleiconsistingof for instanceA = 100 nucleonsandcom-
pareit to the approximatiorof the free Fermigascommonlyemplo/edin nuclear
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physics Figure3 shavsonthel.h.s.asasolid line theresultobtainedfor the com-
monharmonicoscillatorwith afrequeng of

hw ~ 41MeV A~ 3 | (33)

which is obtainedif one demandsa correctroot meansquareradius[11]. The
dashedine displaysthe respectre dependencéor the free Fermigaswith anin-
verselevel densityparameteof 10 MeV. Oneclearlyseeghatfor very smallexci-
tationsthetemperatureisesmuchfasterwith excitationenegy if calculatedn the
oscillatorshellmodel. Thenthe curve bendsearliertowardsthe high temperature
limit ¢ = 3kg, meaningthatthe temperaturenow grows lesswith excitation en-
ergy. In practicethis obsenrationis still beyondexperimentalerificationascanbe
anticipatedrom the right handside,wherean attemptto determinethe complete
caloriccurwe of thenucleariquid-gasphase-transitiors displayed1].

4.2 Bosons

The obsenation of Bose-Einsteinrcondensatiorof very cold gasescontainedin
magnetictrapshasstimulatedmuchtheoreticalwork in this field during the last
years(seefor instancgl12—15]andreferencesgherein).Sincetheinvestigatedjases
areverydilute andthetrapcanbemodeledoy a harmonicoscillatorpotentialthese
systemganbeviewedasidealBosegasesn commonharmonicoscillatorfields.

Beforegoinginto detailslet us first remindsomeknown results[16]. Rigorously
speakinga phasdransitiontowardsthe Bose-Einsteirtondensateoesnot happen
in an external potentialsincethe chemicalpotentialis alwaysnon-zerofor finite
temperatureOnly for avanishingpotential(infinite volumelimit) it is zerofor all
temperaturebelon T.. It is alsotrue thatthe phasetransitiondoesonly occurfor
dimensions! > 2.

Dealingwith finite systemsnehasto relaxtherigorouspoint of view andlook for
criteriathatonewould lik e to identify a "smoothBose-Einsteircondensation”A
first naturalcriterionis the maximumin the specificheat[17,14], which is a kink
in the free three-dimensionatasebecausehe meanenegy jumpsat 7,. Look-
ing at figures4 and5 (upperright corner)one seeshatthe specificheatexhibits
a clearmaximumin the three-dimensionabscillator whereasit doesnot in the
one-dimensionabscillator Usingthe specificheatasa criterionfor Bose-Einstein
condensatiothe propertythatit doesonly occurfor dimensiondargerthantwo is
maintained.

A secongossiblecriterionwould bethegroundstateoccupatiomumberN, andits
fluctuationd Ny,. Onecould amguethatthe groundstateshouldbe macroscopically
occupiedbelow a certaintemperaturel, [12], but asfigures4 and5 (lower left)
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Fig. 4. One-dimensionaharmonic oscillator: mean enegy, specific heat,
groundstateoccupatiomumberandits fluctuationfor bosongsolidline) and
distinguishablgarticles(dashedine).

W
o
T
1

E/N (hw)

T thw/kg) T thw/kg)

Fig. 5. Three-dimensionaharmonicoscillator: meanenegy, specificheat,
groundstateoccupatiomumberandits fluctuationfor bosongsolid line) and
distinguishablgarticles(dashedine).

shaw, that happensalsowith distinguishablearticles(dashedine). The sameis
trueif onewouldtake theexistenceof amaximumin thefluctuationsof theground
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stateoccupatiomumberasa criterion. Also herethe mereexistencehappendor
distinguishablgarticlestoo, seefigures4 and5 (lowerright). Onealsorealizeghat
in thisrespecthereis no differencebetweerthe one-or three-dimensionatase.

5N,
5N,

0 5 10 15 20 0 5 10 15 20

T (ho/kg) T (hw/kg)
4T T T T T L FT T T T ]
0_| 1 1 1 1 0_| 1 1 1 1]

0 5 10 15 20 0 5 10 15 20
T (ha/kg) T (he/kg)

Fig. 6. Fluctuations of the ground state occupation number in a
one-dimensiongupper)andathree-dimensiondlarmonicoscillator(lower);
linesfrom bottomto top startingwith N = 5 in stepsof 5. L.h.s.bosonsr.h.s.
distinguishablgarticles.

Thepossiblekey pointin orderto distinguishbetweerbosonsanddistinguishable
particlesis the dependencef the magnitudeof the fluctuationson the particle
number For bosonan a one-dimensionaharmonicoscillatorthe fluctuationsj V,
scalewith NV (seealso[13]), whereador distinguishablearticlesthey scalewith
v/N. This canalsobeseenin fig. 6 (upperfigures).

In an experimentalsituation one of courseknows whetherone is dealingwith
bosonsor not. The experimentainterestthenis to bring asmary bosonsaspossi-
bleinto thegroundstate Comparinghe one-dimensiongfig. 6 upperfigures)and
three-dimensionatase(fig. 6 lower figures)onerealizesthatfor the sameparticle
numberthis happensathighertemperaturesr onedimension.
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