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Over the last decade, the spin-1/2 Heisenberg antiferromagnet on the square-kagome (SK) lattice
has attracted growing attention as a model system of highly frustrated quantum magnetism. A
further motivation for theoretical studies of this model comes from the recent discovery of SK spin-
liquid compounds KCu6AlBiO4(SO4)5Cl [M. Fujihala et al., Nat. Commun. 11, 3429 (2020)] and
Na6Cu7BiO4(PO4)4[Cl,(OH)]3 [O. V. Yakubovich et al. Inorg. Chem. 60, 11450 (2021)]. The SK
antiferromagnet exhibits two non-equivalent nearest-neighbor bonds J1 and J2. One may expect
that in SK compounds J1 and J2 are of different strength. Here, we present a numerical study of
finite systems of N = 30 and 36 sites by means of the finite-temperature Lanczos method. We discuss
the temperature dependence of the Wilson ratio P (T ), the specific heat C(T ), the entropy S(T ),
and of the susceptibility X(T ) of the J1-J2 SK Heisenberg antiferromagnet varying J2/J1 in a range
0 ≤ J2/J1 ≤ 4. We also discuss the zero-field ground state of the model. We find indications for a
magnetically disordered singlet ground state for 0 ≤ J2/J1 . 1.65. Beyond J2/J1 ∼ 1.65 the singlet
ground state gives way for a ferrimagnetic ground state which becomes a stable Lieb ferrimagnet
with magnetization M = N/6 (UUD state) for J2/J1 & 1.83. In the region 0.77 . J2/J1 . 1.65 the
low-temperature thermodynamics is dominated by a finite singlet-triplet gap filled with low-lying
singlet excitations leading to an exponentially activated low-temperature behavior of X(T ). On the
other hand, the low-lying singlets yield an extra maximum or a shoulder-like profile below the main
maximum in the C(T ) curve. For J2/J1 . 0.7 the low-temperature thermodynamics is characterized
by a large fraction of N/3 weakly coupled spins leading to a sizable amount of entropy at very low
temperatures. In an applied magnetic field the magnetization process features plateaus and jumps
in a wide range of J2/J1.

PACS numbers: 75.10.Jm,75.50.Xx,75.40.Mg

I. INTRODUCTION

Highly frustrated quantum antiferromagnets on two-
dimensional lattices have attracted an enormous atten-
tion over more than three decades, see, e.g., [1–5]. ”Now
in the early 2020s, quantum magnetism is a mature
field showing no signs of senescence. To the contrary,
there is a tremendous amount of activity studying ex-
otic magnetic phenomena especially with strong quan-
tum fluctuations.” [6]. Over many years the kagome an-
tiferromagnet (KHAF) has been the holy grail in this
field. Quite recently the square-kagome antiferromag-
net, the ’little brother’ of the kagome antiferromagnet,
has received more appreciation because several magnetic
compounds with square-kagome lattice structure have
been found which do not exhibit magnetic order down
to very low temperatures [7–9]. The square-kagome lat-
tice (sometimes also called shuriken or squagome lattice)
[10–13] is a two-dimensional tiling built of squares and
corner-sharing triangles. The classical ground state of the
square-kagome Heisenberg antiferromagnet (SKHAF) is
highly degenerated (classical spin liquid). There are
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two non-equivalent sites A and B as well as two non-
equivalent nearest-neighbor bonds J1 and J2, see the left
inset in Fig. 1. The theoretical study of the quantum
model started 20 years ago [10–12, 14–16]. Already at
that time evidence for the absence of ground-state mag-
netic order was found [11, 12].

Starting in 2013 the interest in the spin-1/2 SKHAF
has been growing as a model system exhibiting a non-
magnetic quantum ground state, magnetization plateaus,
flat-band physics near the saturation field and quantum
scars [13, 16–28]. All these papers were focused on zero-
temperature properties. Only, in the early paper [15]
specific-heat data calculated by a simple renormalization
group approach were reported. The thermodynamics of
the balanced spin-1/2 SKHAF, i.e., J1 = J2 = J , has
been studied quite recently in Ref. [29] using the finite-
temperature Lanczos method (FTLM). At zero magnetic
field a striking similarity down to very low temperature T
of the FTLM data of the s = 1/2 KHAF and SKHAF for
the basic thermodynamic quantities specific heat C(T ),
uniform static susceptibility X(T ) and entropy S(T ) was
found. Thus, for X(T ) and S(T ) an almost perfect co-
incidence for both models was observed. For the spe-
cific heat there is a perfect agreement of the C(T ) data
down to T/J = 0.3. A characteristic feature common in
both models is the existence of low-energy singlet exci-
tations filling the magnetic spin gap [12, 30–32]. These
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low-energy singlets yield a low-temperature shoulder be-
low the major maximum in the C(T ) profile [29, 33]. We
mention that such a shoulder has been observed in a re-
cent experiment on the kagome quantum antiferromagnet
YCu3(OH)6Br2[Brx(OH)1−x] [34]. The subtle details of
the singlet excitations depending on the shape and the
size N of the finite lattices lead to deviations between
the behavior of C(T ) for both models at very low T .

Bearing in mind the recent experimental studies on
square-kagome quantum antiferromagnets [7–9] and the
non-equivalence of the nearest-neighbor bonds J1 and J2

we may expect that for the modeling of square-kagome
compounds it is natural to consider a spin model with
J1 6= J2. Moreover, the J1-J2 model is interesting in its
own right as highly frustrated model that allows to tune
the competition between the bonds.

So far only a few papers exist which study the zero-
temperature properties of the J1-J2 model [17, 19, 22–24]
where in Ref. [22] the focus is on the magnetization pro-
cess of the J1-J2 model with only slight deviations from
the balanced model, i.e., the difference between J1 and
J2 is small. In our paper we will fill the gap of missing
nonzero-temperature studies and present FTLM data for
the magnetization M , the Wilson ratio P , the specific
heat C, the entropy S and the uniform magnetic sus-
ceptibility X of the J1-J2 SKHAF. In addition, we will
analyze the ground state of the finite lattices used for
the FTLM studies which allows to get a relation between
ground-state and finite-temperature properties of the in-
vestigated systems.

The corresponding Heisenberg Hamiltonian aug-
mented with a Zeeman term is given by

H = J1

∑
<i,j>1

si · sj + J2

∑
<i,j>2

si · sj + gµB B
∑
i

szi , (1)

where s2
i = s(s + 1) = 3/4. The J1 bonds represent

the nearest-neighbor exchange connecting A sites on the
squares, whereas the J2 bonds represent the nearest-
neighbor exchange connecting A with B sites on the tri-
angles, see the left inset in Fig. 1. In what follows we set
J1 = 1.

The paper is organized as follow. In Section II we in-
troduce our numerical scheme. In Section III we present
our results where in Section III A we briefly discuss the
ground-state properties as well as the excitation gaps of
the model which may be relevant for the interpretation
of the low-temperature thermodynamics. The results for
the temperature dependence of the Wilson ratio P (T ),
the specific heat C(T ), the entropy S(T ) as well as the
susceptibility X(T ) at zero magnetic field are presented
and discussed in Section III B. Finally, in Section III C we
discuss the magnetization process in an applied magnetic
field. In the last Section IV we summarize our findings.
In two appendices we show the finite lattices considered
in our paper (App. A) and provide some additional fig-
ures to illustrate finite-size effects (App. B).

II. CALCULATION SCHEME

The magnetic system under consideration is modeled
by the spin-1/2 Heisenberg Hamiltonian given in Eq. (1).
We use the conservation of the z-component of the to-
tal spin Sz =

∑
i s
z
i as well as lattice symmetries, i.e.,

the Hilbert space splits into subspaces characterized by
the eigenvalues of Sz (magnetic quantum number M)
and of the symmetry operator, see, e.g., Refs. [35, 36].
To calculate the ground sate we perform Lanczos exact
diagonalization in the sector M = 0. For that we use
Jörg Schulenburg’s publicly available package spinpack
[37, 38].

For the FTLM scheme we also exploit the package spin-
pack as well as the conservation of Sz and the symmetries
to decompose the Hilbert space into much smaller sub-
spaces. The FTLM is meanwhile a well established and
accurate approach to calculate thermodynamic quanti-
ties of frustrated quantum spin systems [29, 33, 39–54].
We do not present a detailed description of the method,
rather we will provide the basics of the FTLM for con-
venience. Within the FTLM the sum over an orthonor-
mal basis in the partition function is replaced by a much
smaller sum over R random vectors:

Z(T,B) ≈
Γ∑
γ=1

dim(H(γ))

R

R∑
ν=1

NL∑
n=1

e−βε
(ν)
n |〈n(ν) | ν 〉|2 ,

(2)

where the | ν 〉 label random vectors for each symmetry-
related orthogonal subspace H(γ) of the Hilbert space
with γ labeling the respective symmetry. The exponen-
tial of the Hamiltonian in Eq. (2) is approximated by its
spectral representation in a Krylov space spanned by the
NL Lanczos vectors starting from the respective random
vector | ν 〉, where |n(ν) 〉 is the n-th eigenvector of H
in this Krylov space. For more details we refer the in-
terested reader to the reviews [44, 47] and to our recent
FTLM papers of the KHAF [33] and SKHAF [29].

III. THE SKHAF AT ZERO MAGNETIC FIELD

A. Analysis of the ground state of SKHAF on
finite lattices of N = 30 and N = 36 sites

The absence of magnetic long-range order for the bal-
anced s = 1/2 SKHAF (J1 = J2) was established by pre-
vious studies [12, 17, 19, 24, 27, 28]. The nature of the
ground state is still under debate, candidates are a pin-
wheel valence-bond-crystal ground state [17, 27], a loop-
six valence-bond state [19, 28] or a topological nematic
spin liquid [24]. The ground-state phase diagram of J1-J2

model was studied in Ref. [24] using a Schwinger-boson
mean field theory as well as in Refs. [17, 19] using a res-
onating valence bond approach.

Here we present Lanczos exact diagonalization data
for N = 30 and N = 36. Note that a brief discussion of
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the ground state for N = 24 and N = 30 was already
given in Refs. [19, 23]. Our ground-state data will be
useful to compare with the Schwinger-boson data [24]
as well as for the interpretation of the low-temperature
thermodynamics.

To get an impression on possible ground state magnetic
order we first consider an order parameter introduced in
Ref. [2] that measures the total strength of the overall
spin-spin correlations without any assumptions on possi-
ble magnetic order with a related ordering vector Q. It
is defined as

m+ =

 1

N2

N∑
i,j

|〈sisj〉|

1/2

. (3)

Numerical ground-state data for m+ are depicted in
Fig. 1, main panel. It is obvious that in a wide parameter
range 0 ≤ J2 . 1.65 the order parameter m+ is approxi-
mately of the same small size as for the balanced model
(J2 = 1) which is known to be in a non-magnetic singlet
ground state. Thus we may argue that there is no mag-
netic ground-state state order for J2 . 1.65. The steep
increase of m+ beyond J2 ≈ 1.65 is related to a transi-
tion from a singlet ground state to a ferrimagnetic ground
state with non-zero magnetization M . The jumps in the
m+(J2) curve visible for 1.65 . J2 . 1.83 are related to a
stepwise increase ofM up toM1/3 = Msat/3. The ground
state with M1/3 present for J2 & 1.83 is a ferrimagnetic
up-up-down (UUD) state, i.e., 〈szi∈A〉 and 〈szi∈B〉 are an-
tiparallel. To give an example, for N = 36, J2 = 2,
we have 〈szi∈A〉 = 0.39779 and 〈szi∈B〉 = −0.29558. We
mention that for the classical model the transition to
the UUD state takes place at J2 = 2, i.e., the order-by-
disorder mechanism [55, 56] leads to a shift of the tran-
sition to the collinear UUD state to smaller values of J2.
Bearing in mind the Schwinger-boson mean-field study of
the ground state reporting 5 ground state phases [24] it is
worth to have a closer look on the details of the m+(J2)
profile. Indeed, there are small discontinuous changes in
m+ at J2 ≈ 0.77, J2 ≈ 0.87 and J2 ≈ 1.33 (J2 ≈ 0.74,
J2 ≈ 0.83 and J2 ≈ 1.35) for N = 36 (N = 30), where
the values at about 0.85 and 1.33 are close to transi-
tion points reported in [24]. We also mention that be-
low J2 ≈ 0.77 the spins on B-sites become weakly cou-
pled to the neighboring A-site spins, whereas the nearest-
neighbor correlations on the J1 bonds asymptotically ap-
proach the value of the square-plaquette singlet ground
state (see the right inset in Fig. 1), i.e., the system enters
a plaquette ground-state phase at low values of J2.

For the low-temperature thermodynamics the spin gap
(singlet-triplet gap) ∆t as well as the singlet-singlet gap
∆s are relevant. Corresponding data are shown for N =
30 and N = 36 in Fig. 2. Our data provide evidence that
there is a finite spin gap ∆t in the region between J2 ≈
0.77 (J2 ≈ 0.74) and J2 ≈ 1.65 (J2 ≈ 1.65) for N = 36
(N = 30). We notice only a small finite-size dependence
of the spin gap away from J2 = 1, whereas around J2 = 1
it shrinks with increasing N , however, it is known that

∆t remains finite at J2 = 1 for N → ∞ [28]. The J2

values where the spin gap closes coincide with the above
reported values at which small discontinuous changes in
m+ occur. Thus, m+ as well as ∆t yield indications for
ground-state phase transitions between a gapped and a
gapless phase. A similar behavior was found in Ref. [24],
where, however, the region of the gapped phase is 0.84 ≤
J2 ≤ 1.27. While ∆t determines the low-temperature
behavior of the susceptibility X, the existence of low-
lying singlet excitations within the spin gap, i.e., ∆s <
∆t, is crucial for the low-temperature behavior of the
specific heat C. From Fig. 2 it is obvious that in the
whole region with a finite spin gap we have ∆s < ∆t. As
for the balanced model J1 = J2 = 1 there are a number of
singlets within the spin gap. The details of their energy
distribution will determine the temperature profile of C
at very low T .
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Figure 1. Main panel: Order parameter m+ as defined
in Eq. (3) of the spin-1/2 J1-J2 SKHAF (N = 30 and
36) as a function of J2. Left inset: Sketch of the square-
kagome lattice. Here A and B label the two non-equivalent
sites and J1 and J2 label the two non-equivalent nearest-
neighbor bonds. Right inset: Nearest-neighbor spin-spin cor-
relation for N = 36: 〈sisj〉NN,A−A = (〈s0s1〉 + 〈s0s3〉/2 and
〈sisj〉NN,A−B = (〈s0s4〉 + 〈s1s4〉/2, see Fig. 13 for the num-
bering of sites.

B. Thermodynamic properties of the SKHAF on
finite lattices of N = 30 and N = 36 sites

Let us now consider the finite-temperature properties
of the model. In what follows we discuss the Wilson ratio
P , the specific heat C, the entropy S, and the uniform
susceptibility X.

The modified Wilson ratio is defined as [57, 58]

P (T ) = 4π2TX/(3NS) . (4)

It is a measure of the ratio of the density of magnetic
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Figure 2. Singlet-triplet and singlet-singlet gaps ∆t and ∆s

of the spin-1/2 J1-J2 SKHAF (N = 30 and 36) as a function
of J2. For J2 = 1 data for N = 42 [29] are added.

excitations with M > 0 and the density of all excitations
including singlet excitations with M = 0.

As shown for the KHAF [57, 58] and for the balanced
SKHAF [29] a vanishing P as temperature T → 0 is
a hallmark of a quantum spin-liquid ground state with
dominating singlet excitations at low T . In contrast,
for quantum spin models with semi-classical magnetic
ground-state order, such as the square-lattice Heisenberg
antiferromagnetthe Wilson ratio diverges as P (T → 0) ∝
T η, η ≥ 1 [57, 58]. We show the modified Wilson ratio in
Fig. 3. For J2 = 0.8, 0.9, 1.0, 1.1, 1.2, , 1.3, 1.4, 1.5, where
singlet excitations are noticeably below the first triplet
excitation, see Fig. 2, the downturn of P as T → 0 is
clearly seen. Also the upturn of P as T → 0 for J2 = 1.7
and 1.8 (ferrimagnetic ground state) is evident. More
subtle is the situation for J2 < 0.8, where the plaquette
ground-state phase emerges. Here the low-lying spec-
trum is dominated by the weakly coupled spins on the
B sites. which leads to a maximum in P at low temper-
atures, see Fig. 3(b). This behavior can be understood
by considering the ground state in the limit of decoupled
B spins, i.e., for J2 = 0. In this limit we get a size in-
dependent Wilson ratio P0 = limT→0 P = π2/(3 ln 2) =
4.74628. Obviously, the height of the low-temperature
maximum in P approaches P0 as decreasing J2. At very
low T the Wilson ratio approaches a constant value of
about P ≈ 2. (Note, however, that our FTLM is not ap-
propriate to get accurate data precisely at T = 0, because
in the limit of very weakly coupled B spins very tiny en-
ergy differences appear in the low-energy spectrum.) As
reported in Ref. [57] this behavior corresponds to a gap-
less spin liquid; in particular, for the one-dimensional
s = 1/2 Heisenberg antiferromagnet (Bethe chain) P0 is
exactly 2 [57, 59].

Let us now discuss the specific heat C(T ), the en-
tropy S(T ) and the uniform susceptibility X(T ). We use
a logarithmic temperature scale which makes the low-
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Figure 3. Modified Wilson ratio P (T ), cf. Eq. (4), of the
spin-1/2 J1-J2 SKHAF (N = 36). (a) J2 ≥ 1.0, (b) J2 ≤ 1.0.

temperature features transparent, see Figs. 4, 6, and 7.
In panels (a) we show data for J2 ≥ 1 and in panels (b)
for J2 ≤ 1. In all these figures we also show the cor-
responding data for the balanced model [29] which may
serve as benchmark data. The typical main maximum is
related to the magnitudes of J1 and J2. Its position Tmax

and its height Cmax/N exhibit a quite regular behavior,
see Fig. 5 (a) and (b).

From Fig. 5 it is also evident that Tmax and Cmax/N
are equal for N = 30 and 36 for all values of J2, i.e., the
main maximum in C(T )/N is not affected by finite-size
effects, see also Fig. 15 in Appendix B. For all values of J2

shown in Fig. 4 the temperature profile exhibits a low-
temperature maximum below the main maximum that
indicates an extra-low energy scale. Though, we show in
Fig. 4 only data for N = 36 this feature is present also
for N = 30, cf. Fig. 15 in Appendix B. We may argue
that this characteristic survives for N →∞ either as an
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Figure 4. Specific heat C/N of the spin-1/2 J1-J2 SKHAF
for N = 36. (a) J2 ≥ 1.0, (b) J2 ≤ 1.0.

extra maximum or a shoulder below the main maximum.
An additional information on the finite-size dependence
of the low-T part of C(T ) is given in Fig. 5, where we
show the position Tmin [panel (c)] and the depth Cmin/N
of the minimum [panel (d)] in C(T ) below the main max-
imum. The good agreement of the data for N = 30 and
36 is obvious. The special values of Tmin and Cmin/N
found for J2 = 0.8 might be attributed to the proximity
to the transition point to the plaquette phase. Interest-
ingly, there is also a double-maximum profile in C(T ) for
J2 = 1.8 and 2.0, where the ground state is ferrimag-
netic. Only beyond J2 ∼ 3 we get a C(T ) profile with
only one maximum, see Fig. 14 in Appendix B. Let us
finally mention that for some values of J2 there is even
some additional structure at very low T . 0.02 which
most likely can be attributed to finite-size effects.
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Figure 5. Features of the main maximum and the minimum
below the main maximum in the temperature profile of the
specific heat C(T )/N of the spin-1/2 J1-J2 SKHAF (N = 30
and N = 36). (a) Position Tmax and (b) height Cmax/N of
the main maximum. (c) Position Tmin and (d) depth Cmin/N
of the minimum.

In highly frustrated quantum magnets we may have a
high density of states at low excitation energies [29, 33,
60]. To shed light on the density of low-lying eigenstates
we present the entropy S(T )/N in Fig. 6. We observe,
that already at T ∼ 0.2 about 50% of the maximum en-
tropy S(T → ∞) = N ln 2 is acquired. Note that for
the unfrustrated square-lattice Heisenberg antiferromag-
netthe corresponding value at T ∼ 0.2 is only about 10%,
cf. Ref. [33]. Moreover, there is a change in the curvature
or even a plateau-like feature in the S(T ) profile below
this temperature. In particular, for J2 . 0.7 we see such
a plateau at S/(N ln 2) ∼ 0.1 which can be attributed
to a high density of states caused by the weakly coupled
B spins in this parameter region. For some values of
J2 (e.g. for J2 = 2.0 and 1.2) there is a finite value of
S(T = 0)/N due a degeneracy of the ground state. How-
ever, S(T = 0)/N will become zero as N →∞. For more
information on finite-size effects, see Fig. 16 in Appendix
B, where data for N = 30 and N = 36 are compared.

Next we turn to the zero-field susceptibility X dis-
played in Fig. 7. For J2 values where we have a finite
singlet-triplet gap ∆t, see Fig. 2, X exhibits an expo-
nentially activated low-temperature behavior and there
is a maximum in X(T ). Its position Tmax and its height
Xmax/N exhibit a quite regular behavior, and the finite-
size effects in Tmax and Xmax/N are small, see Fig. 8.
(For more information on finite-size effects, see Fig. 17
in Appendix B, where data for N = 30 and N = 36
are compared.) Around J2 = 1 the position Tmax is
largest, although, it is still at a pretty low tempera-
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Figure 6. Entropy S/N of the spin-1/2 J1-J2 SKHAF for
N = 36. (a) J2 ≥ 1.0, (b) J2 ≤ 1.0. Note that the finite
entropy at T = 0 for J2 = 1.8 and 2.0 is caused by the fer-
rimagnetic multiplet and by an accidental degeneracy of the
ground state for some other values of J2.

ture compared to Tmax = 0.935 for the square-lattice
Heisenberg antiferromagnet[61, 62], which demonstrates
the crucial role of frustration also for the susceptibil-
ity. It is also obvious that Tmax is directly related to
the spin gap ∆T , compare Fig. 5(a) and Fig. 2. Increas-
ing J2 towards the transition to the ferrimagnetic ground
state naturally leads to a diminishing of Tmax and an in-
crease of Xmax/N . At J2 ∼ 1.65 we get Tmax = 0 and
Xmax/N →∞.

A similar behavior can be observed for decreasing J2

towards J2 = 0. Again the singlet-triplet gap ∆t becomes
smaller and it is effectively zero below J2 ∼ 0.77 (pla-
quette ground-state phase), i.e., Tmax approaches zero.
However, here the weakly coupled spins on the B sites
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Figure 7. Susceptibility X/N of the spin-1/2 J1-J2 SKHAF
for N = 36. (a) J2 ≥ 1.0, (b) J2 ≤ 1.0.

 0

 0.02

 0.04

 0.06

 0.08

 0.1

 0.12

 0.14

 0.16

 0.18

 0.6  0.8  1  1.2  1.4  1.6

 T
m

a
x
 

 J2 

36
30

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0.6  0.8  1  1.2  1.4  1.6

 Χ
m

a
x
/N

 

 J2 

36
30

(a) (b)

Figure 8. Features of the maximum in the temperature profile
of the susceptibility X(T )/N of the spin-1/2 J1-J2 SKHAF
(N = 30 and N = 36). (a) Position Tmax of the maximum.
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lead to extremely low-lying magnetic and non-magnetic
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excitations. In fact, we find that for the finite systems
considered here the ground state is still a non-magnetic
singlet but magnetic excitations dominate the X(T )/N
profile down to very low T . Thus, the susceptibility in-
deed vanishes at T = 0, but X(T )/N approaches zero
only at T ∼ 10−4, 10−5, 10−9 for J2 = 0.7, 0.5, 0.1,
respectively.

C. Field-dependent properties
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Figure 9. Zero-temperature magnetization curve of the J1-J2
SKHAF with N = 36 sites and selected values of J2.

The magnetization process of strongly frustrated quan-
tum magnets exhibits a number of interesting features,
such as plateaus and jumps [63]. Previous studies for
the balanced model [12, 13, 28, 29, 64] report on wide
plateaus at 1/3 and 2/3 of the saturation magnetization
Msat. Moreover, there is the typical macroscopic jump
to saturation due to the presence of independent local-
ized multi-magnon ground states stemming from a flat
one-magnon band [14, 65–67].

Let us first present the zero-temperature magnetiza-
tion curve for selected values of J2, see Fig. 9. Both
plateaus as well as the jump to saturation known from the
balanced model are present for all values J2 ≤ 1, whereas
for J2 > 1 the jump and the related preceding 2/3 plateau
are missing. For J2 ≤ 1 both plateau states are non-
classical valence bond states, cf. Refs. [12, 28, 29, 64],
where the upper plateau state is the exactly known
magnon-crystal product state, i.e., spins on the B sites
are fully polarized and the A-spins on a square occupy
the lowest triplet eigenstate of the square plaquette with
Szplaqu = 1, for an illustration of this state, see, e.g.,

Fig. 2a in Ref. [68]. For J2 . 0.7 the transition between
the two plateaus becomes steplike. The jump to satu-
ration as well as the magnon-crystal product state are
related to the flat one-magnon band which is the lowest
one for J2 ≤ 1. In contrast, for J2 > 1, the flat one-
magnon band is not the lowest one, and, therefore the
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Figure 10. (a) Main panel: Width W1/3 = gµB(B2,1/3 −
B1,1/3) of the 1/3 plateau of the J1-J2 SKHAF for N = 30
and 36. For J2 = 1 data for N = 42 [29] are added. Inset:
Lower edge gµBB1,1/3 of the 1/3 plateau as a function of J2
for N = 30 and 36. (b) Width W2/3 = gµB(B2,2/3−B1,2/3) of
the 2/3 plateau of the SKHAF for N = 30 and 36. For J2 = 1
data for N = 42 [29] are added. Left inset: Saturation field
gµB Bsat as a function of J2. Right inset: Nearest-nearest
correlation functions 〈sisj〉NN,A−A and 〈sisj〉NN,A−B in the
1/3 plateau state.

flat-band related features are not present in the magne-
tization curve. However, the flat-band related localized
multi-magnon states including the magnon crystal are
still eigenstates living now as quantum scar states some-
where in the middle of the spectrum [25].

The valence-bond state of the lower plateau is not
exactly known but it is approximately described by a
product state with fully polarized spins on the B sites
and a singlet state of the A-spins on a square, see the
right inset in Fig. 10(b), where the spin-spin correlations
〈sisj〉NN,A−A and 〈sisj〉NN,A−B in the 1/3 plateau state
are shown. On the other hand, for J2 > 1 the 1/3 plateau
state is semi-classical, namely it is the ferrimagnetic UUD
state, cf. Sec. III A and see the right inset in Fig. 10(b).

The saturation magnetization shown in the left inset
of Fig. 10(b) is given by gµB Bsat = 2 + J2 for J2 ≤ 1
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and gµB Bsat = 3J2 for J2 ≥ 1, and it is size-independent.
The widths of the two plateaus as well as the lower bound
gµB B1,1/3 of the 1/3 plateau are presented in Fig. 10 (a)
and (b). Again the finite-size effects are small. The width
of the upper plateau is smallest at J1 = 1. For the 1/3
plateau the lower bound gµB B1,1/3 is largest at J1 = 1.1
and W1/3 has a minimum at this point.

For elevated temperatures the experimental detec-
tion of plateaus may become intricate, because often
there is a fast melting of plateaus and jumps, i.e., they
are smeared out already at pretty low T , see, e.g.,
Refs. [64, 69]. Therefore, to detect plateaus and jumps
in experiments the differential susceptibility X(T,B) =
dM(T,B)/d(gµB B) as a function of B measured at var-
ious T is more suitable, cf., e.g., Ref. [70]. Magnetiza-
tion plateaus show up as pronounced minima in X(B),
however, requiring sufficiently low temperatures. On the
other hand, a jump of the magnetization leads to a high
peak in X(B) at low T .

We present the influence of the temperature on the
magnetization curve M(B) in Fig. 11 and on the differ-
ential susceptibility X(B) in Fig. 12 for selected values
of J2. We observe, that the melting process is most rapid
for J2 ∼ 1, whereas for small and large J2 the plateaus
and the jumps are still well visible at T = 0.2. We notice
that the oscillations present for J2 ≥ 1 at T = 0.05 (green
curves) above the 1/3 plateau are finite-size effects.
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Figure 11. Finite temperature magnetization curves M(T,B)
of the J1-J2 SKHAF with N = 36 sites for selected values of
J2.
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Figure 12. Differential susceptibility X(T,B) =
dM(T,B)/d(gµB B) of the J1-J2 SKHAF with N = 36
sites for selected values of J2.

IV. SUMMARY AND CONCLUSIONS

In our study we performed numerical calculations of
thermodynamic quantities such as the magnetization
M(T ), the specific heat C(T ), the entropy S(T ) and
the susceptibility X(T ) for the J1-J2 spin-half square-
kagome Heisenberg antiferromagnet (SKHAF) by using
the finite-temperature Lanczos method (FTLM) applied
to finite lattices of N = 30 and N = 36 sites. Since
the SKHAF exhibits two non-equivalent nearest-neighbor
bonds, the extension of previous studies [15, 29], which
were restricted to J1 = J2, on the generalized model
with J1 6= J2 is natural with respect to experimental re-
alization of the SKHAF, see Refs.[7–9]. Moreover, the
generalized model may serve as a model allowing to tune
the competition of antiferromagnetic bonds in a highly
frustrated spin system.

The exact-diagonalization data for the ground state in-
dicate magnetic disorder in a wide range of J2/J1 ratios.
Only for J2 & 1.65J1 the ground state features ferri-
magnetic order. In the region 0.77 . J2/J1 ≤ 1.65 the
low-temperature thermodynamics is determined by a fi-
nite singlet-triplet gap with low-lying singlets within this
gap. Therefore, the susceptibility decays exponentially
to zero as temperature T → 0, while the specific heat
exhibits an extra maximum at low T related to the sin-
glets. For smaller values of J2/J1 . 0.7 the ground state
becomes a plaquette ground state with weakly coupled
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spins on B sites which become asymptotically decoupled
as J2/J1 → 0. As a result, the entropy acquires already
a large amount at very low temperatures.

In non-zero magnetic field B we find well pronounced
plateaus at 1/3 and 2/3 of the saturation magnetization
and a jump from the 2/3 plateau to saturation in the
whole region 0 ≤ J2/J1 ≤ 1, whereas for J2/J1 > 1
only the 1/3 plateau is present. At at low and moderate
temperature the plateaus are reflected as minima in the
differential susceptibility X(B) = dM(B)/d(gµB B) and
a jump is seen as a peak in X(B).

Bearing in mind the numerous studies of the low-
energy physics of the related kagome Heisenberg anti-
ferromagnet we argue that our work may also stimulate
other studies using alternative techniques, such as ten-
sor network methods, DMRG, numerical linked cluster
expansion or Green’s function techniques [28, 71–76].
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Appendix A: Finite square-kagome lattices used for
the exact diagonalization and the finite-temperature

Lanczos method

Here we provide the finite lattices studied in our paper
in Fig. 13.

Appendix B: Comparison of C(T ), S(T ), X(T ) for
N = 30 and N = 36

Here we present data for C(T ), S(T ), X(T ) for N = 30
and N = 36 to provide additional information on finite-
size effects and on large values of J2.
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Figure 13. Finite square-kagome lattices of N = 30 and N =
36 sites.
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[44] P. Prelovšek and J. Bonča, Strongly correlated systems,
numerical methods (Springer, Berlin, Heidelberg, 2013)
Chap. Ground State and Finite Temperature Lanczos
Methods.

[45] S. Sugiura and A. Shimizu, Canonical thermal pure quan-
tum state, Phys. Rev. Lett. 111, 010401 (2013).

[46] B. Schmidt and P. Thalmeier, Frustrated two dimen-
sional quantum magnets, Phys. Rep. 703, 1 (2017).

[47] E. Pavarini, E. Koch, R. Scalettar, and R. M.
Martin, eds., The physics of correlated insulators,
metals, and superconductors (2017) Chap. The Fi-
nite Temperature Lanczos Method and its Appli-
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A. Klümper, S. L. Bud’ko, A. F. Panchula, and P. C.
Canfield, Thermodynamics of spin s = 1/2 antiferro-
magnetic uniform and alternating-exchange Heisenberg
chains, Phys. Rev. B 61, 9558 (2000).

[60] V. Y. Krivnov, D. V. Dmitriev, S. Nishimoto, S.-L.
Drechsler, and J. Richter, Delta chain with ferromagnetic
and antiferromagnetic interactions at the critical point,
Phys. Rev. B 90, 014441 (2014).

[61] D. C. Johnston, R. J. McQueeney, B. Lake, A. Ho-
necker, M. E. Zhitomirsky, R. Nath, Y. Furukawa, V. P.
Antropov, and Y. Singh, Magnetic exchange interactions
in BaMn2As2: A case study of the J1-J2-Jc Heisenberg
model, Phys. Rev. B 84, 094445 (2011).

[62] H.-J. Schmidt, A. Lohmann, and J. Richter, Eighth-
order high-temperature expansion for general Heisenberg
hamiltonians, Phys. Rev. B 84, 104443 (2011).

[63] A. Honecker, J. Schulenburg, and J. Richter, Magneti-
zation plateaus in frustrated antiferromagnetic quantum
spin models, J. Phys.: Condens. Matter 16, S749 (2004).
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