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Equilibration of observables in closed quantum systems that are described by a unitary time
evolution is a meanwhile well-established phenomenon apart from a few equally well-established
exceptions. Here we report the surprising theoretical observation that non-integrable spin rings with
nearest neighbor isotropic Heisenberg interaction not only equilibrate but moreover also synchronize
the directions of the expectation values of the individual spins. In our numerical simulations, we
investigate the free induction decay (FID) of an ensemble of up to N = 25 quantum spins with
s = 1/2 each by solving the time-dependent Schrödinger equation numerically exactly. Our findings
are related to, but not fully explained by conservation laws of the system. The synchronization is
very robust against for instance random fluctuations of the Heisenberg couplings and inhomogeneous
magnetic fields. Synchronization is not observed with strong enough anisotropic symmetry-breaking
interactions such as the dipolar interaction. We also compare our results to classical spin dynamics
which under all investigated conditions does not exhibit phase synchronization due to the lack of
entanglement. For classical spin systems the fixed magnitude of individual spins effectively acts like
additional N conservation laws.

I. INTRODUCTION

Decoherence, equilibration as well as thermalization in
closed quantum systems under unitary time evolution are
well-studied and by now well-established concepts which
root in seminal papers by Deutsch, Srednicki and many
others [1–12]. For numerical studies, spin systems are the
models of choice both since they are numerically feasible
due to the finite size of their Hilbert spaces as well as they
are experimentally accessible for instance in standard in-
vestigations by means of electron parametric resonance
(EPR), free induction decay (FID), or in atomic traps,
see e.g. [13–17]. In such systems, observables assume
expectation values that are practically indistinguishable
from the prediction of the diagonal ensemble for the vast
majority of all times of their time evolution [6, 18].

In this paper we discuss an observation that rests both
on decoherence and equilibration. We study the free in-
duction decay (FID) of quantum spins that are arranged
on a ring-like geometry with nearest-neighbor isotropic
Heisenberg interactions. The initial product state of
single-spin states entangles, i.e. turns into a superpo-
sition of product states, and thereby equilibrates at the
level of single-spin observables. Our most striking ob-
servation is that expectation values of all individual spin
vectors synchronize with respect to their orientation. In
a FID setting this means that their various individual
rotations about the common field axis synchronize and
align in the course of time. In a co-rotating frame they
simply align. Experimentally, such collective effects may
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e.g. be imprinted in the temporal line shapes of the op-
tical response under ultrashort pulse excitation and thus
eventually be observed [19].

The synchronization is stable against random fluctu-
ations of the Heisenberg couplings and we observe it
for almost all initial conditions. We therefore conjec-
ture that it is tightly connected to the symmetries and
conserved quantities of the isotropic Heisenberg model
which is SU(2) invariant [20], see also [21]. This hy-
pothesis is corroborated by the observation that strongly
anisotropic interactions such as the dipolar interaction
spoil the synchronization. Also in classical spin dynamics
the phenomenon cannot be observed as will be discussed
in detail later. Inhomogeneous or randomly fluctuating
local fields at the sites of the individual spins on the
other hand do not prevent the spins from synchronizing
although the conservation laws are broken. The same
applies for weakly anisotropic interactions that are close
to the isotropic Heisenberg case. We observe a transient
synchronization.

The paper is organized as follows. In Sect. II we
introduce the theoretical model and the applied meth-
ods. Section III deals with exemplary numerical quan-
tum simulations under isotropic Heisenberg interactions
and we compare to classical simulations. Section IV in-
troduces symmetry breaking anisotropic interactions and
demonstrates the transient behaviour of the synchroniza-
tion phenomenon. Section V provides a summary of our
main results. In the appendix some aspects are discussed
in more detail, especially the behavior under symmetry
breaking interactions. Video clips of our simulations are
provided on the website of the paper [22].
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II. THEORETICAL MODEL AND METHODS

The Hamiltonian of our spin model reads

H∼ = −
N∑
j=1

Jj~s∼j
· ~s∼j+1

−
N∑
j=1

hj s∼
z
j , (1)

where the first sum corresponds to the isotropic Heisen-
berg model and the second sum denotes the Zeeman
term. Operators are marked by a tilde, the Heisenberg
interactions are denoted by Jj , local magnetic fields are
given by hj , and periodic boundary conditions sN+1 = s1
are applied. Thus, the Hamiltonian describes spins which
are arranged as a ring; it could for instance be a ring
molecule [23, 24]. We define the total spin operator

~S∼ :=

N∑
k=1

~s∼k
, (2)

which commutes with the Heisenberg part of the Hamil-

tonian, and so does ~S∼
2, even if the coupling constants Jj

are all different. This is true for any spin arrangement,

not just for rings [20, 25]. The conservation of ~S∼
2

is bro-

ken either by anisotropic interactions or by varying local
magnetic fields hj[

~S∼
2
,

N∑
i=1

his∼
z
i

]
∝
[
~s∼i
· ~s∼j , his∼

z
i + hj s∼

z
j

]
= 0 only if hi=hj

. (3)

Furthermore, we define the transverse magnetization

Mtrans : =
√
〈S∼

x 〉2 + 〈S∼
y 〉2

=

√√√√(∑
j

〈 s∼
x
j 〉

)2

+

(∑
j

〈 s∼
y
j 〉

)2

. (4)

Here 〈S∼
x 〉 denotes the expectation value with respect

to a specified many-body state. We interpret (4) as the
net magnetization precessing in the xy-plane. In case of
Hamiltonian (1) this is also a conserved quantity if the
local magnetic fields are all the same hj ≡ h ∀j. This
can be seen by looking at the time evolution (~ := 1)

d

dt
〈ψ(t)| ~S∼ |ψ(t)〉 =

1

i
〈ψ(t)| [~S∼, H∼ ] |ψ(t)〉

= ih 〈ψ(t)| [~S∼, S∼
z] |ψ(t)〉 . (5)

Remember, h denotes the magnetic field. The solution
of Eq. (5) is of the form

〈ψ(t)| ~S∼ |ψ(t)〉 =

 a cosht+ b sinht
−b cosht+ a sinht

c

 , (6)

compatible with the conserved quantities. The coeffi-
cients a, b and c are determined by the initial state of the

system. We observe a collective rotation with frequency
h in all cases the spins synchronize (Sections III A, III B
and III D). Appendix B 1 provides an exception where

the spins collectively precess around a mean field h̃.
As initial many-body states we choose product states

of the form

|ψ(t = 0)〉 =

N⊗
j=1

1√
2

(
|↑〉+ eiθj |↓〉

)
, (7)

for which the expectation values of individual spins

〈 ~s∼j 〉 := 〈ψ| ~s∼j |ψ〉 (8)

are oriented in the xy-plane and point in a direction that
depends on θj . In the following we are going to investi-
gate the time evolution of the four states shown in Fig. 1
where (a) all spins point in the same direction, (b) are
regularly fanned out by 180 degrees, (c) are regularly
fanned out by 360 degrees, and (d) point in random direc-
tions. We will refer to this states as |ψA〉, |ψB〉, |ψC〉, and
|ψD〉 (or A, B, C, and D in the classical case, sec. III E).

FIG. 1. Visualization of the four initial product states stud-
ied in this work. The arrows correspond to the single-spin
expectation values, see text and Eq. (7). We will refer to this
states as |ψA〉, |ψB〉, |ψC〉, and |ψD〉.

In a product state, the spins are not entangled by def-
inition, however they entangle during the unitary time
evolution

|ψ(t)〉 = e
−iH∼t |ψ(0)〉 , (9)

that we calculate numerically exactly using a Suzuki
Trotter decomposition [26].

In order to measure the entanglement of an individ-
ual spin at site j with the others, we define the reduced
density matrix

ρ
∼
j = Tr⊗

k 6=j

Hk
(|ψ〉 〈ψ|) . (10)
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Here Hj denotes the Hilbert subspace of spin j, and

H =
N⊗
j=1

Hj is the total Hilbert space. The purity is

given as Tr
(
ρ
∼
2
j

)
. Tr

(
ρ
∼
2
j

)
= 1 holds, if spin j is not

entangled with other spins, and Tr
(
ρ
∼
2
j

)
= 0.5 if it is

maximally entangled with other spins. The purity is
thus also a measure of decoherence for an observer of
a single spin [27, 28]. An alternative way of quantify-
ing the decoherence would be the von Neumann entropy

S(ρ
∼
j) = −Tr

(
ρ
∼
j log2 ρ∼j

)
[29].

III. CALCULATIONS AND RESULTS

In this Section we present our numerical findings of the
special behaviour of initial states in Fig. 1 under time
evolution with Hamiltonian Eq. (1) and equal magnetic

fields hj = −1 ∀j. As discussed, Mtrans and ~S∼
2 are con-

served quantities. We show that, with one exception, the
spin expectation values synchronize.

A. Initial state |ψA〉

In Fig. 2 we start with initial state |ψA〉 and random
Heisenberg interactions Jj . In this case, every spin is
precessing as if independent without entangling to other
spins, no matter how the Jj are chosen. Since all spins

point in the same direction, Mtrans and ~S∼
2 assume their

maximum values. Because they are conserved quantities
the spins are bound to remain in a perfect product state,
otherwise it would not be possible to conserve these val-
ues over time.

FIG. 2. Time evolution of initial state |ψA〉 regarding
Hamiltonian Eq. (1) with isotropic Heisenberg interactions
and Jj ∈ [1.6, 2.4], hj = −1 ∀j, N = 25.

B. Initial state |ψB〉

Figure 3 shows almost the same as Fig. 2, but this time
for initial state |ψB〉. Initially the individual spin expec-
tation values are spread out by 180 degrees, but during
time evolution they align. This astonishing phenomenon

can be nicely observed in the video provided on the web
page of the published article [22].

During time evolution and synchronization the spins

entangle as much as the conservation of ~S∼
2

and Mtrans

allows. Interestingly, the spins stay entangled and do
not fan out again (apart from finite size effects such as
revivals at very late times). This statement becomes
stronger with increasing system size, which is further ad-
dressed in Appendix A. We interpret this phenomenon
as quantum mechanical equlibration process under the
restricting influence of conserved quantities [21].

The synchronization can be rationalized for spin sys-
tems where all spins are equivalent, i.e. ring systems with
translational invariance (Jj = J , hj = h ∀j) since then
equilibration should result in the same single-spin expec-
tation value at every site. This concerns magnitude and
direction of the spin vector. The somewhat unexpected
result of our investigation is that the direction of all spins
continues to synchronize also for settings where spins are
no longer equivalent, i.e. if the Heisenberg interactions
are drawn at random from a distribution.

FIG. 3. Time evolution of initial state |ψB〉 w.r.t. Hamil-
tonian Eq. (1) with isotropic Heisenberg interactions and
Jj ∈ [1.6, 2.4], hj = −1 ∀j, N = 25. The video for 3(a)
can be found at [22].

Figure 3(c) shows the purity of the individual reduced
density operators ρ

∼
j (Eq. (10)). Since the couplings Jj

are different for different j, not all spins are equal. This
does not prevent the spins from synchronizing their di-
rections, but they do not all entangle to the same extent.

Another main result of this paper is that the time
needed for the spins to synchronize is almost indepen-
dent of the width ∆ of the distribution of the Jj ∈
[2−∆, 2 + ∆]. This is also demonstrated numerically
in Appendix A.

Figure 4 shows the variance of the expectation values
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FIG. 4. Time evolution of initial state |ψB〉 w.r.t. Hamil-
tonian Eq. (1) with isotropic Heisenberg interactions and
Jj = 2 ∀j without (a) and with magnetic field (b).

of individual spin operators, defined as

Var(< s∼
x
j >)(t) :=

1

N

N∑
j=1

(
< s∼

x
j > −

< Sx >

N

)2

(11)

for different system sizes N . That the variance decays
to zero, compare Fig. 4, expresses precisely that the spins
align until they point in the same direction. This pro-
cess takes the longer the larger the system is. The syn-
chronisation, i.e. the alignment of directions, also takes
place in the absence of a magnetic field, as can be seen
in Fig. 4(a). The reason is that the homogeneous mag-
netic field, which is a one-body operator, does not causes
any many-body entanglement between the spins; entan-
glement and equilibration are driven by the Heisenberg
term which is a two-body operator. As a result, the field-
free curves in Fig. 4(a) are the envelopes of the curves
taken at homogeneous field and shown in Fig. 4(b).

C. Initial state |ψC〉

Figure 5 shows the time evolution for initial state |ψC〉
and different system sizes. This is a very special and
atypical case with a particular symmetry in the spin ori-
entations which results in a very stable state even if there
are different couplings Jj between the spins, see video
[22]. This is the only initial state we find where the spins
do not align, but entangle and decay to zero, with wild
echos at later times. The larger the system, the longer
the echos take to occur and the longer it takes for the
spins to entangle.

These numerical results for finite system sizes suggest
that |ψC〉 is an energy eigenstate in the thermodynamic
limit which appears plausible, because the angle between
neighboring spins is given by 2π/N , therefore for N →∞
all neighbors are parallel in the initial state. We empha-
size that this state would also be an energy eigenstate in
the non-integrable case [30, 31] where the Jj are all dif-
ferent. Because all single-spin observables are strongly
different we conjecture that this state is not thermal;
its relation to quantum scars needs to be explored, see
[32, 33] and references therein.

FIG. 5. Time evolution of initial state |ψC〉 w.r.t. Hamil-
tonian Eq. (1) with isotropic Heisenberg interactions and
Jj ∈ [1.6, 2.4], hj = 0 ∀j and for various system sizes. The
videos of 5(d) is provided at [22].

D. Initial state |ψD〉

FIG. 6. Time evolution of initial state |ψD〉 w.r.t. Hamil-
tonian Eq. (1) with isotropic Heisenberg interactions and
Jj ∈ [1.6, 2.4], N = 24 without (a) and with magnetic field
(b). Video 6(b) is provided at [22].

Figure 6 shows a time evolution for initial state |ψD〉
(random orientations) without magnetic field (Fig. 6(a))
and with magnetic field (Fig. 6(b)). The conserved net
magnetization is small (would be zero in the thermody-
namic limit or as a mean of many random realizations
according to the central limit theorem). Nevertheless,
the spins synchronize which shows that this phenomenon
is very robust with respect to the initial state, see also
video [22].

E. Classical spin dynamics

We now compare our results to classical spin dynam-
ics. It runs out that a classical spin dynamics does not
exhibit phase synchronization, see videos [22]. The rea-
son in this context is that classical spin dynamics lacks
entanglement. Contrary to the expectation values of the
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quantum spins, the classical spins are bound to main-
tain their length, which effectively acts like additional N
conservation laws. This results in a oscillatory dynamics
of all investigated initial conditions, compare Fig. 7 for
initial states equivalent to Fig. 2(b)-(d).

The classical spin dynamics has been evaluated accord-
ing to

d

dt
~sj =

∂H

∂~sj
× ~sj , (12)

where H denotes the classical Hamiltonian analogous to
Eq. (1).

FIG. 7. Classical time evolution with N = 24, Jj ∈ [1.6, 2.4].
Videos for all cases are provided at [22].

Interestingly the classical spins for initial state B seem
to try to synchronize their directions (Fig. 7(a)-(b)). At
one point in time their projections to the xy-plane point
in the same direction. But as time goes on, they loose
their temporal alignment.

IV. BREAKING THE SYMMETRY

In this Section we investigate whether synchronization

still occurs if Mtrans and ~S∼
2

are not conserved anymore.

We can break the symmetry in different ways, either by
means of inhomogeneous magnetic fields or by interac-
tions between the spins that are not of isotropic Heisen-
berg type. In Section (IV A) we choose XYZ interactions
and in Section (IV B) XX interactions as two examples
with different outcomes. In Appendix B we show the ef-
fect of inhomogeneous magnetic fields (App. B 1) and of
dipolar interactions between all spins (App. B 2).

A. XYZ interaction

We begin with the XYZ interaction which is close to
the isotropic Heisenberg case if the interaction in the

three spatial directions is not too different. In this case,
the synchronization between the spins still occurs. The
Hamiltonian in this subsection is defined as

H∼XY Z =− J
N∑
j=1

s∼
x
j s∼

x
j+1 − (J − δ)

N∑
j=1

s∼
y
j s∼

y
j+1

− (J − 2δ)

N∑
j=1

s∼
z
j s∼

z
j+1 − h

N∑
j=1

s∼
z
j . (13)

We use the parameter δ to tune the difference of the
interaction in the three spatial directions.

FIG. 8. Time evolutions of initial state |ψB〉 w.r.t. Hamilto-
nian Eq. (13) for two values of δ, and N = 24, J = 2, h = −1.
Videos of 8(a) and (c) are provided at [22].

Figure 8 shows time evolutions for initial state |ψB〉
and two different values of δ. The magnetization is not a
conserved quantity anymore and will therefore decay to-
wards its equilibrium value, which is zero in the xy-plane
for a magnetic field in z-direction. Our investigations re-
veal that the larger δ the faster the spins decay. However,
we clearly observe that while decaying the spins still syn-
chronize, see especially Fig. 8(a). One could say, that the
synchronization is a transient phenomenon in such cases
since the time scale of synchronization is shorter than
that of the unavoidable decay.

Fugure 8(b) and Fig. 8(d) show the purity of the re-
duced density operators ρ

∼
j introduced in Eq. (10).We see

that all spins maximally entangle (Tr
(
ρ
∼
2
j

)
= 0.5) which

is equivalent with all individual spin expectation values
decay to zero.

Another example of broken symmetry where the spins
still synchronize is shown in Appendix B 1 with an inho-
mogeneous magnetic field.
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B. XX interaction

As comparison we now show a case with XX interaction
where the spins do not synchronize. The Hamiltonian is
defined as

H∼XX =− J
N∑
j=1

(
s∼
x
j s∼

x
j+1 + s∼

y
j s∼

y
j+1

)
− h

N∑
j=1

s∼
z
j . (14)

Figure 9 shows a time evolution for initial state |ψB〉.
The decay of the transverse magnetization is much faster
than in the previous subsection, because we are further
away from isotropic Heisenberg interactions and the sym-
metry regarding the conservation of the transverse mag-
netization is broken much more strongly, compare also
[17]. In order to see if the spins still synchronize while
decaying to zero, we choose a much smaller coupling con-
stant J = 0.1 instead J = 2. But we clearly see that
the spins do not synchronize while decaying or equiva-
lently the timescale of the decay is much higher than the
timescale of synchronization.

FIG. 9. Time evolution of initial state |ψB〉 w.r.t. Hamilto-
nian Eq. (14) with parameters N = 24, J = 0.1 and h = −1.
The video of 9(a) can be found at [22].

Another example of broken symmetry where the spins
do not synchronize is shown in Appendix B 2 with dipolar
interactions between the spins.

V. SUMMARY

As a conclusion we can say first of all that conserva-

tion of Mtrans and ~S∼
2

not just slows down the FID, but

prevents the free induction from decaying if the Hamilto-
nian only contains isotropic Heisenberg interactions and

all Zeeman terms of the spins are equal (see Fig. 2). This
is in accord with Ref. [21].

Furthermore we demonstrate in detail the interesting
phenomenon that the single spin vector expectation val-
ues align in the course of time almost independent of how
they are initialized in the xy-plane (see Fig. 3). For this
process, the magnetic field is not necessary, it only in-
duces a (collective) rotation of all spins about the field
axis (see e.g. Fig. 4 and Fig. 10). The Heisenberg in-
teractions cause an equilibration process under the con-
straint of conserved quantities. We show that after en-
tanglement is maximised (under constraints of conserved
quantities) and equilibration is completed the spins stay
synchronized and fluctuate less the larger the system is
(see e.g. Fig. 13, Apppendix A). Moreover, we show that
the timescale of synchronization is independent of the
width ∆ of the variation of Heisenberg couplings Jj (see
Fig. 14, Apppendix A).

We demonstrate that such a synchronization is not pos-
sible with classical spins (see Fig. 7).

In addition, we discuss that the synchronization of spin
expectation values is very robust. It happens already for
small systems (N = 10, see Fig. 12, Apppendix A) and
for various initial states (see e.g. Fig. 6). We find just
one exception (initial state |ψC〉) which in the thermody-
namic limit becomes an energy eigenstate (see Fig. 5).

Further on, we provide examples of transient synchro-
nization for systems where symmetries are broken, be-
cause the time scale of synchronization is shorter than
that of equilibration. Systems with anisotropic XYZ in-
teractions belong to this set if they are still close to the
isotropic Heisenberg case (see Fig. 8), or if the symmetry
is broken by means of an inhomogeneous magnetic field
(see Fig. 15 and Apppendix B 1, respectively).

Finally we show that the spins do not synchronize for
interactions that are strongly anisotropic such as dipolar
interactions (see Fig. 17, Appendix B 2).

Our investigations might be helpful for interpreting ob-
servations in the context of FID.
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FIG. 10. Time evolution of initial state |ψB〉 w.r.t. Hamil-
tonian Eq. (1) with isotropic Heisenberg interactions and
Jj = 2 ∀j, hj ≡ h ∀j. The value of h does not change
this figure.

man term in Hamiltonian Eq. (1) causes no entanglement
between spins.

FIG. 11. Time evolution of initial state |ψB〉 w.r.t. Hamil-
tonian Eq. (1) with isotropic Heisenberg interactions and
Jj = 2 ∀j, hj ≡ −1 ∀j.

Figure 11 shows the individual 〈szj 〉 expectation values
for the exact same time evolutions as Fig. 10. Initially all
these values are zero because the spins are oriented in the
xy-plane (see Fig. 1). During time evolution (especially
at the beginning) the spins leave the xy-plane, but at
later times these fluctuations in z-direction become small
for a larger system size N .

Figure 12 and Fig. 13 show individual spin expecta-
tion values for time evolutions without magnetic field for
different system sizes and for short and long time (also
for initial state |ψB〉). It can be qualitatively seen that
such synchronization of spins can already be observed for
a small system size of N = 10. For N = 6 the spins fluc-

tuate much and for N = 2 the spins permanently point
in opposite directions.

FIG. 12. Time evolution of initial state |ψB〉 w.r.t. Hamil-
tonian Eq. (1) with isotropic Heisenberg interactions and
Jj = 2 ∀j, hj = 0 ∀j (short time).

We now want to focus on the question how the choice
of couplings Jj influences the time needed for the spins
to align. This is addressed by Fig. 14. The couplings Jj
are chosen randomly from intervals of different width ∆
and the magnetic field is zero. We see that ∆ has a very
small impact on the time evolution and the behaviour of
the spins; the process of alignment and the time it takes
is very robust. The time to synchronization does only
depend on the system size N and the mean Jj .

Appendix B: Additions to section IV

In addition to sec. IV, here we present more cases of
how the spins behave with broken symmetry (without

the conserved quantities Mtrans and ~S∼
2).

1. Inhomogeneous magnetic field

As shown in Eq. (3) all magnetic fields hj have to be
equal or the conserved quantities are broken.

Figure 15 shows time evolutions of initial state |ψB〉
where only a few spins see a magnetic field hj = h 6= 0
and all others fields are zero. Surprisingly the spins do
still synchronize an precess together while they decay.
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FIG. 13. Time evolution of initial state |ψB〉 w.r.t. Hamil-
tonian Eq. (1) with isotropic Heisenberg interactions and
Jj = 2 ∀j, hj = 0 ∀j (long time).

The spins without magnetic field are carried with the
others.

The frequency h̃ of the collective precession decreases
the more spins there are with hj = 0. This can be viewed

as every spin sees a mean field h̃ =
∑
j hj/N . From

Fig. 15(a) to Fig. 15(c) the number of magnetic fields

hj = h is halved and the precession frequency h̃ also
halves.

Another way of breaking the symmetry is by choosing
random magnetic fields. Figure 16 shows time evolutions
for initial state |ψB〉 where the magnetic fields hj are
drawn at random from a distribution of different width
ξ. The spins do still synchronize up to large values of ξ
up to the point where the decay of the transverse mag-
netization is faster than the synchronization.

2. Dipolar interactions

We now investigate how initial state |ψB〉 behaves
when all spins (not only neighbors) interact with dipolar
interactions. The Hamiltonian of such systems is given
by

FIG. 14. Time evolution of initial state |ψB〉 w.r.t. Hamil-
tonian Eq. (1) with isotropic Heisenberg interactions from in-
tervals of different width ∆, Jj ∈ [2−∆, 2 + ∆] and different
system sizes N , hj = 0 ∀j.

FIG. 15. Time evolution of initial state |ψB〉 w.r.t. Hamil-
tonian Eq. (1) with isotropic Heisenberg interactions and
Jj = 2 ∀j, N = 24 and for different configurations of hj .
Videos of 15(a) and (c) are provided at [22].
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FIG. 16. Time evolution of initial state |ψB〉 w.r.t. Hamilto-
nian Eq. (1) with isotropic Heisenberg interactions, Jj = 2 ∀j,
N = 24 and hj ∈ [−1− ξ,−1 + ξ]. Videos of 16(a) and (c)
are provided at [22].

H∼ =

N∑
j=1

N∑
k=j+1

λ

r3jk

(
~s∼j · ~s∼k −

3(~s∼j · ~rjk)(~s∼k · ~rjk)

r2jk

)

− h
N∑
j=1

s∼
z
j . (B1)

FIG. 17. Time evolution of initial state |ψB〉 w.r.t. Hamil-
tonian Eq. (B1) with coordinates Eq. (B2), N = 24 and for
different parameters λ. The video of 17(a) can be found at
[22].

We use the parameter λ to tune the strength of the
interaction. We also need spatial coordinates ~rj for all
spins. For simplicity we arrange them on the unit circle

~rj =

 cos(2πj/N)
sin(2πj/N)

0

 . (B2)

Figure 17 shows time evolutions for initial state |ψB〉
for two different parameters λ. As expected the spin ex-
pectation values decay the faster the larger the parameter
λ is. But even for a small λ in Fig. 17(a) the spins do not
synchronize at all. This can also be seen in the related
video at [22].
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