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We study the response of ideal spin systems which are interacting with both a strong oscillating
magnetic field, and a thermal environment, to a weak probing magnetic field. We demonstrate that
even the sign of the resulting mean magnetization depends on the amplitude of the driving field,
and that its absolute value can be significantly larger than the equilibrium magnetization in the
absence of time-periodic forcing. Since the underlying Floquet-state occupation probabilities are
determined by the precise form of the system-bath coupling, future measurements of such effects
have the potential to establish a particularly innovative line of research, providing information on
nonequilibrium thermodynamics, and giving access to quantities which usually remain hidden when
probing equilibrium systems.
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I. INTRODUCTION

The subject of quantum thermal magnetism, i.e., the
behavior of quantized magnetic moments simultaneously
affected by both an external static magnetic field and a
thermal environment, has been addressed by Brillouin al-
ready in 1927 [1, 2]: The magnetic moment µ of atoms
possessing an electron shell with total angular momen-
tum J and Landé g-factor gJ takes the form µ = gJµBJ ,
where µB is the Bohr magneton. When such magnetic
moments are exposed to a homogeneous, constant mag-
netic field of strength B0, quantization of angular mo-
mentum gives rise to the energy levels

Em = −mgJµBB0 , (1)

with m = −J, . . . , J denoting the magnetic quantum
number. Assuming that the atoms are interacting with a
surrounding of temperature T , these levels are occupied
according to the universal Boltzmann distribution

peq.m =
1

Z0
exp

(
−
Em

kBT

)
, (2)

where kB is Boltzmann’s constant, normalization is en-
sured by the familiar canonical partition function Z0 =∑J

m=−J exp(−Em/kBT ), and the superscript “eq.” indi-
cates thermal equilibrium. With N magnetic moments
in a volume V the resulting magnetization reads

M =
N

V
gJµB〈m〉eq. , (3)

where the thermal expectation value

〈m〉eq. =

J∑

m=−J

mpeq.m (4)

can be expressed explicitly in terms of the so-called Bril-
louin function of order J [2]. An experimental study

of such spin paramagnetism with Cr+++, Fe+++ and
Gd+++ by Henry in 1952 has resulted in spectacular
agreement with this theoretical prediction [3]. Thus,
when accepting equilibrium thermodynamics as a firmly
established proposition, measurement of the thermal
magnetization of paramagnetic substances provides a
striking experimental proof for the space quantization of
magnetic dipoles [3].

The present deliberations are meant to demonstrate
that this time-honored reasoning can be logically reversed
by novel experiments involving oscillating fields which
may be so strong that they fall outside the regime of lin-
ear response, and therefore are not covered by the well-
established concept of AC susceptibility [4–6]: Accept-
ing the quantization of angular momentum as given fact,
measurement of the mean magnetization of paramagnetic
materials in strong time-periodic magnetic fields pro-
vides information on a particular form of nonequilibrium
thermodynamics that is becoming known as “periodic
thermodynamics” [7]. Such periodic thermodynamics
refers to quantum systems that are both driven by a
time-periodic external force, and interacting with a heat
bath of fixed temperature [8–21]. As a consequence of
time-periodic forcing, the driven system possesses a com-
plete set of Floquet states; as a consequence of their in-
teraction with the heat bath, a nonequilibrium steady
state establishes itself which is characterized by a quasi-
stationary distribution of Floquet-state occupation prob-
abilities. Quite unlike the universal Boltzmann distri-
bution (2), such Floquet-state distributions depend on
the very details of the system-bath interaction [7, 22–
24]. Therefore, measurements of these distributions, or
of observables directly governed by them, provide experi-
mental access to system-bath coupling mechanisms, or to
details of the heat bath itself, which remain unobservable
when probing equilibrium systems. Here we outline the
ramifications of this general concept for driven spin sys-
tems, extending our previous work [25]. We start with
a brief sketch of the theoretical basics in Sec. II, then

http://de.arxiv.org/abs/2005.11024v1


2

discuss numerical model calculations providing cases in
point in Sec. III, and summarize the key issues in Sec. IV.

II. THE CONCEPT OF QUASITHERMAL

MAGNETISM

We write the Hamiltonian of a spin J acted on by both
a static and an oscillating magnetic field in the form

H(t) = H0 +Hosc(t) , (5)

where

H0 = ~ω0Sz , (6)

with Sx, Sy, Sz denoting the components of the di-
mensionless spin operator, so that the frequency ω0 =
−gJµBB0/~ encodes the strength of the static field B0

oriented along the z-axis, in accordance with Eq. (1).
Note that ω0 may adopt both signs, depending on the
sign of gJ . Considering, to begin with, an oscillating
field which is right-circularly polarized in the x-y-plane
with angular frequency ω and amplitude B1, one has

H(r)
osc(t) = ~F

(
Sx cos(ωt) + Sy sin(ωt)

)
, (7)

thus introducing a further frequency F = gJµBB1/~.
The Floquet states

|ψm(t)〉 = |um(t)〉 exp(−iεmt/~) (8)

of this system, that is, the complete set of solutions
of the time-dependent Schrödinger equation pertaining
to the Hamiltonian (5) with periodic Floquet functions
|um(t)〉 = |um(t+ 2π/ω)〉, have been determined analyt-
ically [25]. Their quasienergies are given by

εm =

[
~ω

2

]
±m~Ω mod ~ω , (9)

where the contribution ~ω/2 in square brackets figures
for half-integer J only and vanishes otherwise;

Ω =
√
(ω0 − ω)2 + F 2 (10)

is the Rabi frequency, and the ±-sign may conventionally
be selected such that εm reduces to the energy Em (mod-
ulo ~ω) when F goes to zero. Figure 1 depicts an interval
−~ω/2 ≤ ε < +~ω/2 of this quasienergy spectrum (9),
corresponding to one Brillouin zone, for J = 7/2 and
ω0/ω = 0.1 vs. the scaled driving strength F/ω. In
this case of high-frequency driving with positive ω0, that
is, for ω ≫ ω0 > 0, the canonical representatives of the
quasienergy eigenvalues, i.e., those representatives which
connect continuously to the energy eigenvalues of H0, ef-
fectively attract each other when the driving amplitude is
increased from zero to small finite values, and cross. This
complete quasienergy collapse indicates the principal res-
onance Ω = ω, implying (F/ω)2 = 2ω0/ω − (ω0/ω)

2,

0.0 1.0 2.0
F / ω

-0.5

0.0

0.5

ε 
/ h-

- ω

FIG. 1. One Brillouin zone of quasienergies for a spin J = 7/2
driven by a right-circularly polarized high-frequency magnetic
field according to Eq. (7), and exposed to a static magnetic
field of scaled strength ω0/ω = 0.1. Observe the complete
quasienergy collapse at F/ω ≈ 0.44, indicating the principal
resonance Ω/ω = 1. Further particularly high degeneracies
appear at F/ω = 1.2 (Ω/ω = 3/2) and F/ω ≈ 1.79 (Ω/ω = 2).

so that all quasienergies are degenerate (modulo ~ω).
Also visible in Fig. 1 is another conspicuous resonance
for which Ω = 2ω, and a further, less obvious resonance
occuring when Ω = 3ω/2, giving rise to two points of
degeneracy in the Brillouin zone, separated by ~ω/2.
The Hamiltonian (5) of the driven spin acts on a

Hilbert space Hsys of finite dimension 2J + 1. We now
couple this system weakly to a heat bath consisting of
infinitely many, thermally occupied harmonic oscillators,
described by a bath Hamiltonian Hbath on a correspond-
ing Hilbert space Hbath. Let us briefly summarize the
required formal steps [22, 23, 25]: The total Hamilto-
nian on the composite space Hsys⊗Hbath can be written
as [26]

Htotal(t) = H(t)⊗ 1+ 1⊗Hbath +Hint . (11)

For the sake of definiteness, here we choose a bilinear
system-bath coupling of the form

Hint = V ⊗
∑

ω̃

(
bω̃ + b†ω̃

)
, (12)

where

V = γxSx + γySy + γzSz (13)

with adjustable coefficients γx, γy, γz carrying the dimen-

sion of energy, and where bω̃ (b†ω̃) denotes an annihilation
(creation) operator for a bath oscillator with frequency ω̃;
the sum in Eq. (12) extends over all such oscillators. Nat-
urally, the constraint that the system-bath coupling be
weak requires |γx,y,z| ≪ ~|ω0|.
Writing the Fourier decomposition of a transition ma-

trix element between Floquet states i and f as

〈uf (t)|V |ui(t)〉 =
∑

ℓ∈Z

V
(ℓ)
fi exp(iℓωt) , (14)
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and introducing the corresponding transition frequencies

ω
(ℓ)
fi = (εf − εi)/~+ ℓω , (15)

one finds the partial transition rates

Γ
(ℓ)
fi =

2π

~2
|V

(ℓ)
fi |2N(ω

(ℓ)
fi ) ̺(|ω

(ℓ)
fi |) . (16)

Here the thermal expectation values

N(ω̃) =
±1

exp(β~ω̃)− 1
(17)

quantify the mean occupation numbers of the bath os-
cillators, with β = 1/(kBT ) indicating the inverse bath
temperature. The plus (minus) sign applies to positive
(negative) transition frequencies ω̃; observe that each
transition among Floquet states is associated with an
infinite ladder (15) of such frequencies. Moreover, the
quantity ̺(ω̃) entering the partial rates (16) denotes the
spectral density of the bath oscillators. The total rate
of transitions among the Floquet states i and f then is
given by the sum

Γfi =
∑

ℓ∈Z

Γ
(ℓ)
fi . (18)

The desired quasistationary distribution {pn} of Floquet-
state occupation probabilities which results from the
combined effects of time-periodic driving and bath-
induced transitions, and which in periodic thermodynam-
ics replaces the equilibrium Boltzmann distribution (2),
finally is obtained as a solution to the master equation

∑

m

(
Γnmpm − Γmnpn

)
= 0 . (19)

The golden rule for Floquet states, which underlies the
partial rates (16), requires that the bath is not affected
by the time-periodic driving field [13], in the sense of
the usual Born approximation. If this condition is not
met, and the bath itself “feels” the drive, one may ob-
tain different results, as has been exemplified in Ref. [8].
The analytical calculation of such Floquet-state occupa-
tion probabilities is feasible for certain integrable systems
only [13, 20, 22, 23, 25]; in general, the above framework
has to be implemented numerically.
Thus, when an ideal paramagnetic material is strongly

driven by an oscillating field B1, while interacting with a
thermal environment and being probed by a static field
B0 directed along the z-axis, the resulting nonequilibrium
“quasithermal” magnetization is still given by a relation
of the general form (3), but the usual thermal expectation
value (4) now has to be replaced by the Floquet-state
expectation value [25]

〈〈m〉〉 =

J∑

m=−J

〈〈um(t)|Sz |um(t)〉〉 pm , (20)

where double brackets indicate one-cycle averaging,

〈〈um(t)|Sz |um(t)〉〉 =
ω

2π

∫ 2π/ω

0

dt 〈um(t)|Sz |um(t)〉 . (21)

As emphasized above, the particular interest in this sce-
nario stems from the observation that, in contrast to their
equilibrium antecessors (2), the Floquet-state occupation
probabilities pm are not universal, but do depend on the
way the driven system is interacting with its environ-
ment. We suggest that this unfamiliar, but experimen-
tally detectable fact may be exploited in a twofold man-
ner: Measuring Floquet-state expectation values, such as
the quasithermal averages (20), provides information on
the system-bath coupling, or on properties of the bath.
On the other hand, deliberate engineering of the system-
bath coupling may allow one to create systems exhibiting
unusual forms of magnetic response.

III. NUMERICAL EXAMPLES

We now illustrate the above general concept with the
help of selected model calculations, intending to high-
light typical novel effects. In Fig. 2 we depict quasither-
mal expectation values (20) for J = 7/2, ω0/ω = 0.1,
and right-circularly polarized driving (7), as correspond-
ing to the spectrum shown in Fig. 1. In this case the
Floquet matrix elements 〈um(t)|Sz |um(t)〉 do not depend
on time [25], eliminating the necessity to compute their
temporal averages (21). Here we have set, somewhat ar-
bitrarily, γy = γz = 0, and consider three spectral bath
densities as three prototypical examples for different en-
vironments: A constant density ̺(ω̃) = ̺0 (dotted lines),
a superohmic quadratic density

̺(ω̃) = ̺0 (ω̃/ω)
2 (22)

(dashed lines), and a Gaussian density

̺(ω̃) = ̺0 exp
(
− (ω̃ − ωc)

2/2ω2
)

(23)

with center frequency ωc/ω = 5.0 (full lines). For
both bath temperatures presupposed in Fig. 2 one en-
counters a striking manifestation of the non-universality
of periodic thermodynamics: While all three densities
necessarily lead to the same magnetization (4) in ordi-
nary thermodynamics, i.e., for vanishing driving ampli-
tude, namely, 〈m〉eq ≈ −0.52 for kBT/(~ω) = 1.0 and
〈m〉eq ≈ −2.92 for kBT/(~ω) = 0.1, the quasithermal ex-
pectation values differ distinctly from each other when
the drive is turned on. Since positive ω0 correspond
to negative g-factors, the spin tends to align antiparal-
lelly to the applied static field when the oscillating field
vanishes, requiring negative expectation values 〈〈m〉〉 for
F/ω → 0. Remarkably, in all three cases the sign of
the magnetization changes when the oscillating field be-
comes sufficiently strong [25], as if the sign of gJ were re-
versed through the application of a strong time-periodic
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FIG. 2. Quasithermal expectation values (20) for J = 7/2,
ω0/ω = 0.1, and right-circularly polarized driving described
by Eq. (7). Here γy = γz = 0; the scaled bath temperature is
kBT/(~ω) = 1.0 in the upper panel (a), and kBT/(~ω) = 0.1
in the lower one (b). The bath density of states is taken to be
constant (dotted), quadratic (dashed) according to Eq. (22),
and Gaussian (full lines) with ωc/ω = 5.0, see Eq. (23).

drive. The most notable differences enforced by the dif-
ferent environments appear close to the principal reso-
nance, Ω/ω = 1. While the response of a system with
constant density of states to the probing field is not par-
ticularly affected by this resonance, but vanishes when
Ω = ω, the response of a system with Gaussian density
of states exhibits a pronounced dip at this resonance,
again vanishing exactly for Ω = ω. In marked contrast,
the superohmic quadratic density of states gives rise to
a maximum of the effective mean magnetization when
Ω = ω. These differences can be explained by analyz-

ing the individual factors |V
(ℓ)
fi |2, N(ω

(ℓ)
fi ), and ̺(|ω

(ℓ)
fi |),

which easily conspire to affect the partial rates (16) in a
non-obvious manner, with the density of states serving to
enhance or suppress these partial rates for certain ℓ [24].
The resonance at Ω/ω = 3/2 only reveals itself through
sharp spikes in this Fig. 2, whereas no signal can be
seen for Ω/ω = 2. We remark that the golden rule-
based approach leading to the partial rates (16) might

0.0 5.0 10.0
F / ω

-0.5

0.0

0.5

ε 
/ h-

- ω

FIG. 3. One Brillouin zone of quasienergies for a linearly
driven spin J = 7/2 with ω0/ω = 0.1. Observe how the scale
of the abscissa here differs from that in Fig. 1.

seem endangered close to a resonance, since a vanish-
ing transition frequency (15) entails a diverging expecta-
tion value (17). However, the Floquet-state occupation
probabilities then are determined by ratios of rates. Ac-
cording to the detailed analysis performed in Ref. [20]
these ratios actually remain finite despite the divergence
of both numerator and denominator, strongly suggesting
that the golden rule does not lose its validity on reso-
nance.
From an experiment-oriented viewpoint it deserves to

be pointed out that the maximum absolute value of the
quasithermal magnetization deduced from Fig. 2 for com-
paratively high bath temperature, kBT = ~ω = 10 ~ω0,
is comparable to the bare equilibrium magnetization oc-
curring at much lower temperature, kBT = ~ω/10 = ~ω0.
Hence, application of an oscillating field can strongly en-
hance the magnetization of a paramagnet, as correspond-
ing to an effective cooling of the system.
The sign change of the quasithermal magnetization is

related to the crossing of all quasienergies observed in
Fig. 1 at the principal resonance. In order to further
illustrate this connection we also consider a linearly po-
larized driving field applied orthogonally to the static
one,

H(lin)
osc (t) = ~FSx cos(ωt) . (24)

The corresponding quasienergy spectrum, again for J =
7/2 and ω0/ω = 0.1, is shown in Fig. 3. This spectrum is
described to fair precision by the high-frequency approx-
imation

εm = Em J0(F/ω) mod ~ω (25)

known from tight-binding chains with nearest-neighbor
coupling under periodic driving [27], with J0(z) denoting
the Bessel function of the first kind of order zero. Thus,
here one finds a sequence of complete quasienergy level
crossings at the zeros of J0.
Now assuming isotropic coupling γx = γy = γz , and

employing the same three bath densities ̺(ω̃) as be-



5

0.0 5.0 10.0
F / ω

-1.0

0.0

1.0

<
  <
 m

 >
  >

(a)

0.0 5.0 10.0
F / ω

-3.0

-2.0

-1.0

0.0

1.0

<
  <
 m

 >
  >

(b)

FIG. 4. Quasithermal expectation values (20) for J = 7/2,
ω0/ω = 0.1, and linearly polarized driving described by
Eq. (24). Here γx = γy = γz; the scaled bath temperature is
kBT/(~ω) = 1.0 in the upper panel (a), and kBT/(~ω) = 0.1
in the lower one (b). The bath density of states is taken to be
constant (dotted), quadratic (dashed) according to Eq. (22),
and Gaussian (full lines) with ωc/ω = 5.0, see Eq. (23).

fore, the resulting quasithermal expectation values (20)
are plotted in Fig. 4. Interestingly, for both tempera-
tures kBT/(~ω) = 1.0 and kBT/(~ω) = 0.1 there is no
sign change of the effective magnetization when the den-
sity of states is constant, but 〈〈m〉〉 becomes zero at the
quasienergy collapse points observed in Fig. 3. In con-
trast, both the quadratic density (22) and the Gaussian
density (23) give rise to repeated sign changes of the mag-
netization when the driving amplitude is increased; note
that in any case the quasithermal magnetization vanishes
at the collapse points.
Further information on the interplay of the quasienergy

spectrum and the quasithermal magnetization is ob-
tained when replacing the right-circularly polarized driv-
ing field (7) by a left-circularly polarized one, as given
by

H(l)
osc(t) = ~F

(
Sx cos(ωt)− Sy sin(ωt)

)
. (26)

In order to elucidate the underlying symmetry properties,
we consider the quasienergy operator for right-circular

0.0 1.0 2.0
F / ω
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0.0

0.5
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- ω

FIG. 5. One Brillouin zone of quasienergies for a spin J = 7/2
driven by a left-circularly polarized high-frequency magnetic
field according to Eq. (26), and exposed to a static magnetic
field of scaled strength ω0/ω = 0.1. High degeneracies are
found at F/ω ≈ 1.02 (Ω/ω = 3/2) and F/ω ≈ 1.67 (Ω/ω = 2).

driving, that is, the operator

K(r) = H0 +H(r)
osc(t)− i~

d

dt
(27)

which determines the corresponding 2π/ω-periodic Flo-
quet functions |um(t)〉 and their quasienergies εm as so-
lutions of the eigenvalue equation

K(r)|um(t)〉 = εm|um(t)〉 , (28)

and subject this operator (27) to the spatio-temporal par-
ity operation

PT :

{
~S → −~S
t → −t

(29)

simultaneously reversing the sign of the components Sx,

Sy, Sz of the spin vector ~S, and that of the time coordi-
nate t. Under this operation, one has

K(r) → −K(l) , (30)

where K(l) is the quasienergy operator for left-circular
driving, being obtained from K(r) through the replace-

ment of H
(r)
osc(t) by its left-handed counterpart (26). Now

the operation (29) can be separated into two consecutive
steps: (i) a sign change of Sz alone, as corresponding to a
reversal of the direction of the static field B0, and (ii) the
combined remaining sign changes of Sx, Sy, and t, as cor-

responding to a transformation of H
(r)
osc(t) into −H

(l)
osc(t).

Since the sign of Hosc(t) does not affect the quasienergy
spectrum in any case, and −K(l) is isospectral to K(l),
this means that the quasienergy spectrum for left -circular
driving with positive ω0 is the same as that for right -
circular driving with negative ω0, and therefore again is
given by Eq. (9). This is intuitively clear, since changing
the “handedness” of the circularly polarized drive should
have the same effect as a reversal of the direction of the
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FIG. 6. As Fig. 2, but for left-circularly polarized driving
described by Eq. (26). Observe that the quasithermal mag-
netization is enhanced, so that the system is effectively cooled
through the application of moderately strong fields.

orthogonally applied static field. By analogous reasoning,
the quasithermal magnetization for left -circular driving
with positive ω0 is the negative of that for right -circular
driving with negative ω0. But with ω ≫ −ω0 > 0, the
canonical representatives of the quasienergies (9) repel
each other with increasing driving strength, as shown
in Fig. 5, so that there is no quasienergy collapse. As
a consequence, the quasithermal magnetization induced
by a left-circularly polarized driving field is substantially
different from that due to a right-circular drive, as ex-
emplified by Fig. 6 for the same conditions previously
considered in Fig. 2, except for the handedness of po-
larization. As expected, there is no sign change of the
quasithermal magnetization plotted in Fig. 6, reflecting
the absence of the principal resonance. However, for
moderate driving amplitudes a noteworthy increase of
the magnetization is achieved, reflecting “Floquet-state
cooling by driving” [24]. This effect is particularly visible
for kBT/(~ω) = 1.0 and the Gaussian density of states; in
that case the maximum quasithermal magnetization ex-
ceeds the equilibrium magnetization by a factor of more
than five.

IV. AN EXPERIMENTUM CRUCIS

Periodic thermodynamics of driven quantum systems,
as envisioned by Kohn [7], constitutes an area somewhere
in between equilibrum thermodynamics on the one hand,
and nonequilibrium thermodynamics of more general sys-
tems on the other. The fact that such periodically driven
systems possess a basis of states — the Floquet states
— which are occupied according to certain distributions
{pn} when being in contact with a heat bath is a fea-
ture they share with equilibrium systems. The fact that
these distributions are not universal, but do depend on
the very details of the system-bath interaction, distin-
guishes them sharply from equilibrium systems, and can
be exploited for deliberate quantum engineering.
The present model study has identified consequences of

periodic thermodynamics for ideal paramagnetic or dia-
magnetic spin systems in contact with a thermal envi-
ronment, which are well amenable to accurate experi-
mental investigation ever since Henry’s seminal measure-
ments [3]. The “quasithermal” magnetization exhibited
by such systems under the influence of a strong oscil-
lating magnetic field shows at least four characteristic
signatures:

• Different paramagnetic materials which respond in
precisely the same universal way to a static mag-
netic field in thermal equilibrium [1, 2] may respond
differently in the presence of an additional strong
oscillating field, depending on how the spins inter-
act with their environment.

• In case of a circularly polarized driving field, quasi-
thermal magnetization is strongly sensitive to the
former’s handedness.

• The quasithermal magnetization in the presence of
periodic driving can be even larger than the equilib-
rium thermal magnetization in the absence of the
drive, as if the system was effectively cooled [24].

• Even the sign of the quasithermal magnetization
can be different from that of the equilibrium ther-
mal magnetization [25], reflecting a quasienergy
collapse.

Verification of these signatures constitutes an experi-
mentum crucis for periodic thermodynamics: They are
so elemental that they simply have to exist if the under-
lying theoretical framework is correct.
Extensive experimental measurements of quasithermal

magnetization will not only be of conceptual merit, but
also provide information not available otherwise, because
quasithermal magnetic response encodes the details of
the mechanism by which the driven spins are interacting
with their surroundings. While these details necessar-
ily have to remain hidden in measurements of ordinary
thermal magnetism, due to the censorship imposed by
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the universality of equilibrium thermodynamics, the non-
universality of periodic thermodynamics has the power to
lift this censorship, and to make them visible.
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