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The magnetic properties and spin dynamics of the spin frustrated polyoxometalate {W72V30},
where 30 V4+ ions (s = 1/2) occupy the sites of an icosidodecahedron, have been investigated
by low temperature magnetization, magnetic susceptibility, proton and vanadium nuclear magnetic
resonance, and theoretical studies. The field-dependent magnetization at 0.5 K increases monoton-
ically up to 50 T without any sign of staircase behavior. This low-temperature behavior cannot be
explained by a Heisenberg model based on a single value of the nearest-neighbor exchange coupling.
We analyze this behavior upon assuming a rather broad distribution of nearest-neighbor exchange
interactions. Slow spin dynamics of {W72V30} at low temperatures is observed from the magnetic
field and temperature dependence of nuclear spin-lattice relaxation rate 1/T1 measurements.

PACS numbers: 75.10.Jm,75.50.Xx,75.40.Mg
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I. INTRODUCTION

Nanometer sized highly symmetric polyoxometalate
molecules constitute a fascinating class of molec-
ular materials.1–8 The series of Keplerate46 clus-
ters {Mo72Fe30},2,4 {Mo72Cr30},9 {Mo72V30},10,11 and
{W72V30}12 is from a magnetism point of view of special
interest since in these bodies paramagnetic ions occupy
the vertices of a nearly perfect icosidodecahedron – one
of the Archimedian solids.

FIG. 1: (Color online) The core structure of the presently
investigated Keplerate cluster is an icosidodecahedron. The
bullets represent the 30 spin sites and the edges correspond to
the 60 exchange interactions between nearest-neighbor spins.

Figure 1 shows the structure of the icosidodecahedron:
spin sites are displayed by bullets, edges represent in-
teraction pathways between nearest-neighbor spins, see
the Heisenberg model Hamiltonian given in (1). If such
interactions are of antiferromagnetic nature, i.e. fa-
vor antiparallel alignment in the ground state, a mag-
netic structure that consists of triangles is said to be
frustrated.13–15 In this respect the icosidodecahedron be-

longs to the archetypical class of frustrated spin sys-
tems made of corner-sharing triangles as does the two-
dimensional kagomé lattice antiferromagnet.16–21 Com-
pared to other antiferromagnetically coupled spin sys-
tems, such as spin rings for instance, these structures
possess unusual features generated by the frustration: (1)
many low-lying singlet states below the lowest triplet ex-
citation, (2) an extended plateau of the magnetization at
one-third of the saturation magnetization when plotted
versus field at low temperatures, and (3) a large magne-
tization jump to saturation, again as function of applied
magnetic field.19,22–24 The last feature is intimately con-
nected with a huge magnetocaloric effect.25,26 It is the
hope that valuable insight about the physics of lattices
such as the kagomé lattice can be gained by studying the
finite-size bodies.

Surprisingly, it turned out that the low-temperature
magnetization versus external field B of {Mo72Fe30} and
{Mo72Cr30} deviates substantially from the expectation
for a regular icosidodecahedron with a single nearest-
neighbor exchange interaction.27 Although the temper-
ature dependence of the weak-field susceptibility could
be rather well reproduced by a Heisenberg model with
a single exchange constant, the low-temperature mag-
netization could not. Later investigations revealed a
strong dependence at low temperatures T of the differ-
ential susceptibility ∂M/∂B on T and B.27,28 These re-
sults were explained in the framework of classical spin
dynamics by assuming a distribution of random nearest-
neighbor exchange interactions.27,28 This means that the
exchange interactions between nearest neighbor spins of
each molecule in the bulk sample are selected from a ran-
dom distribution whose mean exchange constant repro-
duces the high-temperature results. The mere fact that
exchange interactions of a real substance might fluctuate
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around a mean value might not be surprising. What is
indeed surprising is the large spread of values that had
to be assumed: the exchange interactions J had to vary
from half to twice the mean J (in the non-symmetric
distribution).27

In this article we discuss the magnetic properties of a
recent member of the family of Keplerates, {W72V30},
where 30 V4+ ions (spins s = 1/2) occupy the sites of
the icosidodecahedron. In a previous work, the high-
temperature (T > 70 K) part of the susceptibility
data measured at B = 0.5 T could be successfully ex-
plained using the Quantum Monte Carlo method (QMC)
on choosing the antiferromagnetic nearest-neighbor ex-
change constant J = −57.5 K and the spectroscopic
splitting factor g = 1.95.12 These numerical values are
associated with a Heisenberg Hamiltonian written as

H∼ = −2J
∑
<i,j>

~s∼i · ~s∼j + g µB B
∑
i

s∼
z
i . (1)

Here < i, j > indicates a sum over distinct nearest-
neighbor pairs and µB denotes the Bohr magneton.
The QMC method could not be used to establish the
magnetic properties of this system below 70 K due
to the well-known negative-sign problem for frustrated
spin systems.29 Herein lies the important advantage of
{W72V30}: Due to the small spin quantum number,
s = 1/2, of the individual V4+ ions, rather than us-
ing classical methods, highly accurate quantum calcu-
lations can be performed despite the huge size (230 =
1, 073, 741, 824) of the Hilbert space dimension for this
system. As shown below, we are able to calculate the
relevant thermodynamic observables as functions of both
temperature and applied field by means of the Finite-
Temperature Lanczos Method (FTLM).30,31 In particu-
lar, we are able to show that calculations based on (1)
on choosing a single value of J do not agree with the
measured susceptibility data below 15 K and especially
the field-dependence of the low-temperature magnetiza-
tion. However, we are able to achieve reasonable agree-
ment between theory and experiment upon generalizing
(1) so that the numerical value of the exchange constant
for any given nearest-neighbor pair is selected using a
broad probability distribution constrained so that the
mean value equals -57.5 K. Our analysis allows us to es-
timate the magnitude of the exchange disorder in the
compound. As for the other Keplerates, that magnitude
is surprisingly large, given the fact that x-ray structure
investigations point to a highly symmetric exchange net-
work.

The article is organized as follows. In Sec. II we briefly
provide experimental and theoretical details. In Sec. III
we provide our experimental results (susceptibility versus
T , low temperature magnetization versus B, and NMR
measurements) and wherever possible compare with our
model calculations. The article closes with a brief sum-
mary.

II. EXPERIMENTAL AND THEORETICAL
METHODS

Polycrystalline samples of {W72V30}=
K14(VO)2[K20 ⊂{(W)W5O21(SO4)}12(VO)30(SO4)(H2O)63]
·150 H2O were synthesized using the procedure given in
Ref. 12. The temperature dependence of the magnetic
susceptibility χ = M/B for fixed B = 0.1 T was
measured at Ames Laboratory in a temperature range of
1.9-300 K using a Quantum Design Magnetic Properties
Measurement System. Magnetization measurements
were made at the high-field facilities at the Institute for
Materials Research (IMR) of Tohoku University. Using
pulsed fields, values of the magnetization were achieved
for field strengths up to 50 T. Two types of cryostats, a
conventional 4He bath type cryostat and a gas-flow type
cryostat, were used for the low and high temperature
ranges, respectively. Nuclear magnetic resonance (NMR)
measurements were carried out at Ames Laboratory
on 1H (I = 1/2, γ/(2π) = 42.5775 MHz/T) and 51V
(I = 7/2, γ/(2π) = 11.193 MHz/T) by using an in-house
phase-coherent spin-echo pulse spectrometer. The NMR
spectra were obtained either by Fourier transform of
the echo signal or by sweeping B. The NMR echo
signal was obtained by means of a Hahn echo sequence
with a typical π/2 pulse length of 1.0 µs. The nuclear
spin-lattice relaxation time T1 was measured by the
saturation method with the frequency at the highest
peak position of the NMR spectrum.

Our numerical FTLM calculations for the Heisenberg
model were performed on a supercomputer. We employed
the SGI Altix 4700 as well as the SuperMIG cluster at the
German Leibniz Supercomputing Center using openMP
parallelization with up to 510 cores.

III. RESULTS AND INTERPRETATION

A. Weak-field susceptibility

Figure 2 (a) shows the temperature dependence of the
molar susceptibility χ measured at a field of 0.1 T. The
measured data (open red circles, corrected for the effects
of diamagnetism and temperature independent param-
agnetism) increases monotonically with decreasing T and
obeys Curie’s law for the lowest T . The latter behavior is
due to the presence of the V4+ spins of two uncorrelated
vanadyl ions, VO2+, per formula unit located between
the individual {W72V30} molecules.12 The contribution
of these ions, denoted by χimp, is shown by the solid
curve in Fig. 2 (a). Subtracting that contribution from
the measured susceptibility yields values of the intrin-
sic susceptibility, to be denoted by χ0, of the {W72V30}
molecules. This data (solid black circles) shows a broad
peak around 20 K and a rapid decrease below approx-
imately 10 K, indicating a singlet ground state for the
{W72V30} molecule. The data for χ0 is shown in an ex-
panded scale in Fig. 2 (b). The solid curve corresponds to



3

0 50 100 150 200 250 300
0.00

0.05

0.10

0.15

0.20

0.25

0 10 20 30
0.00

0.02

0.04

0.06

0.08

0.10

 

 

χ 
(c

m
3 /m

ol
)

T (K)

 χ
 χ0 

 χimp 

(a)

 χ0

 theory 
       (single J model)

(b)

 

 T  (K)

χ 0 (c
m

3 /m
ol

)

FIG. 2: (Color online) Molar magnetic susceptibility at B =
0.1 T as function of temperature: (a) measured data of the
crystalline compound (red circles), contribution of two lattice
VO2+ (solid blue curve), and intrinsic susceptibility χ0 of the
Keplerate cluster {W72V30} (black circles), compare Ref. 12.
(b) intrinsic susceptibility χ0 (black circles) and theoretical
susceptibility using the single-J model (see text).

the results for χ0 as obtained using the model Hamilto-
nian of (1) for the above values J = −57.5 K and g = 1.95
(the “single-J model”). Good agreement between theory
and experiment is obtained only for T > 15 K. Below
that temperature the two data sets depart markedly from
each other.

B. Low temperature magnetization

In Fig. 3 the solid blue curve corresponds to our data
for the intrinsic magnetization versus external field as ob-
tained by pulsed-field measurements at 0.5 K. The exper-
imental data is corrected for two lattice VO2+. The black
dashed-dotted curve is the result obtained for the single-
J model. Note the striking staircase behavior of the
theoretical curve for this temperature. Surprisingly, the
experimental data shows no signs of staircase behavior.
This negative result is similar to that for {Mo72Fe30} and
{Mo72Cr30}. The latter systems possess much smaller ex-
change couplings so one could imagine that the expected
steps are more readily washed out due to structural fluc-
tuations or possibly as a result of single-ion anisotropy
or Dzyaloshinskii-Moriya interactions.32 However, for the
present system the magnetization steps of the theory are

FIG. 3: (Color online) Intrinsic magnetization of the Kepler-
ate anion {W72V30} as function of applied field for T = 0.5 K.
Pulsed-field data are given by the blue curve, the theoret-
ical magnetization for the single-J model is shown by the
black dashed-dotted curve, and for the multiple-J model with
∆J/J = 0.3 by the red curve.

so well separated that one would expect to see at least a
hint of them. Moreover, single-ion anisotropy is absent
for V4+ ions with spin s = 1/2.

C. Distribution of nearest-neighbor couplings

In view of the above striking discrepancies between ex-
periment and theory, and in particular the failure of the
single-J model at low T values (see also Ref. 27) we as-
sume that this might be due to possible low-temperature
structural distortions (as e.g. observed in some kagome
lattices33–35), the sensitivity of the exchange interac-
tions on the local environment (highly charged anionic
and cationic lattice with many dipolar crystal water
molecules that possibly order). It is very important at
this point to understand that a symmetric structural dis-
tortion that would express itself in just a few distinct
exchange interactions would only alter the staircase in
a minor way but could not wash it out completely. For
this to happen one needs a very large number of different
interactions within each and every molecule.

Since the calculations are very computer-intensive we
aim for a coarse estimate of the size of the exchange
variation. To this end we used a flat distribution with
J − ∆J < J < J + ∆J and evaluated the magnetic
observables for ∆J/J = 0.1, 0.2, 0.3, 0.5, with the mean
J = −57.5 K. Figure 4 shows the magnetization versus
field for various choices of ∆J . As can be deduced already
from a small number of samples, step-like behavior per-
sists for ∆J/J = 0.2 and below. It turns out that the
data for ∆J/J = 0.3 comes closest to the experimental
data, and that choice is shown as the red curve in Fig. 3.
Since we averaged over only 50 samples that curve is still
somewhat wiggly but it is sufficiently converged to war-
rant our conclusions.
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FIG. 4: (Color online) Intrinsic magnetization of the Kepler-
ate anion {W72V30} as function of applied field for T = 0.5 K.
Curves for various exchange variations ∆J/J are compared to
the pulsed field data.
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FIG. 5: (Color online) Molar magnetic susceptibility, χ0, at
B = 0.1 T as function of temperature. The curves are the
result of our simulations for ∆J/J = 0.3 and 0.

Finally, shown in Fig. 5 are the results for the intrin-
sic susceptibility χ0 as obtained from our measurements,
for the single-J model, as well as for exchange variation
with ∆J/J = 0.3. We conclude that the introduction
of exchange variation yields results that are in reason-
ably good agreement with our experimental susceptibil-
ity data.

D. NMR measurements

1. 1H-NMR spectrum

1H-NMR spectra were measured for a magnetic field
B = 2.86 T as a function of temperature from 1.8 to
150 K. A single NMR line is observed and the line broad-
ens with decreasing temperature as shown in Fig. 6 (a)
where the temperature dependence of the line width (full
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FIG. 6: (a) 1H-NMR line width (FWHM) at B = 2.86 T as
a function of temperature. The solid curve shows the fitting
result a+ bMimp (see text). (b) T -dependence of the intrin-
sic line width, (FWHM)0, given by cM0. The solid line is
the calculated T -dependence of the magnetization with the
exchange disorder ∆J/J = 0.3 for the same field.

width at half maximum, FWHM) is plotted. The FWHM
in {W72V30} can be expressed as the sum a+ bMimp +
cM0. The constant term a originates from nuclear-
nuclear dipolar interactions of the order of 10 Oe, and
the second and third terms represent the dipolar field
contributions produced by the V4+ spins of the lattice
VO2+ ions and the intrinsic magnetic molecule, respec-
tively. The quantitiesMimp andM0 are the correspond-
ing magnetizations and b and c are parameters related to
the average dipolar hyperfine coupling associated with
the two sets of V4+ spins. In particularMimp is propor-
tional to the standard expression tanh(µBB/kBT ) for in-
dependent spins s = 1/2. The increase of the FWHM at
low temperatures is well reproduced by the above expres-
sion on choosing a ∼ 13 Oe and b ∼ 6 Oe/µB as shown
by the solid lines in Fig. 6 (a). By subtracting these
contributions from the total FWHM, we obtain the in-
trinsic line width, to be denoted by (FWHM)0, that is
proportional to M0. That data is shown in Fig. 6 (b)
and it has a broad peak around 10 K. The solid curve in
Fig. 6 (b) corresponds to the theoretical result forM0 for
exchange disorder ∆J/J = 0.3 and for an external mag-
netic field of B = 2.86 T. The experimental data is in
reasonable agreement with the theoretical result. In this
context one should also keep in mind that the NMR re-
laxation deviates from a single exponential behavior due
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to many inequivalent proton positions of this water rich
substance, see also Refs. 36,37.

2. 51V-NMR spectrum
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FIG. 7: (Color online) (a) Typical 51V-NMR spectra mea-
sured at f = 80.7 MHz for various temperatures. The blue
curve shows a typical powder-pattern NMR spectrum with
νQ = 0.25 MHz. The red curve is the simulated NMR spec-
trum with ∼ 40 % distribution of νQ. (b) Temperature de-
pendence of 51V NMR shift and line width (FWHM).

Figure 7 (a) shows typical 51V-NMR spectra measured
at f = 80.7 MHz for various temperatures. The 51V nu-
cleus has nuclear spin I = 7/2 so that one expects seven
quadrupole-split lines. These spectra can be calculated
using a simple nuclear spin Hamiltonian38

H∼ = γ~~I · ~Beff +
hνQ

6

(
3I2

z − I(I + 1)
)
, (2)

where ~Beff is the effective field (the sum of the external

field ~B and the hyperfine field ~Bhf) at the V4+ site, h is
Planck’s constant, and νQ is the nuclear quadrupole fre-
quency. The latter quantity is proportional to the Elec-
tric Field Gradient (EFG) at the V4+ site (an asymmetric
parameter of EFG is assumed to be zero for simplicity).
The blue curve in Fig. 7 (a) shows a typical powder-
pattern spectrum calculated from the simple Hamilto-
nian with νQ = 0.25 MHz. In order to reproduce the
observed spectrum, one needs to introduce a distribution
of νQ. By taking ∼ 40 % distributions (∆νQ ∼ 0.1 MHz),

one can well reproduce the observed spectrum as shown
by the red curve in the figure. The wide distribution of
νQ, which reflects the distribution of the EFG, indicates
a high degree of inhomogeneity of the local environments
of the vanadium spins, which is mainly due to the large
difference between the distances of the two axial V - O
bonds, one longer single and one shorter terminal double
bond (see crystal structure in Ref. 12).

The temperature dependence of the NMR shift (de-
noted by K) and FWHM for the 51V NMR spectrum is
shown in Fig. 7 (b); both show a very weak tempera-
ture dependence. The hyperfine coupling constant can
be estimated from the T -dependence of K by compar-
ing with the T -dependence of χ0. The resulting value
is very small, less than 100 Oe/µB . Usually the hyper-
fine coupling constant for V4+ ions will be dominated by
core-polarization, of the order of −100 kOe/µB ,39 which
is three orders of magnitude larger than our result. One
might attempt to explain the very small value of K by
suggesting that the separate contributions to the total
hyperfine field from, first, intra-atomic interactions of d
electron orbitals and dipolar hyperfine field and, second,
the transferred hyperfine field due to other V ions, nearly
cancel. We believe, that this is not the case because 1/T1

of 51V is almost 50 times smaller than that of 1H as will
be shown in the following section. Since 1/T1 is given by
a sum of all contributions of the hyperfine fields and each
contribution is proportional to the square of the hyper-
fine coupling constant, it follows that 1/T1 of 51V should
be larger than that of 1H even if the total hyperfine field
is small due to the cancellation. At present we do not
have a clear explanation for the small hyperfine field on
V in {W72V30}. It should however be noted that the ob-
served V NMR signal is not coming from non-magnetic V
impurities as can be clearly seen in the 1/T1 data where
51V-T1 shows a similar T -dependence with that of 1H-T1.

3. Nuclear spin lattice relaxation rate 1/T1

To investigate the dynamical properties of the V4+

spins, we have carried out 1H-T1 measurements in the
temperature range 1.5− 100 K. We find that 1/T1 is al-
most independent of temperature above ∼ 30 K. Below
∼ 30 K, with decreasing temperature, 1/T1 starts to in-
crease and then shows a peak around 6 K at B = 1.17 T.
As the external magnetic field increases, the peak tem-
perature of 1/T1 shifts to higher temperatures and at the
same time the peak height decreases.

In recent years it has been found,40–42 that in many
antiferromagnetic rings and clusters of spins s > 1/2 the
quantity 1/T1 is well approximated by the formula

1

T1
= Aχ0 T

Γ

Γ2 + ω2
L

, (3)

where the electronic correlation frequency Γ is given by a
near-universal power law temperature dependence with
an exponent in the range 3.5 ± 0.5, and A is a fitting
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constant independent of both H and T related to the hy-
perfine field. The form of (3) is due to the fact that
the damping of the equilibrium fluctuations of the z-
component of the total magnetization, Sz, is monoexpo-
nential (Markovian). Specifically this is due to a dynam-
ical decoupling of Sz from the slow degrees of freedom
originating from the discreteness of the energy spectrum
and the conservation law [Sz, H0], where H0 denotes
the Heisenberg model Hamiltonian of exchange coupled
ion spins.43 It follows from Eq. (3) that the quantity
1/(T1Tχ0) has a maximum as a function of T and fixed
B when Γ = ωL, and its maximum value is proportional
to 1/B. A quantitative microscopic theory explaining
all of these features has been given in Ref. 44 for spins
s > 1/2 and in particular the numerical value of the
power law exponent originates from one-phonon acoustic
processes. It is significant that, although s = 1/2, our
data for {W72V30} below 20 K exhibits the very same
behavior, and we find A = 4.7 × 1011 rad Hz2 mol/(K
cm3) and Γ = 6.3× 105T 3.5 rad Hz, where T denotes the
temperature in units of Kelvins. In {W72V30} we find
that the paramagnetic fluctuations are dominant for the
high-temperature range where the fluctuation frequency
is independent of T .
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FIG. 8: (Color online) (a) T -dependence of 1/(T1Tχ0) for
1H-NMR. Solid lines are theoretical curves calculated by
using (3). (b) T -dependences of 1/(T1Tχ0) for 1H-NMR
(f = 298 MHz) and 51V-NMR (f = 77.8 MHz) at the same
magnetic field B ≈ 7 T (that is, same electron Larmor fre-
quency ωe).

In general, one expects that (3) should be supple-
mented by a second Lorentzian, where the nuclear Lar-
mor frequency ωL is replaced by the electron Larmor
frequency ωe. However, if Γ is of the order of ωL, the
contribution of the second Lorentzian is negligible. To
confirm this experimentally, we performed 1/T1 measure-
ments on two different nuclei, 1H and 51V. Values of T1

for both nuclei were measured at f = 77.8 MHz for 51V-
NMR and at 298 MHz for 1H-NMR, respectively, so as
to achieve the same value of ωe, that is the same mag-
netic field. The two sets of experimental data are shown
in Fig. 8 (b) and they are both successfully fitted by (3)

(solid curves). If in (3) one was to include ωe, the peak
position of 1/T1 must be observed at the same temper-
ature. These measurements provide a firm confirmation
that the fluctuation frequency of V4+ spins slow down to
the order of MHz.

In antiferromagnetic rings and clusters of spins s > 1/2
the peak in 1/(T1Tχ0) is usually observed for tempera-
tures of the order of the exchange coupling constant.40,43

In Ref. 44 this is explained by the fact that the relax-
ation mechanism when s > 1/2 is governed by the quasi-
continuum portion of the quadrupolar fluctuation spec-
trum and not by the lowest excitation lines. By con-
trast, in {W72V30} we find that the peak temperature
(≈ 6 − 10 K) is an order of magnitude smaller than
J = −57.5 K. We speculate that this difference in be-
havior could be explained by invoking the modifications
of the microscopic theory proposed in Ref. 44 for spins
s = 1/2, namely by using a dipolar channel or fluctu-
ating Dzyaloshinskii-Moriya interactions. However, this
remains to be confirmed by detailed calculations that are
outside the scope of the present work.

IV. SUMMARY

We have investigated magnetic properties and spin dy-
namics of {W72V30} magnetic clusters by low tempera-
ture magnetization, magnetic susceptibility, proton and
vanadium NMR measurements, and theoretical studies.
Our most striking experimental finding is that the field-
dependent magnetization at 0.5 K, as obtained using a
pulsed magnetic field, increases monotonically up to 50 T
without showing any sign of staircase behavior. This is
contrary to the predictions of any model based on a sin-
gle value of the nearest-neighbor exchange coupling. Also
we find that a “single-J model” fails to describe the tem-
perature dependence of the intrinsic weak-field magnetic
susceptibility χ0 below 15 K, as obtained from a SQUID
measurement. However, both sets of experimental obser-
vations are reproduced to reasonable accuracy upon in-
troducing a model based on a broad distribution of values
of the nearest-neighbor coupling.

Complementing the SQUID and pulsed fields measure-
ments we have also performed detailed 1H-NMR and 51V-
NMR measurements. We find that the temperature de-
pendence of χ0 as estimated from the proton NMR spec-
trum is in satisfactory agreement with that obtained from
our SQUID measurements. From the 51V-NMR spectra
measurements, a high degree of inhomogeneity of the lo-
cal environment of V ions is suggested by the observation
of a wide distribution of quadrupole frequencies. Inho-
mogeneity of the local environment is also suggested by
the temperature dependence of the observed line width
and NMR shift of 51V-NMR. T1 measurements of both
1H and 51V reveal the existence of slow spin dynamics
at low temperatures. In particular, the fluctuation fre-
quency of the interacting system of V4+ spins is found to
show a power law behavior, of the form T 3.5 at temper-
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atures below 30 K, i.e., the same behavior that has been
found for many antiferromagnetic rings and clusters with
spins s > 1/2.41,44
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