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1 Magnetic properties of free lanthanide ions:
an overview

1.1 Electronic structure and Hund’s rules

The 4f electrons of free Ln ions are influenced by nuclear attraction, interelectronic repul-
sion (H,.) and spin-orbit coupling (Hso), where He, > Hgo. To determine the free ion
ground multiplet 2°*1L; the following scheme is helpful (N: no. of 4f electrons):

Ln*t || Ce |Pr|{Nd | Pm|Sm | Eu|Gd | Tb | Dy |Ho | Er | Tm | Yb | Lu

N 1127 3 4 5 6 7 8 9 |10 (11| 12 | 13 | 14

1 1 1 1 1 1 1 1 1
Ms || T3 | T | To | T | To | To|To || 73| 75| 3| 2| 72| 2| 3

my +3|+2|+1] 0 | -1 | -2 3| +3|+2|+1] 0 | -1 |—-2|-3

1. The term with maximum S lies lowest in energy (>, ms; = Mg — 5).

2. For a given spin multiplicity, the term with highest L lies lowest in energy (>, my; =
ML — L)

3. For less than half-filled subshells, the level with the lowest value of J lies lowest
(J =|L—S|), while the highest J lies lowest when a subshell is more than half full

(J=L+85).
Pr3t [4f%: S=1, L=5 J=4; (°Hy)
Examples: 5 15
Dy3+ [4f9] S = 2 L= 9, J = DR (6H15/2)

1.2 Energetic effects

The energy splittings of the electronic states of a magnetic system ') are produced by He,
Hso, the ligand field (Hpp), interatomic exchange interactions (H.y), and the applied
magnetic field (Hpag). The following scheme shows the order of Hee, Hso, and Hyp.

H. > Hiy > Hgo weak field
3N | Hp > He. > Hgo strong field

Hr ~ H, > Hgo intermediate field
4 fN H e > H, SO > H LF (a)

Hee > HSO >> HLF (b)

(a) strong field lanthanide system ; (b) weak field lanthanide system

Table 1 gives approximate sizes of the corresponding energy splittings, including Hey
and Hyag.

1) Localised electrons are presupposed.



Table 1 Effects acting on d and f electrons.

E ivalent
Effect System nergy equivalen
wavenumber /cm ! %)
, . 3d, 4d, 5d | 3d > 4d > 5d ~ 10* ¥
Electron-electron interaction He
4f, 5f 4f > 5f ~~ 10* P)
3d, 4d, 5d | 3d < 4d < 5d ~ 2 x 10* )
Ligand-field potential Hip 4f ~ 102
5f ~ 103
, _ , 3d, 4d, 5d | 3d < 4d < 5d =~ 10° ¥
Spin-orbit coupling Hso
4f, 5f 4f < 5f 103 V)
nd < 102
Exchange interaction Hey 4f <1
nd—4f < 10
Magnetic field H g ~0.5(1T)

@) Conversion to other units, see Table 34 (Appendix).
b) Approximate value according to ref. [1].

Inspecting Table 1, two points are important for 4f ions: (i) Hex is at least two orders of
magnitude smaller than Hyp (and Hgo). (ii) Hmag has to be chosen carefully on account
of comparable magnitude of He and Hyae. Therefore, in order to detect Hey, Hyp should
be modelled most exactly and H,,,, should be very weak.

1.3 Magnetic behaviour of Ln ions

The variation of y,, g (permanent magnetic moment corresponding with the Curie con-
stant C), g (effective Bohr magneton number?)), y,, T, My, as a function of T and B
serves to characterize the low-lying electronic states of the magnetic systems.

1.3.1 Ground multiplet thermally isolated (AE(J,J — 1) > kgT)

Neglecting Hyp, Hund’s formula eq. (1)

g J(J+1)us (except 4f* 4f° 4f% systems) (1)

applies, where J is the total angular momentum of the ground multiplet and ¢, the Landé

factor

JJ+1)+S(S+1)—L(L+1) 2)
2J(J +1) '

gy =1+

S, L, and J correspond to the total spin angular momentum, the total orbital angular
momentum and the total angular momentum, respectively, of the ground multiplet.

2) Note that the empirical number g has no connexion with the permanent moment y except when
Curie’s law is obeyed [2].



A graph showing the variation p s vs. T is recommended for 4f/5f systems®). Ac-
cording to Kramers’ rule [4], ions with an odd number of 4f electrons (half integral values
of J) have always a degenerate ground state obeying the Curie law at low temperature
(regardless the symmetry of H;, but presupposed that (i) solely the ligand field (LF)
ground state is occupied and (ii) cooperative magnetic effects are absent). For an even
number of f electrons, degenerate as well as singlet ground states can be found depend-
ing on the symmetry of Hrp. A singlet ground state produces temperature independent
paramagnetism (TIP) at low temperature.

Going to 5f electron systems, Hg, and H;p increase according to the larger effective
nuclear charge and according to the fact that 5f electrons are more accessible for ligands.
No simple approximation can be made. So, the only possibility to predict the magnetic
behaviour for 5f ions are computational methods.

1.3.2 Ground multiplet thermally not isolated (AE(J,J — 1) ~ kgT)

L+S Ars J(J+1
, 2 (2J+1)Ajexp{—ﬁ(7+)}
General equation: = Naph s=L-s 2 twl (3)
q 0 Xm Ho 3kpT L+S (QJ N 1) ox {_)\LS J(J + 1) }
J=L-8 P 2 ksT

2 ksT ¢
where Ay = g5J(J+1)+2(g9;,—1)(9; —2)— and Apg=+—
ALs 29

The g; values are given by eq. (2) (exception: g, = L+ 2 for J = 0). The term spin-orbit
coupling parameter ;g is positive for ions with less than half-full subshell and negative
for ions with more than half-full subshell.

Example 1.1 4f° (Sm*", Eu?")

o NA:UB 2
Xm o= Hogp phet

- e () )
’ (12_5 - 15]%—T) o ( 2kBT) ( v 21—) o (‘/@%)
(405 - 27—) ( %BT) (1485 - 33’“3—T) exp (— 2/§1§T)
. (24257 - 39k]zT) . ( szT) } -
7= {1 e (_GkiT) oo (_QkiT) T exp (‘kBLT)

3¢ 3¢ 7¢
_ Mexp [ — | _
9 eXp( BkBT) +llexp ( QkBT) + 3eXp< szT) }

3) We recommend this plot or alternatively p2q vs. T instead of the xm T vs. T plot for two reasons:
(i) The number s has the same numerical value in the SI and CGS-emu system, (ii) p.4 is easily
compared with the lanthanide’s corresponding free-ion value g = g,+/J(J + 1) [5].

where

>



Eq. (4) is calculated with g; = 3/2 for the multiplets J = 1,2,3,4,5,6, g, =5 for J =0,
and Aps = (/6.

Table 2: Lanthanide ions: term symbol (ground state), one-electron spin-orbit
coupling parameter (y [em™], g;, g,J, g;[J(J + 1)]*/2 and pSyP (295 K) [7]

Ln3+ 4fN 2S—|—1LJ C4fa) gJ gJJ gJ[J(J+ 1)]1/2 Migpb)
La’te) | 4f0 15, 0

Cedt | 4f' 2F; 625 6/7 15/7 2.535 2.3-2.5
Pr3t | 4f2 3H, 758 4/5 16/5 3.578 3.4-3.6
Na** | 4f% 4L, 884 8/11 36/11  3.618 3.4-3.5
Pm?* | 4f* 5, 1000 3/5 12/5 2.683 2.99
Sm** | 4f> SHy, 1157 2/7 57 0.845 1.6
Eut |46 TE, 1326 0 0 0 3.5
Gd** | 4f7 85, 1450 2 7 7.937 7.8-7.9
Th3*+ | 4f% TF, 1709 3/2 9 9.721 9.7-9.8
Dy** | 4f® SHy;n 1932 4/3 10 10.646  10.2-10.6
Ho*t | 4f10 5[4 2141 5/4 10 10.607  10.3-10.5
Erdt | 4f" 415, 2369 6/5 9 9.581 9.4-9.5
Tm?* |42 3H; 2628 7/6 7 7.561 7.5
Yb*t | 4f13 2R, 2870 8/7 4 4.536 4.5
Ludtd) | 4£14 150 0

@) The relation between Cay and Apg of the Russell-Saunders ground term is given by Ars =
+(Ca¢/2S), where (+) and (—) sign correspond to N < 2]+ 1 and N > 2] + 1, respectively.

®) Definition: xm = o Na pi 12/ (3 kpT).

¢) diamagnetic

4) observed for Nd2* compounds.

Problems
1. Verify the Russell-Saunders ground multiplets for Nd** and Er®* given in Table 2.

2. Evaluate the susceptibility equation for a free p' system perturbed by spin-orbit
coupling. (Hint: Apply eq. (3). Note that for the single-electron system A\ps = (.
Solutions are given in section 5.)



2 Theory of free lanthanide ions

2.1 Functions
Schrodinger equation (spin ignored):

SV = V()] () = Bulr) )

For convenience the eigenfunctions (atomic orbitals) are given in spherical polar coordi-
nates:

Z
= r-sinf - coso
. = r-sinf-sing
T P(xy2) z = r-cosf (6)
r-cos :
r
0 r? = 24yt + 2P
r-sin 0-cos ¢ ¢‘xp(sin6§ v cost) = Z/T
,,,,,,,,,,,,,, tang = y/x (7)
r-sin 6-sin ¢
x Fig. 1: Relation between cartesian coordi-

nates and spherical polar coordinates

77Z)(T) - 77Z)n,l,ml (T7 07 ¢) - Rn,l(r) le’ll (‘9, d)) - le('r) @inl(@) \/2I€iml¢
—— ™

W—/
radial f. angular f.

The functions Ynlw(ﬁ, ¢) are spherical harmonics specified by the quantum numbers [
and m; (Table 3). Real functions (Table 4) are gained by linear combinations

% [_¢n,l,ml + 77Z)n,l,—ml] = ﬁRn,l(T)@l_ml(Q) cos my¢p my odd

% [_77Z)n,l,ml - 77Z)n,l,—ml] — ﬁanl(T)@l—ml (0) SlIl mld) ml Odd
(8)

% W)n,l,ml + 77Z)n,l,—ml] = ﬁR”vl(T)@fﬂz («9) COS mlgf) m; even

% [¢n,l,ml - 77Z)n,l,—ml] - ﬁRn,l(T)@fm (9) sin mlqb m; even

For a complete description of the wave function, the spin has to be taken into consid-
eration. Ignoring spin-orbit coupling, the total function (spin orbital) reads

U(r,0,¢;0) =(r,0,0)v(c) where o= i%. 9)



Table 3: Spherical harmonics for [ =0,1,2,3
l my Ynl@l(ead)) @) Ynlzl(x7y7 )
1 \1/2 1\1/2
0] 0| (5) ()
4 4
3 \1/2 3\1/2z
0| (35) cos® () +
. 4 €08 4 r
1/2 _ 120 +
+1|F i) sin @ e*1? q:< > Ty
8
5 \1/2 5 5 1/232 — 7’2
T -1 (i67)
0 (167T> (3cos0 —1) 167
15\1/2 : 15\1/2 +
2| +1 q:(—) cos 0 sin @ e q:( ) z(:v—Zzy)
8 r
15 \1/2 1/2(x +
+2 (—) sin%0 e*72? ( > (= zy)
327 327
7 \1/2 5 7 \/22(522 — 3r?)
0 (16—7T> (5cos’0 — 3 cos0) <16 > 3
21 \1/2 . 21 \1/2 522 — p2
3 +1 q:<%> sin @(5 cos?0 — 1)e* q:<647r> (x:tzy)( - 3 ")
105\1/2 , 105\1/2 + jy)?
+2 (—) cos 0 sin®0 =129 ( ) Az £iy)
327 327 73
35 \1/2 | : 35 \1/2(z & iy)?
43 <_> 3¢ L3 < )
g/ MY \oun 3
9 /2 9 \/2(35z* — 302%r* 4 3r)
0 (—) 35 cos*0 — 30 cos? 0 + 3 )
R (35 cos cos” 0 + 3) T "
45 \1/2 . 45 \1/2 723 — 3212
+1 q:(@> sin @(7 cos*0 — 3 cos ) e q:(@> (x:tzy)( - o, )
45 \1/2 ) Y 45 \1/2 (722 —1?)
4|42 (%> sin“f(7 cos®d — 1) e <%> (x +iy) i
315\1/2 i 315\1/22(z + iy)?®
+3 q:<@> sin’f cos b e q:<647r> i
315 \1/2 : 315 \/2(z + iy)*
+4 (—) sin*g e4? ( ) (£ i)
512w 512w r4

) Phase factors correspond to the CONDON-SHORTLEY convention: —1 for odd positive m; and +1 otherwise.




Table 4: Real orthonormal linear combinations of the spherical harmonics Y,ill (0, ¢) for

1=1,2,3.
[ function designation
3\1/2 9 B ( 3 )1/2 z
() e (&) - 2
3 \1/2 3\/2x
1 (E> sin 6 cos ¢ = (E> - Pz
3 \1/2 3\1/2y
(E> sin 6 sin ¢ = (E> . Dy
5 \1/2 ) 5 \1/232% —r?
2 o1 - (—) d.
(167r> (3cos"d —1) 167 r :
15\1/2 15\1/2
(E> cos 6 sin @ cos ¢ = (E> % d,.
15 15\1/2 yz
2 (E> cos 6 sin #sin ¢ = (E> ) dy-
15 \1/2 15 \1/2 2% — 42
(16—7r> sin6 cos 2¢ = (16—7T> = dy2_y2
15 \1/2 15\1/2 zy
<16—7r> sin’6 sin 2¢ = <E> - day
7 \1/2 5 7 \/2 2(52% — 3r?)
(16—7T> (5cos’0 — 3 cos0) = (16_7T> = f.s
21 \1/2 21 \1/2 z(52% — r?
(3T> sin (5 cos*0 — 1) cos p = (T> z(52 5 ) f, .o
i T r
21 \1/2 21 \1/2 y(52% — r?
(32—7r> sinf(5cos?) — 1)sing = (32—7T> ! ng ) f, .2
105\1/2 105\1/2 zyz
3 (16—7T> cos 6 sinf sin 2¢0 = (E> =3 fry2
105\1/2 105\1/2 z( 22 — /2
<16—7r> cos 0 sinf cos 2¢ = <16—7T> Az = v) £, @22
35 \1/2 35 \1/2 z(2? — 3y?)
<%> Sln39 COS SQ/) = <%> 3 fz(x2—3y2)
35 \1/2 35 \1/2 y(32% — 42
<%> Sln39 sin 3@5 = <%> ( ']“3 ) fy(3;L‘2 2)

Ne}




2.2 Angular momenta
2.2.1 Orbital angular momentum

Classical definition of the angular momentum I (Fig. 2):

l=rxp.

p

Fig. 2: Definition of the angular momentum
Il = i+l +1Lk

= (yps — 2py)i + (2px — 2p2)J + (xpy — ypu )k
Length of the angular momentum vector:

2 2 2 2
= =10+ + 1

(10)

(11)

(12)

Quantum mechanical operators l;, Zy, l; are derived by substituting the position operator

and the linear momentum operator for the corresponding classical quantity, i. e.

. . h O
q—q=qX Pg— Pg = —7~ (g=z,y,2, 1=+v-1)
1 Jq
l;:gAz_épy; ZyzéAax_A]A)z; Zz:Apy_gAa:
[_E Ag_gg : Z_E gﬁ_fg : [_E fg_Ag
+= 5 Yoz ay) Y i \ox oz)7 7 i oy Y ou

Commutation relations

~

o, b)) =il [l L) = ihly; [l 1) = ikl |

Operator I, in spherical polar coordinates:

p_ho
09
[, acts on the ¢ depending part of the atomic orbitals (Table 3):
l; } {my > = 1, } {my > =myh ‘ lml> Dirac notation
<lml }l;}lml> = mh <lml‘lml>
—_—

1

10

(15)

(16)



generally

HV = E U, (¥ normalised eigenfunction of H )

/\I/*ﬁ\lldT — E/\I/*\I/dT - B

/\I/*ﬁ‘lldT = (U|H|¥) matrix element (Dirac notation)

S
1

Application of L,:

A hoYE(0, )
,]22) = R,(r)-—2=
} > R ,2(7‘)2, oo
nol/15\"* ,
= Rn2(r);8_¢[(32—7r) sin?6 ¢
h( 15\, 0ci%
— Rn72(7")2 (32—71_) sin“6 a¢
_ SN ASNYZ oy g
= Rn72(r)z22<32—7r> sin“f e —2h}22>
Plimg) = 11+ 1R |[Imy) (17)
Shift operators:
Ly =l +ily;, =1, —il,. (18)
Reverse operations:
. 1 . . . 1 .~ .
Iy = §(l+ +L) = Z(ZJ’ —1). (19)
Zz lml> = mlh}lml>
Zlim) = 11+1)8*|Im) (20)
s

Fig. 3: Specified orientation of I (I = 2)
with regard to the component [, while [, and
l, are unspecified

11



2.2.2 Spin

Spin orbital of a one-electron system:

$() 6(0) = Ynim (r,0,0) ¥(0) = Rus(r) Y, (0,6) (o)

atomicvorbital
1
Spin function: ¥ (o) = | smy) { Ms =3 . “
ms=—5: [3
§° } sms> = s(s+1)R? } sms> with s = %
3, } sms> = mgsh } sms> with ms = j:% (21)
Sp|smy) = /s(s+1)—my(ms+1) h|sm,+1)

Problems

3. Use the spherical harmonics in Table 3 and construct the real functions d,2_,» and
dyy with the help of egs. (8). Verify the results with the data given in Table 4.

2.3 Quantum-mechanical procedures
2.3.1 Operators

Postulate 1. The state of a system is fully described by the wavefunction W (7, ro, ..., t).
Postulate 2. Observables are represented by operators chosen to satisfy the commutation
relation

A A A

(Pg — P = 4, Dg) = iR (=92 i=+v-1) (22)

Example 2.1 Verification of the commutation relation

R . h d
r=xx and p,=-—-——
i dx
hdWU
50 = oY
P xzdx
hd(z¥ h dw
i — Al Rl dv
i dz 1 dx
R . h .
(Tpy — Pp)V = —=V =iV
)

12



Tab. 5: Classical and quantum-mechanical forms of Fi, and Ep,

quantity D% classical quantum-mechanical

Baw 1| eV _ P pro_ 1 (hdN__w &

" 2 2Me 2me  2me \ i dx 2m, da?

2 2 2 2 2
3 p_2 _ h 0 + 0 + 0 — _h_VZ b)

2me 2me \ 022  0y? 022 2
B ® 1 —eV (z) —eV(z) = —eV(2)-
3 —eV (r) —eV(r) = —eV(r)

) Dimension.
b) V¥ is the Nabla operator.
¢) Valid for one electron with charge —e in the potential V.

2.3.2 Perturbation theory
1. Non-degenerate states
HOGO — gOg© unperturbed system
Hamilton operator of the perturbed system:
= B 4

Schrodinger equation of the perturbed system:

HY, =E,¥,; find E,, U,

Series expansion of W, und FE,,:

U, = 0O L Awl) L N2
E, = EO 4+ ED £ N2E® 4

Insert the series into eq. (24):

(HO 4 NHOY (0O 200 4 \20@) ) =

(EQ 4+ XEWD + X2ED 1 (0O 4 u® 4 \20@ 4 ),

Ordering of the terms with regard to powers of \:

HOUO L N(AOTO - FOW®) - 2 (AOwD ¢ gOUP) 4 =

EOUO 4 \(EDVO + EOwD) 4

n

N(EOVO + Vw4 EOw®) 4

13

(23)

(24)



A” AOQYO — gOyO (27)
A HO — poyg) = (B — FOyp©) (28)
W (0~ B — B 4 (et - 0 29)

The first-order correction to the energy Er(zl)

(premultiply both sides of eq. (28) with U0 and integrate)

/ O gOgW gy — O / O Mg = gL / o0 gOGO gr

.

~
0

EW = <n|ﬁ(1) In) (30)

The first-order correction to the wavefunction:

m\]:[(l)|n>
/SO E <7 p(0) (31)
" (0) (0 ~m
B\ - E\

The second-order correction to the energy:

1)
} m\H ) ]n ’ _
g < > (see Fig. 4) (32)
m#n
E A
LIJZ(O)
(0) *
E \
’ Voo e K ,
0 0
\\ El( ) - Ez( ) , g ) Hy, Hy,
g Bl - o
(0) E" - E,
E + H,y,
LII1<O)
. \
E” \
\
‘\ w0 _ Hy e
1 E(O) _ E(O) 2
\ 2
N
B + Hy, S o
2O, g Hy, Hy
! 1 [0 ©
E,” - E
(a) (b) (c)

Fig. 4: Illustration of the possible effects of a perturbation on two non-
degenerate levels; (a) 0%,(b) 1%t (c) 2" order

14



2. Degenerate states

Eq. (30) — (32) apply also in this case; additionally: determination of the correct zeroth-
order wavefunctions (see Fig. 5)

Example: doubly degenerate pair of states

HOW = EQw) (i=12) (33)
WO =, 00 4 0, 0 (34)
The ’correct’ linear combinations are those which correspond to the perturbed functions
for A — 0.

Determination of u; and us:

Substituting eq. (34) in eq. (25); eq. (28) now reads:
(10— B0 = (B — A0) (9} + i) )

Multiply with ¥’} and W)’

n.2 » respectively and integrate:

(51 (Hn — ET(Ll)> +UQH12 =0

mm%:/@ymw@mzmmw>
ungl + Ug(HQQ - E(l ) = 0

To find the non-trivial solutions of this pair of equations, the determinant of the coefficients
of the constants u; and us must disappear:

H11 — E7(11) H12 —0: HH, HQQ . diagonal elements (36)
Hoyy Hyo — ES) o Hy5, Hy : off-diagonal elements

B 5 = (Hu + Hy) /2 £ /(Hyy — Hp)?/4+ [ Hyaf?

U H
uia,2) (M — Ele(ig)) + ug1,2)Hi2 = 0; T(12) = 112 _ _ 12

U2(1,2) Hy — Eil()m)

Normalisation:

1

U(1,2) = 271
N +
(1,2)
$?1,2)U§(1,2) + Ug(m) =1 = T(1,2)
U1(1,2) = L(1,2)U2(1,2) — 72
A /a:(m) +1

Correct zeroth-order wavefunctions for the energy ET(Z()1 2"

WP o) = w02 Wit + a2 Ul
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EA

\{12(0) \{J2(U)
- = ’
AN
B B N L7 EOH,, - Hyyy Hyy2* Hoyo) Hio)e
N ’ E® - EO
E2(0) *+ Hy,
0) _ 0 0
W)= TS “2(2)‘111(,2) -
0 0 0 0 7 50 1
‘-I’ﬂﬁ"{’ﬁ? \P1E1;: ul(l)qj1(,1> * uZ(l)\Pl(Q), ’ El( )+ E1Ezg RN
—_— - - 4 o H
(0) 0 \ (0) 1 _ 21(2)711(2)2
E, El() \ E, +E1(2) E2(0) RO
\
\ ~
0 Do~
El( )+ Elm ~
BO B - Hyy 1) Hyayo
1 1(1 0 0
EQ( ) - El( )
(a) (a’) (b) (c)

Fig. 5: Illustration of the possible effects of a perturbation on a doubly de-
generate ground state and a non-degenerate excited state; (a) 0™, (a’) correct
0™ (b) 1%¢,(c) 2™ order

Alternative procedure to solve 2 x 2 determinants (c¢f. [11], p. 119):

General solution for 2 x 2 determinants:

Hy —E Hyy
Hys Hy — F
Hyy — Hiscota; Wy = sinay)y — cos ar)s

E = L Hyy = (i HOJ
Hy + Hiscota; Wy = cosarpy + sin aahsy i = Wil [3)

= 0. tan 2cc = 2H1o/(Hyp — Hap)

(37)
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2.4 Applications
2.4.1 Spin-orbit coupling (p', f!, %)
Example 2.2 p' system

Hso = &(r)1-3 where E(r)=— c 1 8\/(7‘)' (38)

2m2e2 v Or

p'system: [=1,s=1,j1 =0—s=3and j, =1+ s =23 (see Figs. 6 and 7, Table 6)
E v/cm® 2
A spin-orbit coupling v/en By
16973
cm
(4) 1¢ 16956 : -
2 B
L VANTVAN
2
S
-¢ 0 nil Y 12
I | V-
o o N
A=589.8nm  589.2nm
Fig. 6: Splitting of the p' levels Fig. 7: Term scheme of the
by spin-orbit interaction ((: one- sodium atom
electron spin-orbit coupling con-
stant)
Unperturbed states sixfold degenerate
HOpY = B0y (1=1,2,...,6).
Eq. (35) reads in this case:
(HO = EO)yp® = (EO — HO) (g + ... + ugyp”). (39)
Premultiplication with 1/{0)* and integration result in:
/w (HO — EO)y dT—/w — HOY (w” + .+ gy )dr
0 = wBY / PO Odr + .+ ugEY §°>*¢§°>d7
(40)

—uy / o O f’)dT — g [ P O pPdr.
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Using the abbreviation [ zﬁi(o)*lzl (1)¢J(-0)d7 = H,; we obtain a system of six equations:

0 = U1<H11—E(1))+UQH12+"'+U6H16
0 = U1H21+U2(H22—E(1))+"'+U6H26

(41)
0 = u1H61 + u2H62 + -+ u6<H66 — E(l))
Non-trivial solutions for the coefficients of uq, uo, . . ., ug:
Calculation of the integrals H;;
/kwmhmxﬁ9,¢)wm$@0)*ﬁbod%kmxrxk¢)wmﬂa)fﬁh’$n6d9d¢da. (42)

[ a1 60 R 2 -
/ / /_1/2 (Y/™(0, 6) Yo, (0 )) ié(}jmf(e,¢)¢mg(g)) sin 0 df d¢ do.

he Gy = /o Ro(r) E(r) Rua(r) r*dr. (44)

Cn: one-electron spin-orbit coupling constant
basis in Dirac notation: ‘ml m$>

[13) [03) [-13) [1-3) |0-3) [-1-3) (45)
Integral eq. (43) has the short form

hCCnl<ml ms‘l §|mym.). (46)
To determine the 36 matrix elements of the spin-orbit coupling operator I3 = 1,5, +

iy§y + 1,5, replace the  and y components by the step operators (see eq. (19,21)):

[ = La + 30 105G +8) + (L — 1)L (5 —80)
= Lo+ 08y + 18 + 18 +15 — 1080 +18, +148-—1-5.)
= L&+ 18-+ 3y (47)

The general matrix element (46) is
<ml ms}i-é} m; m’s> = <ml mS’lAzéz + %(l:ré, + Z,§+)’ m, m’s>
= <ml mS’lAzézl m, m’s>
+%<ml ms‘i+§_‘ m; m’8>

+1{my ms‘i_§+‘ mjm.). (48)

General hints to the evaluation of matrix elements <m’]31 @ }n>

18



(i) Evaluate HO }n> This will result in a constant a multiplied by a wavefunction which
may or may not be the same as the original. For the present let us assume HO }n> = a‘n>.
(ii) The result of (i) is then premultiplied by <m’ giving <m’an>.

(iii) Since a is a constant we have <m}an> = a<m}n> and we are thus left with the task of
evaluating <m}n> Provided }m> and ’n> are orthonormalised, <m}n> =1 when m =n
but is zero otherwise.

On account of orthonormalised states

{mymg| myml,) = 6y, mt O, (49)

the integral is not zero when m; = mj and m, = m/. The wavefunctions are eigenfunctions
of [, und §,, so that the application of the operator products in eq. (48) on the wavefunction
on its right-hand side yields:

~

A 2
1,8, mlms> = mymsh ‘mlm5>

Z+§_ ‘mlms> =
VIL+1) —my(my + 1)v/s(s + 1) — mg(my — 1) h* | my + Lmy — 1)
Z_§+ ‘mlms> =

VIL+1) —my(my — 1)\/s(s + 1) — my(ms + 1) 2* | my — Lmy + 1)

where s = % For diagonal elements only 1,5, may contribute, whereas for off-diagonal

elements only the step operators may account:

<mlms}f+§,}ml—1m5+1> <mlm5’Z,§+’ml+1ms—1>

Matrix elements (46) which may contribute are restricted to the condition

my +mg = mj + m, (50)
The non-zero matrix elements are:

(1-4]is o) (03
(03501 -3)  (-13

(51)

mon [ 113) [1L=4) 04) Jo-}) |-13) |-1-
ST
(1-} 1o e

(0 -1 0 /5¢

N[
N

19



¢ 5 s
H11 = ?<1%‘l383

¢ o
HQQ = ?<1—%‘l383

-3 =¢1- (D) = k¢

01) =050

¢ > .
H3zs = ?<O%’lz3z

0-3)=¢-0-(-3)=0

—13)=¢-(-1)-§=—3¢

¢ 2 o
Hy = ?<O_%}lzsz

S -
H55 = ?<—1%}l282

¢ 5 o
H66 = ?<—1 _%‘lzsz

My = (1=} |48

Diagonalisation of the 2 x 2 blocks of the H matrix:

—Llc—EO l¢

2 2 1, )y )y 12
= (-3¢ -EW)(—EW)-1*=0
1 1
i¢ —_E®
2
o o1 a _
Eyy = 3G By = ¢

Evaluation of the zeroth-order functions for E((ll)) = %C :

1 1 1
0 = (-3¢—3 )U2<1>+\£CU3<1>
_ Uy _ /q, _ /1. /2
x(l) - U3(1) - \/;; u2(1) - \/;; u3(1) - \/;

For E\) = —(, the result is:

0 = (-3¢+Q)me +/ECue
u
T) = 20 —V2; Uz(2) = _\/25 usz) = \/3

u3(2)
v = =Bl +5l03).
Evaluating the second 2 x 2 block the resulting states are
B =3¢ v = \J3-1h)+ /2o -}
Bol==C: w5 = (Bl - \ilo-3)

The results are given in Table 6.
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The functions are not only eigenfunctions of the operators [-3 and &-I but also of

P+ls+8l+8=(1+3)=7

(56)

If 5% acts on a quartet state function g (Y1, 12,14, 1) and on a doublet state function
Yp (1s,15), respectively, the result is

(I?+20-3+ 8%) vq
R (2425 +3)vo =0 () e =17 (3)(3) Yo

7o

i

h? J2(J2 + 1) g

(2 +20-5+ 8" ¢vp

P (2-2-143)yp =0"(3)¢p
R (i + 1) ¥p

where j, =2

where j; =

2

n* (5)(

1
3-

Table 6: Functions and energies of the spin-orbit coupled p! system

o ||mum.) Gmg) |my=mitm, 4| B
wrilts) %)

el -hefilol)y 1h |8 ]
sl Vil ilo-D 13-b| 4 7|
vol| -1 —3) 3-9)]

o |35+ /3l0d) 154) L

sl il -ilo-p b 4 T

Example 2.3 Spin-orbit coupling of the f' and the f'3 system

Energy eigenvalues and eigenfunctions of 4f! (Ce®") and 4f'3 (Yb3*)
On account of j =l+s =3 i% (see Example 2.2) for one-electron and one-hole f systems

we have

energies
Lot [4f V] || ground multiplet £ | excited multiplet ~ E
Ce*TAfY] || 2F5p (1 =5/2) —2(ce | *Frp(j=T7/2) +3(ce
Y3 T[AL B8] || 2P (j=7/2)  —3Cwu | *F52 (1 =5/2) 42w

Eigenfunctions are obtained with the help of vector coupling coefficients (Clebsch-Gordan
coefficients) (see Table 7).
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Table 7: Vector coupling coefficients for
systems with j, = 1/2

[N

]: m2:§ m2:—

P jitm+3 ji—m+3
12 271 + 1 271 + 1

| fammAs| [atmts
3 2+ 1 2+ 1

Table 8: Spin-orbit coupled eigenfunctions of Ce®*™ and Yb?*" free ions

2 ‘ J mj> ‘ my m8> E§C€3+) Ef,Yb3+)

dids||343) = TS| E3FL) £ \[H|£241)
62305 | | 3 £3) ==:F¢§}i2$§>i:¢§}i1i%> _oc | oo
¢W4@%>=?v%ﬂ$@iﬁW%>
G| E£D) = | &34

dhidh | |543) = JHE3FL) 4 /0 e24L) | 3
Gy ||5+5) = Jai%%>+¢%iug> 26 | T3t
dudh | |5+8) = JEE1FL) 4 /H0£])

@) Short form of the functions: the first symbol refers to the upper sign, the second
to the lower one.

The calculation of the coefficients is demonstrated for } 3 g ) (first line in Table 8).
Assignments: j =5/2, m =m; =5/2, j, =1 =3, and my =m, = £1/2 (j, = s = 1/2)
The roots of the lower row of Table 7 become

: 1 5 1
mp = 1. fRtmts o [SFs s v@
2 21 + 1 7 7
: 1 5 1
mp=1. ="ty _ Lﬂz_\ﬁ
2 271+ 1 7 7

Since the Condon-Shortley standard assignment is j; — s and j, — [ the sign of the coef-
ficients has to be changed according to the phase relation |j,j,jm) = (—1)%*9=9|j, 5, m).
Finally, we obtain

~E3-3) iy fh 24 d)
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Problems

4. Calculate the matrix elements (I, m,|l,|l, m§> (where ¢ stands for z, +, —):
(a) (0,010.10,0), (b) (2,210.[2,1), (c) (2, 2J2|2,0), (d) (2, 0/i.i_|2,0).

5. The 14 microstates |mymy) of a f! system (I = 3, s = %) yield under the influence
of spin-orbit coupling 14 eigenstates |jm;) which, apart from the states \% + %),
are linear combinations of two microstates each. Use Table 7 to evaluate the vector
coupling coefficients for the coupled states |3 1), |2 —3), |5 2), and | —2). Control

2 2/012 T2/ 12 2
your results with the entries of Table 8.

6. What levels (multiplets J) may arise from the terms (a) 1S, (b) 2P, (¢) *P, (d) *D,
(e) *D? How many states (distinguished by the quantum number M;) belong to
each level?

2.4.2 Magnetic susceptibility, Van Vleck equation

Fundamental magnetisation equation

S (0E./OB) exp(—En/kgT) 3 finexp(—Eu/kuT)

Mo = S BT S exp(=EuJkaT)
(59)

Van Vleck equation
operator: H = H® + B_ AW E, =W+ B WY + B2w® .
W,&“, W7§2): First- and second-order Zeeman coefficient
fin = —0E, /0B = —W " —2BW» —

SIWa")? kT — 2Wi | exp(~ W3 /T
S W k) o

Eq. (60) is valid for applied magnetic fields B — 0.

Zeeman operator:

one-clectron system  Hyae = <Z + 28) B where 7, = —e/(2m,) (61)
g = = (I +25.) B. (62)

single term  Hyay = <L+25) (63)

g = —ve( L +25.) B (64)

single multiplet ﬁmag = —’yngj-B (65)
Huagz = 79y ). B: (66)
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Example 2.4 Magnetic susceptibility of the 4f' /4f* free ion systems

The 14 spin-coupled eigenfunctions of the 4f! /4f!3 systems are given in Table 8. Apply-
ing Zeeman operator (63) the assigned matrix elements in scheme (67) are to be evaluated:

(67)

1 P2 @3 P 5 Po | P1 Py Py Py 95 g ¢7 Py
o1 | ® X

o5 02y X

®3 ® X

®4 ® X

®s ® X

Os ® X

ol ®

5 X ®

6 X ®

7 X ®

A ®

Calculation of the off-diagonal element <¢’2 ’1212(1)’ o1 >

(eh|HM 1) = (3 5] =l +23.)| 5 3

= e (He-t Rl rs]\ils 1) - Rl2+b)

— —%[\/é@—%\iﬁzgz 31y — (310, +2s,
(3 1)k 0

[, + 23,

2+1)

+6(2+3 |1 +25.]3 1) —v6(2+1]|l. +25.

0 2+ 1)

24+1)

We obtain with eq. (32) for I/V|(2) %

5
2

[Sl[s

2

—~
NIEN

S — el +23.)] 33| (6/49) 3 1243

) I ol v S
o

WO _© (7/2) ¢ 343C"

7/2 5/2
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[T M) | W Wi fus WY
|3£3) +(5/2) g5, —[12/(343 )]
|34+3) | —2¢ +(3/2)gs, —[20/(343()]
Tab. 9: Energies W.\” and Zeeman co-
efficients W, Wi of a free £ system |3 £3) +(1/2) gs, —[24/(3430)]
(90, = 6/7 for *Fy s, g, = 8/7 for *Fs) }%i%> +(7/2) g1,
525 | 5, E6/D 9 12/E50)
T£3)| 7 £(3/2)gs +20/(3430)]
|5 +3) +(1/2) g5, +[24/(343¢)]

In Table 9 the quantities WTSO), WY and W? are collected. The final susceptibility
equation for the f!/f!3 system is obtained by summing up the contributions of the 14
levels:

N
Xm = Ho 3 kB;MZﬂ where g =
45  16kgT 144 12ksT
[3 (75 * Zng ) i (7 - 49B§ ) P (_QIZCT)]
Br /1 (68)

{3 + 4 exp <_2]:§T)]

For Ce*" the parameter ¢ in eq. (68) refers to the single-electron spin-orbit coupling con-

stant while in the case of Yb3*t the term spin-orbit coupling constant Arg = —( has to be

replaced for ¢. (Notice that Apg = £(/(29).)

The absolute energy separation between *Fyj» and 2Fyj is I x (yp, = 2 x 2870cm ™ ~

10000 cm ™ for the Yb*" jon and £ X (ce = £ x 625cm™" & 2200cm™! for the Ce**-Ion.

In magnetochemical practice the higher lying multiplet is often ignored in eq. (68). There

are two possibilities for simplification:

1.) ¢ — oo (4f') and A\pg — —oo (4f'3) respectively:

Ny 45 13 Napy 144

ongT I Xm (4£77) = po e K (69)
—~— ~—

2 2
:ueff /’Leﬁ

wor-2- () 0)  wen-2-(F OO

In this approximation pZg is temperature independent.

2.) In a less drastic approximation the contribution of the excited multiplet is again
neglected, but not W of the ground multiplet, so that in the case of the 4f! system the
susceptibility equation reads

Napi (45 16kgT Nag2J(J + 1)
Y (461) = 110 Wpg | 40 B g ) (J + 1)pg
SkeT | 7 | 49¢C kT

Xo is positive, leading to a weak increase of g with increasing temperature.

Xm(4f1) = H

} . in general Y., = uo +xo0 (70)
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3 Lanthanide ions in cubic and non-cubic ligand fields

The evaluation of LF effects on f systems requires more effort than on d systems:

e On account of the larger angular momentum quantum number [, the number of
ligand field parameters is larger, for example two instead of one for cubic symmetry;

e The number of microstates used in complete magnetochemical analyses is larger for
f systems (for example 91 microstates for f? compared to 45 for d?).

Ground multiplets of the f! to f!3 jons:

fN/f14—N ‘ fl/f13 f2/f12 f3/f11 f4/f10 f5/f9 f6/f8 f7 ( )
71
ground
multiplet QF% / 2F% 3H4/ He Uy / K 7 5]4/ I GH% / 6H§ 7F0/ T 85%
3.1 Ligand-field (LF) operators [7]
General form of the LF operator for one-electron systems:
oo +k
Hip= Z Z Al ka ), where (72)
k=0 q=—k
/2
p(R) k dm k
AL = —e(—l)q/ LR Ch 0.0 dm and CF= (5] YR6.9)
geometrical coordination factor Racah tensor

LF operator for cubic ligand fields:

for f! system

~

HEP = A0t [cg+ 5/14 ((Jj+ci4)] + AL [cg_ V72 (cpo&)}, where  (73)

for d! system

Cy = %(35 cos? 6 — 30 cos? 0 + 3)

Ciy = 15V70sin" g e4?

Cy = 16(231 cos® 0 — 315 cos? 6 + 105 cos® 6 — 5)
Cly = 3—32\/ 14sin* 0(11 cos? § — 1) e*i4¢

General LF matrix element:

/ w;,l,ml (T, 67 ¢) [:[LF wn,l,m; (T, 67 ¢)d7— (74)

Specific LF matrix element with £ =4 and ¢ = 0:
LF parameter B}

Ve

Ag/ Roy(r)r* Ryy(r 2dr// Y (0,0) [Cg + V/5/14(C + CL)] Y, (0, 6) sin 6 df do
0

radial mtegral <rt>
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A = By |G+ /BT (CH + CL)| + BE €8 = VT2 (Ch + €% (75)

With the help of integrals of the type (Y, |C§|Y7fli) 3], listed in Table 10 (p electrons)
and Table 13 (f electrons), LF effects can be evaluated. The k values in eq. (72) comprise
terms with £ < 2/ and k£ even. The term with & = 0 has spherical symmetry, produces
no splitting and is therefore omitted. The relevant k values for LF terms are k = 2 (p
electrons), k& = 2 and 4 (d electrons), k = 2, 4, and 6 (f electrons). Notice that the
operators C’(’; act only on the orbital part of a wave function.

3.2 Introduction: p! system
3.2.1 Cylindrical LF: Hf} + Hso
Example 3.1 The p' ion in a cylindrical LF

To introduce the use of LF operators and electrostatic matrix elements, the p! system
in a cylindrical LF (D_,) is discussed?). The LF operator consists of a single term with
k=2 and q =0:
HY = B2C2, where B2=A) <r?>> and C2= 5(3cos?6 — 1) (76)
With the help of the matrix components of the electrostatic interactions, shown in
Table 10, the 3 x 3 matrix (77) is obtained. Notice that only the red numbers corre-
sponding to ¢? are relevant. Since the operator C? does not change m;, matrix elements
< my | C¢|m) > with m, # mj are automatically zero.

mp m) || & 529

+1 =1} +1 -1

Table 10: Matrix components of electro-
static interactions, c®(Imy, 'm)) for | = I’ =

L F'm)lmy) = (=)™ ™k (Imy, 'm)). +1 0] 0 +V3
Red numbers are relevant for Examples 3.1 0 oll+1 +2
and 3.3, the blue number for Example 3.3 +1 F1|l 0 —v6
only.

@) The numerical factor
’5’ is the denominator for
all ¢* values of the column.

m|| |1) [ -1) [0)
1| | —+B3
3 x 3 matrix of operator (76): N e (77)
(1] LB}
(0] s B3

Results: (i) All off-diagonal matrix elements are zero; (ii) LF operator eq. (76) splits
the threefold degenerate p! system (in the absence of spin-orbit coupling) into an orbital
doublet | 4+ 1) with energy Erp = —BZ2/5 and a singlet | 0 ) with energy Erp = 2B2/5.

4) Electronic p states are not split by cubic ligand fields.
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Example 3.2 The p' system under the action of spin-orbit coupling and a cylindrical
ligand field (cf. spin-orbit matriz (51))

Hyo + HY = £(r)1-5 + B2 C? (78)
mm | [13) 13 03) [o—-3) |-13) [-1-3

(13]]3¢-B/5

(13 T TCARVALS
(03] 1¢ 2B2/5
(0 -1 2B /5 1¢
(=13 N Y
(1] 1By
Hu = o (13[Ea]13) + BQIG1(3[3)=4¢- B
hg;z -1/5 1
Hy — %Sl A1 —8) + BG4 | ~1) =~k - BYfs
—F:g/z —175 1
Hy = (03 603) + B 0[CR0) (4 1) =2B3/5
0 2/5 1
Hu = 350 —4fis]0 —3) + B3 0[CRl0)( —3| —}) =255
Y e Y
Hi = (=13l -13) + BE( 1G] ~1) (4 |3)=—4¢- B3
—F:g/z ~1/5 1
He — %3_1 L] —1 —4) + B3 —1|CE —1) (=4 | —1) =Lc— By
o s Y
= 551 =345 03) = \/5C= o
V3/2
Ho = (0 —[3is | -13) = /3¢ =
Va2

Application of scheme eq. (37) on the 2 x 2 matrices yields
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Hy=—C/2=B3}/5,  Hy=2B3/5,  Hy=Hyp=—(/V2

2Hyy V2 V2 (79)
Hy — Hss  ¢/2+3B3/5 5+ 2B3/C

tan 2a0 =

Result: The combined effect of Hso + H{) splits the sixfold degenerate spin orbital
states into three doublets. The composition of the wave functions depends on the ratio
B2 /(. No simple closed expressions can be given for the functions.

3.2.2 Orthorhombic LF: H{L + Hso

Example 3.3 The p' system in orthorhombic ligand fields

H = B2C? + B2 (C3 +C?,) where C3,= \/gsin2 0 exp(£2i¢) (80)
m || [1) [ =1) [0)
(11| 4B} —¥ B3

Matrix elements of operator eq. (80):
(1| -£5 45

(0] B3

Determination of the correct zeroth order functions by application of scheme eq. (37):

Hyy = Hyy = —B3/5, Hyy = Hyy = —/6B3/5

tan2a =

2 Hpy —2/6 B2/5 —2v6 B2/5 +o0o for B2 <0
Hn— Hw —-B2/5+B2/5 0 h { —oo for B2>0
20 = +£90° — o =445 cot4h® = +1
Ei s —B§/5if63§/5, ‘1’1,2:(\/5)71(|1>:F| 1))
Es = 2Bj/5, U3 =10)

Result: Neglecting spin, the orthorhombic ligand field splits the threefold degenerate
orbital states into three singlets.

Example 3.4 The p' system under the action of spin-orbit coupling and an orthorhombic
ligand field

Hyo + HY: = €(r) -8+ B2 C? 4+ B2(C2 + C2) (81)

The matrix elements of this operator are stated in scheme (82). The —E®’s in the
diagonal elements are omitted and also the multiplicative factor hc for the spin-orbit
coupling matrix elements which are usually given in the energy equivalent cm~'. The
empty off-diagonal elements are automatically zero. The diagonalisation of the 3 x 3
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blocks, the energies and the composition of the wave functions must be calculated with
the aid of a computer.

(82)
m | [14) Jo-3) |-18) | [1-3)  [0d) [-1-4
(1Y )|s¢-B2/5 0 —V6B3/5
(0 -1 0 2B2/5 1¢

(=13]| =vBB3/5 ([ —Lc— By
(13 ~1C-BY/5 \J5C —VEBBY/S
(0] JEC o 2Bys 0

(-1-1 VBBY/5 0 L(-BYs

3.3 Cubic LF
3.3.1 Group theoretical tools I[9, 8]

Character tables of the point groups serve map. 11: Character table of the symmetry
to assign the LF states with respect to sym-

metry and degeration. For the cubic sys-
tems O and T, Table 11 is relevant. It is O |E 8C; 3C, 6Cy GGy
applicable to Ln ions with integer J. The | Tq |E 8C3 3C; 6S;4 6og
degree of degeneration of the LF states isre- | A @) | 1 1 1 1 1| TyY
spons1bl.e for the orl?ltal contribution 9f the A, 1 1 -1 -1| 71,
lanthanides’ magnetic moment: The singlet

states A, (I';) and A,(T'y) as well as the dou- -1 2 0 0 I's
blet state E(I';) are non-magnetic, while the | T1 -1 L =1 Iy
triplet states T,(I'y) and Ty(I';) are mag- | T 0o -1 -1 1| Ty
netic. For half-integer J all states are on
principle magnetic; for cubic LF character
tables of the respective double groups O’ and
T, are relevant [8, 10] (¢f. Table 12). Usually Bethe’s nomenclature is used for f systems,
see , e.g., the article of Lea, Leask, Wolf (LLW|16]).

groups O and T

W W N

@) Mulliken nomenclature.
b) Bethe nomenclature.

3.3.2 4f! system (Ce3*", 2F: Hgy + HfYP
Ce®" is a half-integer system. So, O', T; are relevant. Under the action of the LF operator

agrat) =By {ci+\[Elci+cil}  + BR{cE-\Jilcs+ ct)

-~

irrelevant for restricted basis *F5 o

the free ion multiplets split according to *Fs, — G’ (I's) + E” (I'7) and ?F7 5 — G (I's)
+ E” (I'7) + E' (T'g). If Hyy is distinctly stronger than Hjp it is convenient to consider
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Tab. 12: Character table of the double groups O” and T

4C3  4C2 3C, 3C, 3CF 6C,
o’ E R 2 3 /
4C2R 4C3R 3C,R 3C3R 3C4R 6CLR
4C3  4C2 3C, 384 3S}T 6oy

T, |E R |, 5
4C2R 4C3R 3C,R 3S3R 3SR 604R
ArpD¥ |1 1 1 1 1 1 1 1
ATy |11 1 1 1 -1 -1 1
E(Ts) 2 2 -1 -1 2 0 0 0
T(Ty) |3 3 0 0o -1 1 1 -1
To(Ts) |3 3 0 o -1 -1 -1 1
ETe)? |2 —2 1 1 0 V2 —V2 0
E'T;) |2 -2 1 -1 0 —vV2 V2 0
G'(Tg) |4 —4 -1 1 0 0 0 0

@) T, —Ty: integer J; T, —

I’ : non-magnetic.

b) T4 — Ty : half-integer J; magnetic.

H,p acting only on the ground multiplet *Fy» [— G'(I's) + E”(I'7)]. This approximation
has the advantage that Hfw’ can be restricted to the fourth degree term (k = 4), since
the corresponding LF matrix elements of the sixth degree term are zero. Using Table 8

and Table 13 the matrix elements of Hf® in scheme (83) are obtained.

Normally, the spin-orbit coupled states |J M) are used as a basis for the multiplet.
In the following examples, however, we write them as |M; M) basis with the advantage

that the action of H on the orbital function |M;) becomes obvious.

Table 13: Matrix components of electrostatic interactions, c*(Imy, 'm)) for | =
I'=3; F(lI'm), Imy) = (—=1)™ =™k (Imy, 'm)) (3]

my mp| @ 1529 33c0 WSO m mp| P 1567 33t 2B S
+3 +3|+1 =5 +3 1 || +1 0 +vV2 +VI5 +/350
+3 +2 +5 =30 VT 0 0|+1 +4 +6 +20
+3 +1 —V10 +vV54 —v/28 ||+£3 F3| 0 0 —/924
+3 0 0 —v63 +V84 ||£3 F2| 0 0 0  +V462
+2 +2(4+41 0 -7 +6 | £3 F1| 0 0 +V42 —+/210
+2 +1 +V15 +v32 —V105( +2 F2| 0 0 +V70 +/504
+2 0 —V20 V3 V224 | +2 F1| 0 0 —V14 —/378
+1 +1|+1  +3 +1 —15 ||£1 F1| 0 —v24 —V/40 —/420

) The numerical factor is the denominator for all c* values of a column. (Notice that only
the red terms are relevant in Example 3.5.)
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Example 3.5 Evaluation of the diagonal element Hyy = (2 | Feup 2 of matriz (83)

Hiy =1 (—VB(3, =3 |+ (2,3 || A |-V63,—3) +12.3))
(i) "Integration’ with respect to the spin, (i) insert of c*(Imy, I'm}) values®):
Hi = & (6(3HP3) + (2 |[HEP|2)) =

L[Bi(6 (31C813) + (21C42) )+ B (6(31C813) +(21C812))| = £ B

~
0

c4(33,33)=3/33  ¢%(22,22)=—7/33

atff(eab) | 15) [=5) 1=3) [5) 15) [-3)
Gl & #
2 21 21
<_§ V5 _3
2 21 21
HLF matrix of 2F5/2 < —g % % (83)
<§ V5 _3
2 21 21
(3 2%
(-4 ‘

Example 3.6 Evaluation of the off-diagonal element (5 | Heub -3)

Hiz = 3 (=V8 (3, =3 + 23l Hi® |=v2 | =1, =5) + V5 | =2,3))

Hm:;(\/ﬁmﬁlg%b —1)+ V5 (2 |Hgb —2>> =
1 4 5 4] 4 _
LB E(VE (31Ci 1) +vB(21CH] —2) )]
VA2/33 V70/33
—EBS[( VI3 ol - + VB (2| —2) )| = £ B

0

The Hyp matrix (83) has two identical 1 x 1 and two identical 2 x 2 blocks. The former
two correspond to the [M;) states | 5) and | —3 ) yielding the first-order correction to the
energy B = Erp = (2/21) BY. The energy of the other states is obtained by applying
eqn. (36):

$Bi—E ¥ B Ey =3 Bj
V5 3 _ 4
HBS1 —ﬁBé—E Eg_—ﬁBé.

5) Note that the sixth degree term (k = 6) of ﬁﬁ‘ﬁb, applied to F55[nf'], has no influence, that is,
the corresponding matrix elements vanish.
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The sixfold degenerate multiplet *Fj, is split by a cubic LF in a doublet (E”;T'7) and a
quartet (G';T's) (see Table 14). In octahedral surrounding with negatively charged ligands
E" is the ground state (A3, By > 0), whereas in tetrahedral symmetry the splitting pattern
is reversed. The splitting AF(G/, E") = (6/21) By is in the range of a few 100 cm™!, that
is, several orders of magnitude smaller than for d ions, caused by smaller radial integrals
and larger metal-ligand distances for the 4f ions.

Table 14: Wavefunctions and energies of the
’Fy 2 multiplet perturbed by a cubic LF

ITAM) 9% | My) Erp

o) = E 13 2 E T | o g
21
G'A ) £[+1)

|E”Oé”ﬁ”> \/%|j:%>_\/§|:{:%>c) _%Bg

AG =Tg;E’ =T.

b) For the states in short cf. ref. [6].
¢) Phase for Kramers doublets:

&) = > Com| I M)

|E> - ZJ,M C;,M(_l)J_MU - M).

Magnetic susceptibility
Zeeman operator (eq. (66)):

~

Hipog,» = —vngjZBz where v, = —¢/(2m.), ¢, =6/7

Application of the z component of the Zeeman operator onto the six symmetry-adapted
linear combinations of the ground multiplet *F5/5 (Table 14) yields the matrix elements
in Table 15 (in units of g,;upB, and A = Erp(G') — Erp(E”) = (6/21) By).

Wygl) W7§2)

(0)

Wn 2,2

grpUB 97Uy

0 1 2 / 20

Table 15: W,\”, W," and W,¥) of the 4f! system Gk, v) A +11/6 oA
perturbed by HfY (A = (6/21)B4

B (A = (6/21)B) N

— 20

E"M" 0 5/6 @ ———

B 0 w56

Diagonal element:
Hy = (G'K|Hpag.-|G'r)

= [R)B) + @) (=] 9,upB. = (§)g,15B:
Off-diagonal element:

His = (G'K[Hypg [E"")
= [VaVE® — VR D] aamnB. = 34 aymsb
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Substitution of W,SLO), ,E”, and W, into the Van Vleck eq. (60) yields the magnetic
susceptibility of the 4f! system in cubic ligand fields:

_ Napd,
Xm Ho 3]€BT

25 40 130 40 A
2|12 T+ (-2 - kT ——
, gJ{12+3AB +(12 3AP )eXp( k;BT)]

p2e  where (84)

Fig. 8 shows the peg—T and the x'-T behaviour for A = +605cm~! (LF ground state
E"(T'7), Bf =2119 em™, oct.) and A = —605cm ™! (G/'(T'g), By = —2119 cm ™!, tetrah.,
cube).

- a _
24 P 500 |
2.0 7 e m 400 |
16¢ '8 200
& j = I d
S 127 mS -
r o
08 | < b
04/ 15 100
0.0 ‘ ‘ ‘ 0 ‘ ‘ ‘
0 100 200 300 400 0 100 200 300 400
TK TK

Fig. 8: Ce*" in cubic LF; p 4T (a,c,e) and x,,'~T diagrams (b,d,f); A = 605cm™! oct.,
(e,f), A = —605cm™! tetrah., cube, (c,d); straight lines (a,b) correspond to the free ion.

Discussion

1. The ligand field effect produces a distinct deviation from free ion magnetic be-
haviour, except Ln ions with 4f7 configuration (Eu?*, Gd*).

2. At very low temperature the y,,! vs. T curves for systems with an odd number of
4f electrons (half-integral J) become nearly straight lines running into the origin
(Curie-like behaviour, explicable with eq. (84)), provided that cooperative magnetic
effects are absent.

3. In the case of integral J the low-temperatur magnetic behaviour is more complicated
(see Section 3.3.4).

4. Warning: The upper region of the x.! versus T curves does not follow the Curie
or Curie-Weiss law (except 4f7 ions). To compare the magnetic behaviour of Ln
ions in a crystal with that of free ions, the g versus 7' plot is suited.
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5. Cooperative effects between magnetically active ions can be described by a so-called
molecular-field parameter \yp:

X' = X (LF) = Ay (85)

6. Susceptibility equations of the type (84) are not only suited for molecular and ionic
systems, but also for intermetallics with stable Ln valence. The 6s and 5d valence
electrons are delocalised to a high degree and yield normally only a small TIP.

7. Ce, Yb, Eu are candidates for mixed-valence behaviour (Ce?*/4+ Yb2+/3+ Fu?+/3+),

Paramagnetism of Ce3*, Yb3* U ions in an octahedral LF

Figs. 9 and 10 exhibit the typical paramagnetic behaviour of octahedrally coordinated
Ce(III), Yb(III) and U(V) compounds as x,,'~7T and peg—T plots calculated with program
CONDON [12], using the parameter values (in cm™!):

Ce(IIT): B} = 2119, BS = 261, ¢ = 623, see Tab. 16 [13];

Yh(III): Bg = 1471, Bg =0, =2903 [13];

U(V): BY = 23100, BS = 3750, ¢ = 2200 [14].

The 4f'3 jon with ground multiplet *F7, is the strongest paramagnet, the 5f! ion (*F3)s)

the weakest one. The lower p.g value of the latter compared to g of Ce(III) is the
consequence of the much stronger LF effect.

200
—~ B 5+
2 160 | U
g 120 _
@O i a:q‘
ot S
— 80+t =
~
- E L Ce3+
~ 401l
- Yb** :
0 7 n ! ! | . ) 0 ! ! ! 1 ! ! ! )
0 100 200 300 400 0 100 200 300 400
T/K T/K
Fig. 9: Typical x,!-T diagrams of com- Fig. 10: Typical peg—1 diagrams of com-
pounds with Ce(III), Yb(III) and U(V) in an pounds with Ce(III), Yb(III) and U(V) in an
octahedral ligand field. octahedral ligand field.

3.3.3 4fN systems

For many-electron lanthanide systems flﬁ%b reads

Az (a™) = B Z {ct)+ & CH) + L@} + BS S {c8) - 1186 + CCu0)]} (36)

i=1
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Coupling schemes: The 4f states are controlled by H,.,, Hgy (see Fig. 11) and the
ligand field ) (H; ), where the order of energetic effects is H,, > Hgy > Hyp (except for
the 4f4 4f° 4f6 systems where Hg, ~ H;»)"). To describe the electronic situation, three
coupling schemes are distinguished, depending on the relative strength of H  and on the
desired accuracy in LF parameter determination [15].

A
0y
B 15/2 2
- 3
g 9 13/2 6
> 6 4
[en) |
~ 5
— 11/2
= 5 9/2 4 g
B 3
- 7/2 2
00— J=4 J=5/2 J=01 J=6
Pr3+ Sm3+ Eu 3+ Tb3+

Fig. 11: Energies of ground state multiplets of selected Ln3" ions (kg7 =
208.6 cm™! at 300K)

e Russell-Saunders coupling scheme (LS coupling scheme)
Including spin-orbit coupling in 1% order, S, L, and J are good quantum numbers
in this coupling scheme, i.e., this model requires multiplets 'L ; that are (i)
well separated in energy and (ii) only slightly influenced by H; . To estimate LF
parameters it is sufficient to study the action of H| solely on the ground multiplet
25T, 5 [16] (except the 4f% 4f5 4f6 systems).

e Intermediate coupling scheme
The intermediate coupling scheme is applicable, if S and L are no longer good
quantum numbers on account of the competing perturbations by H,, and Hgn while
J remains a good quantum number. This model is adequate, if the ligand field
splitting is not too strong, i.e., in the case of the weak-field lanthanide system®).
Examples: lanthanide chlorides and bromides (C1~, Br™).

e J-mixing scheme
The J-mixing coupling scheme is favourable for strong-field lanthanide systems. If
J-mixing, caused by Hip, is considered, a 2**1L; multiplet may have contributions
from terms with other J values, that is, J is no longer a good quantum number.
Examples: lanthanide oxides and fluorides (O?~, F~).

6) For lanthanides the term crystal field is often used instead of ligand field.

7) For actinides in high oxidation states there is no energetic order, that is, H,, ~ Hgo ~ Hyp.

8) The terms ’weak field’ and ’strong field’ here have another meaning than for transition metal
compounds. For a strong-field transition metal system, Hpr is a stronger interaction than H,, whereas
for lanthanides H|  is always weaker than H_,.
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3.3.4 Magnetic behaviour of the series Cs;NaLnClg (overview)

On the basis of spectroscopic data of the series Cs,NaLnClg ?[13] (see Tab. 16) the mag-
netic behaviour is calculated with program CONDON1'?) developed by Schilder and
Lueken [12]. The peg—T data for the representative metal ions Pr3T[4f%], Nd3*[4f3],
Sm?** [4£°] and Eu®* [4f°] are compared with those of the free ions.

Fig. 12: CsyNaLinClg: unit cell of the elpasolite type

Table 16: LF parameters Bj and BS of octa-
hedrally coordinated Ln®*" ions in CsyNaLnClg

Ln*t | Bi9  BSY | Ln* | Bf BS
Ce®t | 2119 261 || Th* | 1624 150
Pr3t | 1938 290 || Dyt | 1614 148
Nd** | 1966 258 || Ho** | 1593 171
Sm3* | (1671)% (228)Y) || Er3* | 1492 163
Eu?t | 2055 308 | Tm?* | 1498 159
Gd3t | 1776 136 || Yb* | 1471 [0]

@) Values in em™—1.

b) Values for CsoNaYClg : Sm>+.

The chemical environment of the Ln ions, compared to the one of d ions, has only a
minor effect on the 4f electrons. The LF effect produces splittings of H;p ~ 10%cm™!

9) Elpasolite type structure, Lnt point symmetry Oy,.
10) CONDON considers ligand field effects on the J-mixing level and, beyond this model, the applied
field dependence of the magnetic susceptibility as well as intermolecular spin-spin exchange couplings.
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leading generally to paramagnetism, described by the temperature dependence of the
effective Bohr magneton number 1 4:

NAMEH:“QB

3I’CBT‘Xm
O 3kpT

Xm =
fioNa 1

1/2
where  fiog = ( ) = 797.7(Txm) "/ (87)

As a rule, p g approaches the free Ln ion value for 7 > 200K (see Table 2, Figs. 8, 10,
13, 14).

Pr®*:  Applying By = 1938cm™" and B§ = 290cm ™' the x,'-T plot in Fig. 13 (left)
is obtained. The octahedral LF effect produces temperature independent paramagnetism
below 100 K in agreement with the predicted non-magnetic ground state A; (see Table 17).

Nd3*: The magnetic behaviour of Cs;NaNdClg exhibits Curie paramagnetism in the
temperature range under investigation (see Fig. 13, right). This behaviour is expected
for Ln ions with an odd number of 4f electrons in magnetically diluted systems without
cooperative interactions.

Sm3*: On account of low lying multiplets, peg of the free Sm3* ion is already temper-
ature dependent (see Fig. 14 (left), curve b, and Fig. 11). After switching on the cubic
ligand field (curve a), a drastic modification is observed at 7' < 200 K.

Eu3*: In the complete temperature range the magnetic properties of Eu** compounds
are determined by the TIP on account of the non-magnetic ground multiplet with J = 0
(see Fig. 14, right). The effect of a cubic ligand field is negligible.

240 | 4.0

] 200 | " 50

900 | 32

713.0 128

_ 160} ] 150 124

g 190 12.0 Rl 120
kS k; — 100 | — 116 ;‘j

B 80° 110 _E 112

- 1. o 50 L 108

=40 , % 104

H,xg 0L ‘ ‘ 0.0 w50 00

0 100 200 300 400 0 100 200 300 400

T/K T/K

Fig. 13: x,'-T and peg—T diagrams for Pr** (left) and Nd** (right), calculated with the
spectroscopically determined data of CssNaPrClg and Cs;NaNdClg, respectively (solid
lines: full basis; dottet lines: ground multiplet only; dashed lines: free ions)
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Fig. 14: p T (left) and x,'-T diagrams (right) for Sm*" and Eu?*, calculated with
the spectroscopically determined data of Cs;NaYClg:Sm** (a) and CsyNaEuClg (d), re-
spectively; free Sm** ion (b), free Eu®" ion (c).

3.3.5 4f? system (Pr3", 3H,: HwP

For a 4f2 system HEY reads:
(88)

A (4f%) = 332{04 (i) + /& [C16) + L]} + BﬁZ{C6 —/31656) + ¢80}

Compared to the two multiplets of the 4f! (Ce3") free ion, the 4f? (Pr3") free ion has
13 multiplets and, in consequence, exhibits a more complicated LF splitting pattern (see
Table 17 and ref. [13]).

Table 17: Spectroscopically determined levels of the Pr** ion (O, octahedron)
in CsoNaPrClg. The energy increases from top to bottom and from left to right.

°H, *Hs *He | °Fy °Fy 5Fy |'Gy|'Dy | 3Py *Py| s |°Py| 1Sy
A0 VD E9 | E Ty E | A | To | Ay Ty | Ay | To| Ay
T,[r)236) Ty TV [Ty Ty Ti| E | E T, | E
E[l,](422) E A Ay A | T T
T,[05)(701) T Ayl T, | T A
T, T?
T E

) Experimental energy data in cm~'; 92300 cm~'; 94392 cm~! [13].
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According to the procedure outlined in 3.3.2, only the ground multiplet 3H, will be
considered for the 4f? ion, that is, one starts with the |JM;) basis consisting of the
2J +1 = 9 states [44),[43),...,]4 —4). The 4f? situation is much more complicated
than the 4f! one for the following reasons: In order to apply the entries of Table 13,
the |JM;) functions have to be decomposed into the microstates of the two electrons
(cf. ref. [7], page 120). Subsequently, the operator eq. (88) must be applied. Then the
respective LF matrix elements have to be summed up and collected in a 9 x 9 matrix.
After diagonalisation of this matrix, the symmetry adapted functions and their energies
are obtained as a function of the LF parameters Bj and BS.

These calculations would be time-consuming and must be worked out by a computer,
using, for example, the program CONDON [12] which is at our disposal. In general, this
program uses the complete set of basis functions, but can be restricted to the ground
multiplet'?). The results, obtained by CONDON with the restricted basis, are presented
in Table 18. A splitting in a singlet (A;), a doublet (E) and two triplets (T4, Ty) is
obtained and the entries of Table 17 are confirmed.

Tab. 18: Functions and energies after perturbation of the 3H,(4f?)
ground multiplet by a cubic ligand field

functions |M;) (J =4) ITA)) E b

\/g(\/ﬁ|0>+\/5\4>+\/5|—4>) |Ajay) | 28Dy — 80D
\/g(—\/ﬁ|0>+ﬁ\4>+ﬁ|—4>) |E)
VEU2)+1-2)) IFe)
ORI ERVALY T, 1)
£<\4>—\—4>> IT,0) 14 by + 4 bg
\/§|3>+ £1-1) Ty —1)

VEIB) =y /E-1) ITa1)
3 (12)—=1-2)) [T50) | —26bs — 20 bg

40y + 64 g

—JH=3+ T2 1)

DA, =T, E=T3,T, =0y, Ty =T5 [6].
2 b4 = (15/2)6JB(4)1a bﬁ = (315/4)’)/]-387 ﬁJ = _ﬁy YJ = 44?);2455~

11) As an alternative, a rather simple method is available to determine LF effects for cubic lanthanide
systems, if the description of the LF effect within the ground multiplet is sufficient. In this method an
operator is applied that consists of so-called operator-equivalents instead of the Racah tensors. We will
come back to its practice in 3.3.7 and in Appendix 2.
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3.3.6 4f? system (Pr3", 3H,: H{Y® + H

mag )

Applying the Zeeman operator eq. (66) on the eigenfunctions, the matrix elements (89)
are obtained (in units of g,ugB,; g, = 4/5).

F A1 E T1 T2
M| a 0 €| 1 0 111 0 -1
Al ar| 0 | 0 NES
28
. 0l 0 0 \/ 2
€ 0 2
1 VT
1 2 —7
20 28
T, 0 2 -z 0
1| V7
—1 —3 |3
Vil 5
1 —7 | 2
Ty, O 2 0
V7 5
—1 2 —3

In Table 19 the energies W and the Zeeman coefficients Wél), W are listed.

a cubic ligand field.

Tab. 19: Energies Wéo) and Zeeman coeflicients 7(11)’ 7(12) of

the 4f2 system (Pr3*) after perturbation of the 3H, multiplet by

m )
W) n VZ)VnQ b
gdyHp gy s
(20/3)
A 28 b, —80b 0 S St
‘ 1(11> 4 6 A(Tl;Al)
2
) 0 __(28/3)
4b, + 64 bg A(T41; E)
E -
[Ee) 0 A(Ts:E)
1
Ty +1) +1/2 —LU
14by + 4 bg A(Ty; Ty
T,0) 0 (20/3) . 28/3)
! A(Ty; A1) A(T;E)
(7/4)
Ty +1) +5/2 I
—26 by — 20 bg A(Ti; T)
T -
|'T20) 0 + AT, T)

) Further contributions to Wéo) beside Err are equal in magnitude
for all levels and are reduced;

ba= () B8,B5, be= (%), B8

DA Ty) = Wiy — Wi
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Setting W,SLO), WY and W into the Van Vleck eq. (60), the susceptibility equation
for the Pr3* ion in cubic ligand fields is developed (where X1 = W (T')/ksT):

Pr) = iy L h _ g 90
Xm( T ) 3k T /’Leﬂ‘ where Meff gJ X ( )
40ksT 56kpT 24kpT
_40kpl % .
HA(TI%Al)] P {A(Tl;E) " A(T2§E):| exp(—Xg)
3 21kgT A0ksT 56kpT
2 - - X
[2 T ATLT)  A(TiA) ATy E)] exp(—Xr,)

E B 21kpT B 24kpT . (—X ) y
2 A(TyT1) ATy E)| TPV
{exp(—Xa,) + 2exp(—Xg) + 3exp(—Xr,) + 3exp(—Xp,)}

Fig. 13 (left) exhibits calculated y'-T and peg—1 diagrams for the Pr*" ion in an
octahedral ligand field where Bj = 1938 cm ™" and B§ = 290cm™!. Dotted lines refer to
calculations with the reduced basis *H, (eq. (90)), whereas the solid lines correspond to
calculations with the complete basis (91 microstates). Differences in y,, values between
the two models amount to 3%. In addition, the expected magnetic behaviour of the free
ion is shown for comparison (dashed lines).

3.3.7 Prediction of LF splittings by means of the operator-equivalent method

The magnetic behaviour of Ln ions depends on position and charge of the ligands, both
controlling sign and amount of the LF parameters Bé“. If one accepts the qualitative
validity of the point charge electrostatic model (PCEM) for the geometrical coordination
factor A} (defined in eq.(72)), the sign of the corresponding BY = A} < r* > that is,
the sign of Bj and Bf in the case of cubic coordination polyhedra (octahedron, cube,
tetrahedron), can be predicted reliably'?). We consider the point charges —Qe'®) at the
vertices of regular polyhedra (octahedron, tetrahedron, cube) with the distance R to the
centre of the polyhedron, and calculate A9 and AQ.

Geometrical coordination factors

AY| For the octahedron the integration in eq.(72) reduces to a summation of the six
ligands with (©,, ®;) coordinates (0,0), (7,0), (7/2,0), (7/2,7/2), (7/2,7), (7/2,37/2):

7 Qe?

5 6
AY(oct.) 204 0,,®;) _%Z%(35C034@j_300082®j+3):§ﬁ, (91)
=1

For negatively charged ligands () > 0) which coordinate the Ln ion octahedrally, A9(oct.)
is positive and consequently also A < r* > = Bj, whereas the A{’s for tetrahedron and
cube are negative (angle coordinates for tetrahedron: («,7/4), («,57/4), (7 — a, 37/4),

12) Notice, that radial integrals < r* > are positive quantities.
13) The elementary charge e is positive; the charge of the electron is —e. Ligands with the charge —Qe
are negatively charged for @ > 0.
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(m — , Tr/4), where cosa = 1/4/3; additionally for the cube (a, 37/4), (a, T7/4), (7 —
a,m/4), (m — a,br/4)):

14 Qe? 28 Qe?
Ag

Qe & 4 \1/2
Agloct.) = 4= > C3(0;,®;), where C{(O;,P;) = 3 Y065 2)

=1
Qe 3 Qe?
= o 2 (231 cos® ©; — 315¢cos* ©; + 105¢c0s? ©; — 5) = TR (93)
8 Qe? 16 Qe?

For negatively charged ligands (Q > 0), A is positive, regardless the polyhedron.

Having fixed the sign of the LF parameters Bi and BS, the possible LF ground states
of the Ln ion under investigation can be determined. If the program CONDON is at
our disposal, we need only the values of Bj and B¢ as an input to obtain energy and
composition of the LF states. Otherwise, we can benifit from tables of eigenvectors and
diagrams of energy eigenvalues, expressed as a function of the ratio between the fourth
and sixth degree terms of ﬁﬁ%b, that are published for all J-manifolds of the lanthanides
by Lea, Leask, Wolf[16]. The immediate application of these diagrams and tables is
the prediction of spectroscopic energy level schemes and possible g-factors for lanthanide
ions in cubic coordination. We start with introductory remarks concerning the operator
equivalent technique.

Operator equivalents: To describe the fundamental magnetic behaviour of Ln ions
in a solid, a model is sufficient that, according to the Russell-Saunders coupling scheme,
takes solely the ground multiplet 2**!L; and its perturbation by Hip into considera-
tion (exceptions: Sm**[4f°], Eu*"[4f6]). The restriction of the basis functions allows
a simple calculation of the matrix elements (J M ,|H,z|J M) by application of the so-
called operator-equivalent technique. Using this technique, the calculation of the integrals
(L;my, |CE(4)]l;my,) — entailing a troublesome decoding of the |J M) basis with regard to
the microstates — is unnecessary.
The operator equivalent technique is founded on the fact that the operators Cg =
A/ (2k + 1) Yq"“', written in cartesian coordinates, can be replaced by operators J,, jy,
J. of the total angular momentum [17]'¥). By this means operator equivalents OF are
designed whose matrix elements are proportional to the corresponding matrix elements of
Hyp. The restriction to the ground multiplet has the advantage that the matrix elements
(JM ;| HEP|JM") are easily evaluated: Given the wave functions in the [JM,) basis, the
action of Hﬁ%b on the orbital part of the functions is taken into consideration by a simple
factor (Stevens factor [18]). If z, y, z in the Racah tensors C}(z, y, z) of HE® (eq. (72)) are

replaced by the total angular momentum operators J,, jy, J, [17], operator equivalents

14) Originally, the operator equivalents are related to the spherical harmonics qu [18, 21]. Conversion
factors are published in ref. [22]. Details are given in the ’Final remarks’, p. 49.

43



Of; are obtained, whose matrix elements are proportional to the matrix elements of f[ﬁ%b.
Simple examples of operator equivalents are:

2t —y? = 0(J2 - J2), 32— = 0BS2-J(J+D),  wy = 0], + T, J,).

N[

The multiplicative (Stevens) factor § depends on k:

a; (k=2) B, (k=4) v; (k=6) (see Table 23 and example 3.8)

For cubic symmetry only terms with £ = 4 and 6 are relevant, so that the multiplet under
consideration is generally characterised by the two figures 3, and ~,'*). The two following
equations show the operator and its operator equivalent:

AP (a™) = B Z {Ct6)+ /& [C16) + 4,60} + BS 3 {cs6) - /31086) + 2,61}

=1
A5 = By, (04 +\ [ (01 + 01,)] + BS, (05— /T (05 + 0, )] (95)

The operators C;t and O as well as C and Of are related (see ref. [17]) by

N

SOCHE) = 808 =8y (1) {3571 = [30J(J + 1) = 2512 + 32 + 12— 6J(J + 1)}
N
> Chil) = £,0%L =7, (3) VO (3) JL (96)

16

N
dCE) = 7,08 =7,(%) {231 JO —[315 J(J + 1) — 735)J%4 [105 J2(J + 1)2
=1
—525J(J + 1) 4 294)J% — 5 J3(J +1)% +40 J*(J + 1) = 60 J(J + 1)}
N
N8 = 7,08 =70/ (4) {[11 J2— J(T+1) — 3874 + J4.. .]} (97)
=1

The matrix elements (JM J\O§|J M) that are necessary to set up Hpp matrices are avail-
able and collected in the Tables 35 — 38 on pages 89 — 90. In the following three examples
the handling of operator equivalents is shown.

Example 3.7 Application of the operator-equivalent method to *Fy 5 of Ce®*[4f1]

The Hypp operator equivalent for the cubic 4f! system reads
g = B g, |04+ /& (01 +04,)] (98)

Inspecting the Tables 35 and 36 the relevant data for the basis |2 M) are:

(510§ 1) = 15 (43104 43) = 152 0
(2104 +3) = —45/2  (B(OLIFE) = VT2

15) Exceptions are the multiplets 2F5 /5 (Ce3*[4f1]) and SHj,o (Sm®*[4f°]) with J = 5/2, where only
the fourth degree term (k = 4) in Hyp is relevant.
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Verification of { 3 |O8] 2) =12 given in eq. (99)

< ) = O30 -BG ) -2 () +363)° () -6() (D)}

(135) (21875 — 23750 4 3675 — 840) = 950 = 22

103l

Nt
DOt

Notice that, applying operator equivalents, the factor h is always omitted.

To complete the matrix elements they must be multiplied by 3, =
Example 3.8 shows the evaluation of the Stevens factor [3;.

Example 3.8 Evaluation of 3, for *Fy s [4f"] i

By is derived by comparing (2 |C¢|2) (Example 3.5) with (2]03]2) (Example 3.7):
~ 2 2

(31C013) = Br(310513) — Bs=

NERRUEE) \EEgIEZ) 32.5.7 315
1/21 15/2

= (see Table 23).

N[Ot

On the basis of the operator-equivalent matrix elements (99) and 3; = 3—35 (Example 3.8)

the I{Iﬁ%b matrix within the basis ?F5/o can be set up. It is identical to matrix (83).

Example 3.9 Application of the operator-equivalent method to Pr3+[4f?], 3H,, J =4
For the 4f2? system both the fourth and the sixth degree terms of the LF operator equiv-
alents eq. (95) have to be applied. According to the 1°¢ column in Table 17, the 9-fold
degenerate ground multiplet ?H; decomposes under the action of a cubic LF into the
terms Ay, E, T, and Ts. In order to verify the splitting by use of the operator-equivalent
method, we need the matrix elements (M;|OE|M,) and (M;|O%,|M; F 4) for k = 4 and
k = 6 (Table 20 and Tables 35 — 38 in Appendix 2) as well as 3, = —(4/5445) and
v, = (272/4459455), given in Table 23. The 9 x 9 matrix is divided into one 3 x 3 block
and three 2 x 2 blocks:

[4) 0) | —4)

(4| 14by+4bs /70 (by —Gbe) 0

(O] [ V70 (by—6bs) 18by—20bs /70 (by — 6 bg)

(—4| 0 V70 (by —6bg)  14by + 4bg
where by, = (2)06, B, and b = (32)7, B§ (100)
| £3) | F1) 2) |-2)

(£3|| =21by —17bs VT (5by+ 3 bg)
(F1|| V7 (5bs+ 3bg) 90y + bg
(2] —11by+22bs  15by + 42 b
(—2| 15bs442b  —11by + 22 b

Evaluation of the I{Iﬁ%b matrix yields the energies and eigenfunctions given in Table 21.
The splitting in a singlet (A1), a doublet (E) and two triplets (Ty, Ts) is confirmed.
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Tab. 20: Matrix elements of the operator equivalents O]; in the basis
|JMy) (J = 4) for 4f2 and cubic symmetry (see Appendix 2)

(M;|OFIMY) | k=4 k=6| (M;OFM}) | k=4 k=6
(0]0kl0) 135 —1575 || (+4|0k| £4) 105 315
(105l £1) | 12 | (2108 F2) | VIO —PV14
(£2(08 £2) | 1% M| 3|0k, [F1) | BYID -2y3
(£3]0F| £3) | 22 3850 (+4|0%,]0) 105 945V/5

Tab. 21: Functions and energies after perturbation of the 3H,(4f?)
multiplet by a cubic ligand field

functions |Mj;) (J =4) ITM)®) Epp?
\/g(m|o>+\/5\4>+\/5|—4>) |Ara;) | 28by — 80bg
VA& (CVI010) + V7 4) + V7| —4)) [E)

4 by + 64 bg
JEU2)+1-2)) [Ee)
—/H=3) =TI IT:1)
Va4 = -4)) TW0) | 14k + 4bg
Vi) + /R T -1)
VHEIERVEIESY T21)
Vi (2)—1-2) ITo0) | —26b4 — 20bg
—EI=3)+4 /2 T2 1)

&
>

b)

(=

.

1 = (15/2)81Bg;

-
@4

.

ssignment of the states see ref. [6]; A1 =T'1,E =13, T =Ty, Ty = T;.
bs = (315/4)7, 5.

Level tuning [16]: The ground state of an Ln ion in a cubic LF depends on 3,B; and
ol JBg . We want to obtain information about the succession of Err of the LF states as a
function of the ratio 3, B; /v, BS. Using the operator equivalent matrix elements in Tables
35 — 38, the (2J 4+ 1) x (2J + 1) matrix can in principle be drawn up. The tables contain
factors common to all the matrix elements, F(4) and F(6). These factors are separated
out in order to keep the energy values in the same numerical range for all ratios of the
fourth and sixth degree terms. We start out from eq. (95)

A = 3, By [0+ /% (01 +0L,) |+, B8 [ 06— /5 (0§ + 0%, |

@6
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— 510"+, B0
. Of - O°
= B,;ByF(4)=— +v,BSF(6)=—. 101
6,8y ()F(4) 750 ()F(6) (101)
In order to cover all possible values of the ratio between the fourth and sixth degree terms
a mixing parameter x has been introduced which is governed by the relative magnitude
of By and Bf. Furthermore, a factor W has been defined that scales Fpp:

B,ByF(4) =Wa,  ~v,BSF6)=W( —|z|) where —1<az<+1 (102)
b b
4 6

Solving both egs. (102) for W, an equation is obtained that covers all possible values of
the ratio between Bj and B¢. Tt follows that

ﬂJBg 7 F(6)
v, 85 1—|2| F4)

(103)

so that (3,Bg/v,;BS) = 0 for x = 0, while (3,B3/v,;BS) = 400 for x = +1. In conse-
quence, eq. (101) can be rewritten as

04 06
. (F(4)> (= le) (ﬁ(@)

For each J-manifold z is allowed to take the values in the range 0 — £1. The energy
expressions for the LF states as a function of 3BEF(4) = by and vBSF(4) = b are
replaced by Wz and W (1 — |z|), respecticely. Table 22 exhibits the results for the 4f?
system and Fig. 15 displays the corresponding diagram Epp/W versus z.

‘rcub
Hy =W

(104)

Tab. 22: Energies Erp of the 4f2 system in cubic ligand fields as
a function of W and x as well as by and bg, see egs. (102)

Eve/W
Erp
r=0 z==1
Ay | 28by — 80 bg W28z — 80(1 — |z|)] —80 +28
E | 4b, + 64 bg W4z + 64(1 — |z|)] 64 +4
T, | 14 by + 4 bg Wldz + 4(1 — |z|)] 4 +14
Ty | =26 by — 20bg | W[—262 — 20(1 — |z|)] —20 F26

Diagrams like Figs. 15 and 16, displaying LF energy eigenvalues Epr /W as a function of
the LF parameters, are available for all J-manifolds of the lanthanides’ ground multiplets
[16]. In examples 3.10 and 3.11 the diagrams are used to determine the LF ground state for
Pr?*[4f2] and Nd*[4f3] in cubic LF. In example 3.12 the construction of the z — Erp/W
diagram for Pr3* is demonstrated.
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- A

-1 0 1 -1 0 1
Fig. 15: z(Epp/W) plot of Prét[4f?] (J = Fig. 16: o—(Epr/W) plot of Nd**[4f%] (J =
4) in cubic ligand fields [16] 9/2) in cubic ligand fields [16]

Example 3.10 Ground state of Pr3t in cubic LF

Pr3*: The signs of W and x for an octahedral LF:

(i) The PCEM predicts that for an octahedral LF both geometrical parameters, AY and
A9, are positive (see egs. (91) and (93)) and, consequently, also Bi and BS ).

(i) Since both F(4) and F(6) are positive (for all .J’s), it is obvious from the right eq. (102)
that the sign of W is determined by the sign of v,BS, since (1 — |z|) is always positive
for -1 < x < +1.

(iii) From eq. (103) we see that the sign of z is determined by the sign of (3,84 /v,;BS).
For the Pr3* system under investigation, v;, Bi, and BS are positive, while 3; is negative
(see Table 23). So, the sign of z is negative.

The 2—(E; /W) diagram in Fig. 15 shows that for the situation z < 0 and W > 0 the
singlet A; is the ground state. Thus, an octahedrally coordinated Pr®* ion should exhibit
temperature-independent paramagnetism at low temperature. Fig. 13 (left) confirms this
magnetic behaviour.

Pr®*: The signs of W and x for a tetrahedral/cubical LF:

Since AY (Bg}) is negative, x is positive; the sign of 1 doesn’t change compared to the
octahedral case. Consequently, both W and z are positive and the LF ground state may
be a singlet (A;) or a triplet (T,), depending on the magnitude of x (see the region > 0
in Fig. 15).

Example 3.11 Ground state of Nd**[4f?] in cubic LF

Nd3*: The signs of W and « for an octahedral LF:

(i) Applying the PCEM, the situation is identical to the Pr* case: B, BS > 0'7).

(ii) Since 7, is negative, it is obvious from the right eq. (102) that W < 0.

(iii) From eq. (103) we see that the sign of z is determined by the sign of (3,B;/v,;B¢S).
For the Nd*" system under investigation both 3, and v, are negative (see Table 23). So,
the sign of x is positive.

16) The result of the PCEM calculation is supported by spectroscopic investigations, showing that
Bi =1938cm™! and B =290cm™! (see Table 16).
1) Bt =1966cm™?, B =258 cm™ (see Table 16).
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The (B /W) diagram in Fig. 16 shows that for the situation z > 0 and W < 0'®)
either the quartet G’ or the doublet E’ is the ground state. Thus, ignoring interionic spin-
spin couplings, an octahedrally coordinated Nd** ion should exhibit Curie paramagnetism
regardless T'. Fig. 13 (right) exhibits the magnetic behaviour.

Note, that the diagrams in Figs. 15 and 16 differ distinctly: While for the Pr*" ion
exclusively straight lines result, one straight line and two curves are observed for the
Nd?* ion (see 'Remarks’ on page 49 for further details).

Nd3*": The signs of W and z for a tetrahedral/cubical LF:

Since both W and z are negative (according to 3;,7;, By < 0 and Bf > 0, eq. (103)) the
ground state is the quartet G’.

Final remarks

e According to today’s standard practice, we use the operator equivalents that are
related to the Racah tensors C’(’; [17] while Stevens’ definition relates to the spher-
ical harmonics Y [18, 19]. Since the article of Lea, Leask, Wolf [16] is based on
Stevens’ definition Y;]k, some hints to the conversion factors between both derivations
is informative with respect to the application of the LLW diagrams:

(i) The LLW diagrams can be applied directly, since the conversion factor for both
W and z is 1. In other words, the values O,/F(4) (based on Y}) in equation

(5) of ref. [16] and O*/F(4) (based on Cy) in eq. (104) are identical and the
same is true for the sixth degree terms (k = 6).

(ii) Conversion factors for operator equivalents (see eq. (96) and (97)):
Of= (L) 0, Of=(V70/8)0f;  Of = (%) 0§, 0OFf=./63/12809
Consequence of the conversion factors:
Conversion of F'(4) and F'(6) [21] into F(4) and F(6) (Table 23), respectively:
FA) =) FM),  F6)= () F(6)

16
(iii) The LF parameters, used by LLW, BiEW) and BSWW) [16], include the
Stevens factors 3, and v,;, while in today’s standard practice, used by us,

both are separated:
B = 5, B B =, B

e Within the x—(ELr/W) diagrams there are two types of I'; curves to be considered:
(i) curves that are straight lines and (ii) curves that deviate more or less from
straight lines.

(i) A state I', whose energy eigenvalue is a linear function of x, occurs once only in
the decomposition of the J-manifold. For example, in the cubic Pr?* systems
with ground multiplet J = 4 each split term Ay (I'y), E(T's), T1(I'y), To(T'5)
occurs once only. So, the diagram exhibits only straight lines. The state
functions have fixed compositions (see Table 21) independent of B; and Bg.
Other examples are ions in cubic LF’s with J = 2 (E” (I'7), G’ (I's)) and I (E/
(D), B (T7), G (T)).

18) According to the negative sign of W, one has to mirror the x—(FE; /W) diagram at the z axis with
the consequence that the Fpp/W axis shows downwards for W < 0.
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Tab. 23: Ground states of Ln®" ions in cubic ligand fields [16]

Lo+ [4EN] || Ced*[4£1] | Pré+[4f2] | Nd®+[4f3] | Sm*[4£5] | TH3+[4f?]

2SHL, *Fs /2 °H, o/ OHs o Fy
g 5—5 % % % ;_;
By 515 7S T 18T 0505 16535
v 0 44?57)2455 42751131;71 0 8917_5%91
Fap | % 5 B z i
F(6) 0 45 b) 315 0 5
rolo | EHY | A | GEE] B | AnAllE
ri] Glgl | AT E | =] | Gl | AsLEF

Lo+ [4£V] || Dy [4£9] | Ho* [4£19] | Er¥*[4£11] | Tm?* [4£12] | Y3 [4£13]

2SHLJ 6H15/2 5[8 4[15/2 3H6 2F7/2
—2 —1 4 1 2
s 315 50 1575 99 63
J 135135 30030 45045 49 005 1155
4 —5 8 —5 4
Vg 3864861 3864861 3864861 891891 27027
n 15 105 15 15 15
F(4) 2 2 2 2 Z
n 3465 3465 3465 945 315 b
F(6) T T T el i
il E' E[f] | E A, =] | E" G [3] Ay Ay =] E [%]
(7] E",G'[£]| B, To[=] | E"E[£] | Ay, E[F] | B B[]

) F'(4) and F(6) are equivalent to F(4) and F(6) [16] and consider the different

definitions of the operator equivalents Oé’ and O’;.
®) Note that there is a misprint in the corresponding Table 4.39 of ref. [7].

¢) Indices O and T identify the expected LF ground state for octahedral and
tetrahedral (cubal) symmetry and negatively charged ligands (A; =T'1; As =Ty E =
Fg;Tl = P4;T2 = P5;E, = FG;E” = F7; G = Pg)

4) Combination of signs for the W and z parameter [%}
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(ii) Systems with J > 4 decompose as well into states which occur more than once
and deviate from straight lines. Taking J = § (Nd**) as an example, decom-
position by HfP takes place into the states E'(Ty), G’(Fgl)), G”(Fg)). Here
the energy of the states G’(Fg)) and G”(Fg)) depends in a more complicated
way on the ratio Bji/BS and consequently on z (see Fig. 16)'®). This is the
consequence of the fact that the functions of both states transform according
to the same irreducible representation of the cubic group. The state E'(T),
however, occurs once only. So, its energy is a linear function of x.

e The multiplets of Ln®" ions with the same .J, e. g., the two pairs Th3*, Tm3* (J = 6)
and Dy>* Er3* (J = 15/2), respectively, are each reduced in cubic ligand fields into
the same irreducible representations.

e Exact values for LF parameters cannot be calculated reliably. However, the sign
of BZ; values can often be predicted. Consequently, the signs of x and W can be
deduced, leading to the determination of the ground state.

e Systems with non-integer J have exclusively magnetic states (showing Curie para-
magnetism 2°)), while in the systems with integer J ligand field ground states may be
produced which are nonmagnetic, for example A;(T'1), Ay(T'y) and E(T'3), yielding
temperature independent paramagnetism (TIP).

e The x—(E /W) diagrams are helpful not only for cubic systems but also for coor-
dination polyhedra that don’t deviate greatly from cubic symmetry, that is, have
cubic pseudo symmetry.

Example 3.12 : Energy of the LF states of Pr®" in Cs,NaPrCl

To verify Fig. 15 we use Pr®" in Cs,NaPrCl; as an example with B = 1938 cm™! and
B§ =290 cm™! (Table 16). With the help of the entries in Table 23 as well as egs. (102)
and (103), the following data result:

. 4 15
by = B,F(4)By =Wz =— (%) (5) x 1938 cm ™! = —10.68 cm™!

be = v,F(6)By=W(1—|z]) = (ﬁ%) (Zﬂ) x 290 cm ™" = 1.393 cm ™!
b T 7665 —  w— 08845, W=t _1207
be 1 — |z x

Table 24 exhibits the LF energies corresponding with x = —0.8845 and W = 12.07.
Note that the calculated energy values, appearing in the last column of Table 24, are not
identical with the observed ones (see Table 17). One reason for the discrepancy is caused
by the fact that in our model only the ground multiplet >H, has been considered instead
of the full basis.

The energy difference between the LF term of highest energy (T,) and lowest energy
(A,) of the ground multiplet, usually called crystal field overall splitting (CFOS for short),
amounts to 660 cm™" (calc.) and 701 cm™! (obs.).

19) The states are listed as a function of  in ref. [16].
20) Curie paramagnetism means that X,, increases with decreasing 7T'.

51



Tab. 24: Calculated energies Erp of the LF states of Pr3t in CsyNaPrClg on
the basis of spectroscopically determined values Bé = 1938 and Bg =290 cm™!
[13].

-1 b
Erpcate. Jem ™t @ ELp obs.”

A(T)) | 285, —80bs | W28z —80(1 — |z])] | —410 0] 0

T(T,) | 14bs+4bs | W[4z +4(1 — |2|)] | —144 266| 236
E(T) Aby+ 64 bg | WAz + 64(1 — |z)] 46 456 | 422
T,(T,) || =26 by — 20bs | W[—262 — 20(1 — |=[)] | 250 6609 | 701

o) W =12.07; x = —0.8845; see Example 3.12.
b) Ref. [13].
¢) Crystal field overall splitting (CFOS).

Problems

7. Determine the crystal field overall splitting (CFOS) for the Dy3* ion in Cs,NaDyCly
on the basis of Fig. 35. Apply egs. (102) and (103) as well as the entries in Table 23
and take the By and B§ values for Dy from Table 16. (Solutions are specified in
section 5.)
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3.4 Non-cubic LF
3.4.1 Ligand field operators (single electron systems)

Lowering the symmetry results in LF operators with an increasing number of terms?!):

e cylindrical (Dup, Cooy 22))
HY = BXC2 + BYCY + BS CF
e hexagonal (Dgy, D3y, Dg, Cey)
T = BECZ + By Cy + B CS + B (C% + CF)

e tetragonal (Dyy, Dy, Cyy, Dog)

Tt = B2C3 + By Cy + By (C, + C) + BSC§ + BS (C8, + CY)

e trigonal (D34, D3, Csy)

(105)

(106)

(107)

T = B2 C3+ By Ca+By (O — C3)+BS Co+BS (085 — C5)+BE (C%4 + CF)(108)

For d electron systems only terms with & < 4 are relevant. The number of terms for f(d)
systems with cylindrical, hexagonal, tetragonal, trigonal symmetry is 3(2), 4(2), 5(3),
6(3), respectively. A complete list of H} operators (including the symmetry I,) is given

in ref. [15].

3.4.2  4f! system (Ce’t, *F ,: H

In the following calculations the basis functions are restricted to the multiplet 2Fj /2 23),

Ligand field operator: HE%] (°Fs/9) = Bj C§ + Bi Cy

(109)

Operator (109), acting on *Fs 3, produces solely diagonal elements (¢ = 0). The matrix
elements (M;|CF|Mj) for k = 4 are known from matrix (83). The data for k = 2 are

obtained with the help of Table 8 and Table 13:

(|02 2Ly = &0 (23|02 &3y = 2, (42|10 £3) = 10

357 357 35°

In Table 25 the results are given.

) 02 = 2 (3cos?f—1); Cig=F1V35 sin® 0 cos fe*39;
CcS, :A:FLG‘/ 105sin® @ cos O (11 cos? @ — 3) e3¢ CY( = V231 sin® Peti02,
22) [7Y, applies also for Dyg.

23) Note that under this restriction the effects of H’E{J and HPSX are identical.
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| M) E,ir = W

1\a 8 2 2 4
|£3)9| =B+ =B

o 3 2 P2 3 4
Table 25: Splitting of the 2F o[4f"] multiplet by A |1 F27 | 58—l

5 10 22 1 4
H:§> _£Bo+ﬁBo

%) Wavefunctions adapted to
the magnetic field in x-direction:

s) = L5 (1) + 1~ 1),

In a cylindrical /hexagonal LF %Fj /2 is split in three doublets whose energy separations
are given by B2 and Bj.

3.4.3 4f! system (Ce®", °F, ,: H{} + H,.,)

In a cylindrical /hexagonal LF the multiplet *Fj 5 is split in three doublets depending on
B2 and B} (see section 3.4.2). To gain the susceptibility equation the influence of the
magnetic field must be considered parallel to the unique axis z and in a second direction
perpendicular to z, that is, x.

A~

Magnetic field parallel to the unique axis: Hyae, = —ve9;J.B. (g9, = %)
The results are available in the third column of Table 26. Applying Van Vleck’s equation
(60) the susceptibility equation for x| is

N, i3
Xml = Hogyop Hen) Where (110)
T L) 22 Ao
, AP\ Ther) T T 1 P T 6
He = 9J A A ) g5 = -
exp ~ L) 414 exp i
k‘BT kBT

and Ay =W - W) =Lp24+ 2B

_ 0 0) _ 4
Ay = W5/2 - W3/2 - _%Bg + ﬁBg-

Table 26: Splitting of the 2Fj[4f!] multiplet by HyY, Hipag (2) and Hyer (2);
energies by = Wn(o), Zeeman coefficients W,glz) and W,&EZ, W,&%Z

| M) En,LF = WT(LO) Wn(,lz)/QJMB Wé}x)/gJIUB ng/ﬂ?}/ﬁ%a)
|£1)Y | £B3+2ZB; +3 +3 2/
£3) | 2B -4BY| 4 0 | -5/(40y) ~2/A
|£2) | -8B+ 5B +32 0 5/(4A,)

" 0 0 . 0 0 _
VA = Wf/; - W:a(/; = B} + 55 B; A; Wé/; - W:a(/; = —$B + 3 B3

b) Wave functions adapted to ﬁmagl: [y) = L (:|:|%> +] _%>)
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Magnetic field perpendicular to the unique axis:
Hngse = ~7e050 B, = =e0; (3) (1 + 1) B,
3

(3| -3) A
The matrix elements ( % | Hmag, | —% ) and ( % |Hinag,| —5 ) are zero. On account of the
off-diagonal element (i%|ﬁmagm| F 1) = 2g9,15B,, the correct zeroth-order functions have

to be determined:

1
- rg) %QJMB

—0- (1 . B
sy o | =0 Waag = Fa0sms [0 = 5 (+3)+1-3)).
2 n

The H matrix reads (in units of g,;uzB,):

13) =350 113) [ =8) [es) |v-)
(3| © o
(-3 0 7
3l 2 0 L1
(-2 V5 0 1 1
(W+ | 1 1 3
(v-| -1 1 -3

In Table 26, column 4 and 5 the results are collected. Substituting W,SLO), Wr(fg and W,&%ﬁ
in eqn. (60) yields the expression for xu,,:

Napig
Xml = Ho ng; p2e,  where (111)

9 4kgT A 4 5 ST -

2 2 B ! = -

_ 9 A I | -

HerL = 913 {(4 A )eXp( kBT) * (A1 * 2A2) A, O ( kBT)}

A A\
X exXp _kB—T +1+eXp _kB—T

and Ay = W = Wi = 55 55+ 5By

3/2 =
(0) (0)
Ay = W5/2 - W3/2 = _%Bg + %Bg'

For a polycrystalline sample the average susceptibility is

Xom = 5 (X + 2 Xm)- (112)

This model, extended by a molecular field parameter Ay and a temperature-independent
parameter xg

(Xm — Xo)f1 =X — AMF

has been applied to the intermetallic CePt; (CaCus-type: Ce*"[4f!], Dgy,). A good adapta-
tion to the experimental data was obtained with the parameter values B3 = —1108 cm™?,
Bl = —104cm™, \yp = —0.43 x 10°molm™3, and yo = 63 x 107" m? mol~! [24, 25].
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Problems

8. In which respect does the magnetic susceptibility of a mononuclear lanthanide sys-
tems with Ln point symmetry (i) Oy, (ii) Doon, (iii) Doy differ?I

4 Isotropic spin-spin exchange couplings in dinuclear
compounds

4.1 Parametrization of exchange interactions

e Heitler-London model of H,

Iy

I'a1

a I'sp b

Fig. 17: Hs model; a and b assign the nuclei, 1 and 2 the
electrons

Valence bond ansatz: construction of products with orbital configuration ¢.¢;, using the
four spin orbitals

d)aa d)aﬂ ¢b05 d)bﬁ

Product states in consideration of the Pauli principle:

Dy = ¢a(1)a(1) ¢u(2)8(2) — ¢a(2)a(2) ¢n(1)3(1) (113)
Dy = ¢a(1)B(1) ou(2)a(2) — ¢a(2)5(2) dp(1)(1) (114)
Dy = ¢a(1)a(l) ¢n(2)a(2) — ¢a(2)a(2) ou(1)a(l) (115)
Dy = ¢a(1)5(1) $0(2)8(2) — 6(2)5(2) dn(1)5(1) (116)

e Construction of eigenfunctions of the total spin
S =8 +8, (S1=258=1/2)

Ds and Dy are eigenfunctions | S" M%) of 82 = (814 85)% and S’ = S., + 5., with S = 1
and Mg = 1 and —1 (Spin triplet functions |11) and |1 —1)), respectively, while linear
combinations of Dy and D yield functions with Mg = 0:

Dy + Dy = |10) (spin triplet function); Dy, — Dy = |00) (spin singlet function)

q)lle—Dg (I)QZD3 (1)3:D1+D2 CI)4:D4
|00) |11) |10) |1-1)
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¢, and ¢}, are normalised:

/ bu(1) dua(1)dr, = / 61(2) by (2)dms = 1,

but not orthogonal:

overlap integral Sy, = /¢a(1)*¢b(1)dﬁ = /¢a(2)*¢b(2)d72 #0

Normalised functions of the dinuclear unit:

= N, [0a(160(2) + 62 (D] /3 [a(15(2) — a(2)5(1)

- >

S}‘fm ) a;lrti
@, a(l)a(2)
O3 o = Nu[ga(1)dn(2) . $a(2)d(1)] 3 [(1)B(2) + a(2)B(1)]
by anti \ B(1)5(2)
sym

where Ny = (24 252) " and N, = (2 — 252) /2.

o Symmetry of the functions with regard to exchange of electrons

total function:  anti D,(1,2) = —9;4(2,1)
singlet function:  orbital sym (g), spin function anti

triplet functions:  orbital anti (u), spin function sym

:> Symmetry of the orbital forces a distinct multiplicity of the spin function on account

of the Pauli principle

e Fwvaluation of the energy E(S) and E(T) of the singlet and triplet states

]:[:_hQVQ(l)_e_Q_e_Q_Ff e e

2me Tal  Thl  2Me Ta2  Th2
N A .

~ 2 K
E(S) _ <1CI>%‘H‘1CI>%> — (h + habSab) + Jab + Kap
1+ 52,

h — habsab) + Jab - Kab
1-52

BT) = fayipey = 2

o7

(117)

(118)



ho= <¢a(z) h(i) ¢a(i)> (one-centre
= <¢)b(i) h(3) ¢b(i)> one-electron integral)
hay = <¢)a(i) h(3) ¢b(i)> (transfer or hopping integral)
Ja = (0a(1)0b(2) |€?/r12] #a(1)é1(2))  (Coulomb integral)
Ko, = (0a(1)du(2) [€®/r12| ¢a(2)dp(1))  (Exchange integral).

Ezample: Evaluation of E(S) = <1®% H

lq)%>

1. Integration over the spin:

L {a(1)8(2) - B()a(2)|a(1)B(2) - B(1)a(2)) =
(IR a(IR)+ (@2)ID]a2)5(1) -
(a(2)B(D)|a(1)B(2)) — {a(DFR)]a(2)81)] = L.

0 0
2. Integration over the space:
E(S) =
N2 (6a(1)60(2) + 9u(1)6a(2)

Singlet-triplet splitting:

AE(T,S) = E(T)— E(S5)
~ _2Kab — 4habSab + 2S§b(2h + Jab)

e Application of the Heitler-London model to dinuclear complexes having S =

centres

Example: L Cu,— L Cuy L]

B(1) + 1(2) + € /ris| Ga(1)en(2)+
05(1)6a(2)) = 22 [2(h + b Sov) + Jan + K]

(119)

Sy =1

As distinguished from the strong covalent bond in H, the interactions between both

magnetically active electrons is weak.
small AE(T,S).

The highest singly occupied antibonding orbitals ¢, and ¢, of the fragments L, Cu,L and
LCu, L, , respectively take over the role of the 1s orbitals of the H atoms. ¢, and ¢}, have
mainly d character. They are centered at the metal ions and partially delocalised in the

direction of the ligands.
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4.2 Heisenberg operator

The interaction between the unpaired electrons of centre 1 with the ones of centre 2 are
phenomenologically described by an apparent spin-spin coupling, whose magnitude and

sign are given by the spin-spin coupling parameter (exchange parameter) J_:

ex’

Hey = —2J081-8 where  —2J. = AE(T, S)

f[ex is an effective operator, describing but not explaining the spin-spin coupling.

Application of H,_ to '®% (S = 0) and *®! (S' = 1,i = 2,3, 4):

—2J0x 8185 10F = (3) Ty 0%, —2J0x 81+ 82208 = — (1) Jex POV
—— —
E(S) E(T)

—> AE(T,S) = E(T) — E(S) = —2J.,

Jex < 0: singlet ground state (intramolecular antiferromagnetic interaction)
Jex > 0: triplet ground state (intramolecular ferromagnetic interaction)

Hints to the evaluation of F(7T) and E(S5):

~ ~ ~ \ 2 ~ ~ ~ A
87 = (sl+sz) — 824 824 925,-5,

25,8, = 57— 87 - 82=1[S(S +1)—Si(Si +1)—Ss(So+1)]
0 or 2 3 3
4 4
Heisenberg operator for more than two centres:
[:[ex - —2 Z Jex,ijgi'gj (122) [:[ex - _2Jex Z S'Z"S'j
i<j 1<j

4.3 Exchange-coupled species in a magnetic field

~

Hex - _2Jex‘§1"§2 - _2']ex <gzl‘§z2 + gxlng + Sylggﬂ)

= 2], [Szlézg + % <5'+1S72 + 5'715#2)}

(120)

(121)

(123)

(124)

Basis: spin functions in the form | Mg Mg ) where the first Mg refers to electron 1 and

the second to electron 2

H-Matrix:
Mo [ 133) =48) [3-3) |-3 )
(33]] —Jex/2
< _% % ‘ Jex /2 —Jex
(3 -2l —Jox Jex/2
(-4 -4 /2

99
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Evaluation of the diagonal element Hi;:
~2Jex(3 5190823 3) = ~2Jx(3) (3) = —Jex/2

22/~ 2
Evaluation of the off-diagonal element Hss:
2o =3 31351802 —3) = ~Jex(D(1) = — e

2212 2 32

Results:
Tab. 27: Spin functions and exchange ener-
gies of the 57 = 55 = % system

Spin function Mg S| FE
S3-5-1-13)] 0 o]
15 3) 1
Hs=3)+[-33))| 0 1|-3/«
-3-1) =
A

E 25+1 S’

1307 | 11 5

1207 | 3 4

12T | T 3

167 2 2

1271 3

0 1 0

Fig. 18: Relative energies and multiplicities of the spin states of a dinuclear Fe3T complex
(S = 3); for Cu?* (S = 1) only the two lowest levels are relevant, while for Gd** (S = 1) the
two levels with S =6 (E = [42J]|) and " =7 (E = |56J]|) have to be added.
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e Magnetic susceptibility of a spin-spin-coupled system with S1 = Sy = %

= 0T : 0\
§ 8 My _— g |
S - . g |
6L 1 i = b
. 1 B 6l
St1 4 0 e |
- | S 4]
2 L AE(T,S) - —
L ‘ -1 i = I
S0 0 =2
L 0 y
-2 [ O R B 0 ‘ ! ‘ ! ‘ I ‘ ! ‘ \
0 1 2 3 4 5 0 5 10 15 20 25
B,/ T T/K
Fig. 19: Correlation diagram of a S; = Fig. 20: vy, versus T diagram of a
Sy = % system under the influence of S =95 = % exchange-coupled system
isotropic intramolecular spin-spin cou- with Ju = —2cm™! at applied fields of
pling (Jex = —2cm™!) and applied field By =0.01T (a),3.5T (b), and 5T (c)

Application of the Van Vleck equation (60) to a dinuclear system with S; = Sy = %
Zeeman operator:

F[Mz = j”yeg(gz1 + 522) B, =g S; B,

-~

O
(126)
S'Mg | [11) [10) [1—-1)]]00)
<1 1 ’ grpB.
(10| 0
<1 -1 ‘ —gppB,
(00] 0
Matrix elements:
(11|, [11) = gupB. — W) = guy
(L=1H, 1 -1) = —gugB. — W}y = —guy
The remaining matrix elements (Zeeman coefficients) are zero. VV‘%, I/V|(117)1>, Wéo) =

E(S), and W}O) = FE(T) are substituted into the Van Vleck equation. After dividing by
2, the Bleaney-Bowers expression (x, per centre) is obtained, here extended by xo.

Napgg?
3kpT

L (=20 . .
Xm = Mo [1 + —exp ( )} + xo0, only applicable to a (Fig. 20) (127)

3 kgT

61



1.0: o 18 %
C
- 08t ¢ 8 d
5 L d g 71
E 06" g 6 [
ME i N . 51
S 041 S 4
Z L — 31
~
3 021 /a -3 2
o2 - <110
0.0 1 1 1 1 O . . L ,
0 100 200 300 400 0 100 200 300 400
a T/K b T/K
Model calculations concerning
the system S; = Sy = % with
95 positive and negative Je;
20 de& Jox values [em™!]:
15, ¢ curve a: —50
N b curve b: —25
= 10} curve c: 0
05 curve d: +25
s curve e: +50
W0 e Fig. 21a: y, T di
0 100 200 300 400 (B 28 X L CRasTall
. /K g}g. 21b: x,, T dlagram
ig. 21 c: peg—1" diagram

Polynuclear unit of n equivalent centres:

e e 0 )
T el 8 (s e (557

(128)

" kgT

Evaluation of S’, E(S’) and Q(S5"):

S’ of the coupled states:
S"=nS,nS —1,...,0 (nS integer) or 3 (nS half integer)
Relative energies E(S"):

B(S)) = —% S'(S 4+ 1) = nS(S + 1)]

z: number of nearest neighbours of a centre
n: number of interacting centres
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Frequency Q(S’) of the states S":  Q(S") = w(S5') —w(S' + 1)
w(S") is the coefficient of X% in the expansion (X% + X514 ... + X%

e Scope of validity of the Heisenberg model

1. The magnetic moments are localised (no band magnetism)

2. S of the metal ions is a good quantum number

3. the ground term of the metal ion has no first order orbital moment

3d® high spin —s GA, 3d°(On), 3d"(Tq) — A,
Examples: | 3d%(0y), 3d%(Tq) — A, 3d°(Oy) — B
47 — 857

4.4 Setup of computational procedures

Application of the computer program CONDON to

o 4fN-4fN (homodinuclear complexes)

o 4fN-S  where S =1[Cu*"], 1, 2[Cr*"], I[Gd*"] (heterodinuclear compl.)

N h2 N 2 N
a _ 2
H=> {—2—% + V(n)} + Z . > &)l - 8
\z:l 1>] =1
HO H., Hso
N N
+ > Y {B{; Ce(i)+ > [BE(C () + (—1)'C(i))] } +>  pp(l; +23;) - B
i=1 k=0 q=1 =1
]:]LF Hmag
N N
Heo = =2Jex 3 ) 8181 By =0.001T (in general)
k=1 [=1

With regard to the LF symmetry of the lanthanide our choice is cubic and cylindrical for
two reasons: (i) the former is isotropic and the latter anisotropic, (ii) the number of LF

parameters is low [15] (cf. scheme (129))%4).

cubic cylindrical | hexagonal | tetragonal | trigonal
point group On Doon Den, Dan | Dan, Dy D34, D3
Ty Coov D, Cev | Cuav, Dag Csy (129)
no. of B} ’s 2 3 4 5 6
B Bj (+Bi)| B§,B; | Bj.B; |Bi By Bi|Bj, B;, Bs
By (+Bf) B B, Bf | By By | B By, By

24) For the calculations we use only Bg as LF parameter, except for Ce3* (cyl) where B3 is considered.

63



Cubic (Oha Td)

my = 30 {Ci+VEIA[CH () + i)} + BE{C80) VT2 [Co.0) + 5] }

fixed relations:

B} = \/5/14 B¢,

Cylindrical (Doop)

N
HY =" BiC3(i) + BiCy (i) + B{CH (i)
=1

Symmetry options

BS = —\/7/2BS

B} and J data (cm™)

symmetry cub cyl Ln Bf; Jex®
By By (+Bj)) B2 (Ce*T) or By Ce (cub) +1100 L
coordination polyhedron Ce (cyl) +600
BE >0 octahedron linear Nd,Sm,Th,Dy
k . +2000 | =+1
Bj <0 | cube, tetrahedron | square antiprism (cub, cyl)

@) Qccasionally, the selected | Jex|

4.5 Homodinuclear lanthanide complexes values are larger than realistic values in

4.5.1 Gd3"-Gd3*

AppliC&tiOIl of €q. (128) with S = |Sl - SQ|, |51 - 52 + 1‘, BN Sl —|—SQ; Sl, SQ = %, n=2:
foNaf%g? €2 + 5% 4 14e!2 4 306207 + 556307 4 912 4 140e50*

order to inspect more distinctly the Heoy
effect (¢f. Tab. 1).

Xm =

12 4

kgT
where x = Jo/(ksT)

1 + 3622: + 56650 + 761250 + 962013 + 1163013 + 1364250 + 1565613

50

—
100

—
150

T/K

T
200

T T T 1
250 300
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Fig. 22: Homodinuclear complex of
Gd3*: peg vs. T plot, Jox = 0,40.5
em™! (By = 0.001T).



4.5.2 Group theoretical tools 11

We saw in 3.3.1 that on the basis of group theory it is possible to assign the LF split
terms of Ln ions. Symmetry aspects are also useful to assign the splitting produced by
the combined effect of Hf® (eq. (86)) + H° (eq.(120)) on the product functions of the
two interacting metal ions. The following examination is restricted to the simple case of
homodinuclear Ln systems equipped with orbital contributions of the magnetic moments.

The product states split under the action of H;jf in singlets, doublets and triplets.
The split pattern is obtained in two steps:

e application of | x,, (R) = x.(R)x, (R) |, where y; is the character and R is a symme-
try operation, given in the headlines of Table 28.

Tab. 28: Character table of the symmetry groups O and T

O E 8C3 3C, 6C;, 6C, irred. reps. of the
Ty E 8C3 3Cy 6S; 60yg coupled states
LAY |1 1 1 1 1
r,A,) |1 1 1 -1 -1
Iy (E 2 -1 2 0 0
r(ry) |3 0 -1 1 -1
r.(T,) |3 0 -1 -1 1
rolY|1 1 1 1 1|— T,
r,er, [1 1 1 1 1|— T,
el |4 1 4 0 0|l— Ihel,oel,
r,or, |9 0 1 1 |- Iel'yel', el
oy |9 0 1 1 |- Iel'yel', eIy
relh, |1 1 1 -1 -1|— I,

@) Bethe (Mulliken) nomenclature.
b) Selection of direct products for dinuclear systems with integer .J.

Xa(R) and x,(R) are the characters of the irreducible representations I', and I',
while x,,,(R) is the character of the (in general reducible) product state.

Example: The character system of the product functions T's? resulting from the
single-ion states I'y and I's, I'; ® 'y, is given in line 8 of Table 28.

e application of |ap, = + > p xf,(R) xp(R) | to determine the irreducible parts of I'%;

ap,: frequency of I'; in T';  h: order of the group;
Xr, (R): character of the ith irreducible representation I'; for the group element R;
xr(R): character of I' of the group element R; ) ,: sum over all group elements.

ap, = 3;(1-1-448-1-1+3-1-446-1-0+6-1-0)=1
ap, = 5(1-1-4+8:1-143-1-4-6-1-0-6-1-0)=1
ap, = 5(1-2:448-(-1)-143-2:446-0-04+6-0-0)=1

Result: I';®T', is reducible to two singlets (I';, I'y) and a doublet (I';). The energies
of the states depend on sign and size of Je.
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For metal ions with half-integer J three types of cubic states exists: the doublets I'¢(E’),
I'-(E"), and the quartet I'q(G’) (¢f. Tab.29).

Tab. 29: Character table of the double groups O’ and T,

o 4C3  4C2 3C, 3C, 30 6C,
4C2R 4C3R 3C,R 3C3R 3C4R 6CLR | irreducible representations
T - R 4C3 4C2 3C, 3S; 3S?  Gog of the coupled states

4C2R 4C3R 3C,R 3S3R 3S,R 604R
LAY |1 1 1 1 1 1 1 1
Iy (A,) 11 1 1 L R |
I, (E) A 2 0 0 0
r,(T)) 3 3 0 0o -1 1 1 1
I's(T,) 3 3 0 o -1 -1 -1 1
L (ENY | 20 =2 1 -1 0 V2 =2 0
I (E") 2 =2 | 0 —V2 V2 0
Iy(G)) 4 -4 -1 1 0 0 0 0
gl | 4 4 1 1 0 2 2 0|— Iorl,
r,er, | 4 4 1 1 0 2 2 0|— Iyorl,
[y@ly |16 16 1 1 0 0 0 0|— Iyol,®ely®2l, ® 2T
lg@l, | 4 4 1 1 0o -2 =2 0| — I,oTl,
@ly | 8 8 -1 -1 0 0 0 0| — Iyol, @l
rLely | 8 8 -1 -1 0 0 0 0| — Iyol, @l
L,oly?| 6 —6 0 0 0 V2 V2 0| - Tyoly
.ol | 6 —6 0 0 0 —V2 V2 0| — T,®ly
Lol | 2 =2 1 -1 0 —V2 V2 0| — T,
r,oly | 4 -4 -1 1 0 0 0 0| — Ty
r,or, | 6 —6 0 0 0 —v2 V2 0| — I, a®ly
.o, | 6 —6 0 0 0 V2 —V2 0| — Ty@ly
Lo, | 2 =2 1 -1 0 V2 V2 0| — T
r,er, | 4 -4 -1 1 0 0 0 0| — Ty
ey | 4 —4 -1 1 0 0 0 0| — Ty
r,ely | 8 -8 1 -1 0 0 0 0| — Tgal;dly
r,oly |12 —12 0 0 0 0 0 0] — Tgal;®2I
I,oly |12 —12 0 0 0 0 0 0] — Tgal;®2I

@) T, —T'y: integer J; I'; —T'5: non-magnetic.

) Ty — 'y : half-integer J; magnetic.
¢) Direct products where both metal ions have half-integer .J or S.

d)
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4.5.3 Ce*"—Ce®" (cub)

Fig. 23 exhibits the 4f' ion’s cubic
LF splitting of ground and excited
multiplet *F5 /5 and *Fy 5, respectively
(2F5/2 — F7 + Fg; 2F7/2 — F7 + Fg +
I'g). The LF ground state in octa-
hedral coordination is the doublet I';
and in tetrahedral/cubical coordina-
tion the quartet I's.

Switching on H° with Jo, = £5cm ™!
between the two Ce3t ions — each
in octahedral LF — the four prod-
uct states I'; ® I'; split into I'; @ I'y
(see Fig. 24) with ground state T’y
for Joo < 0 and I'y for J., > 0.
The splitting of the excited 16 prod-
uct functions I's @ T's by HE° is more
complicated (see caption of Fig. 24).
Figs. 25 and 26 display the variations
tog vs. T for octahedral and tetrahe-
dral/cubical LF and positive and neg-
ative Jox. Note that g4 for the I's LF

1 r 2
2600 0 I, 2
2
Ly 4 F,
2400
1"8 4
22004 I 2
I
g 2000 &
~
S
400
I, 4 r, 2
200 )
E,
04 I, 2 Ty 4

B, =+1100 cm' B, =-1100 cm"

Fig. 23: Ce3t[4f!]: Cubic LF splitting of the
multiplets 2Fj /2 and 2F7/2; left: octahedral LF;
right: tetrahedral/cubical LF.

ground state is distinctly larger than for the doublet I'; (maximum at 2.2 and 1.3, respec-

tively, at T' = 1K).
322

321

w
—_
~
\
\\

J = 5cm’

ex

J =—-5cm’

ex

Fig. 24: Splitting of the states of an exchange-coupled Ce—Ce unit in an octahedral LF
(Bg =1100ecm™1); I, @y, - Ty @y J,, > 0, triplet ground state (I'); J,, < 0, singlet
ground state (I')); Tg @'y = 'y &y @y 2T, ¢ 2T .
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2.5 7

2.0 - 1
_— J,=5cm
— J,=0
— J.=-5cm’

1.5 1

<

1.0+

0.5 1

0.0 T T T T T T T T T 1

0 5 10 15 20 25

T/K

Fig. 25: e vs. T plot of an exchange-coupled

Ce-Ce unit in an oct. LF (B = 1100cm™1);
Jex > 0, triplet ground state (I'y); Jex < 0,
singlet ground state (I';).

2.5 1

2.0 1

— a
1 . 5 = - (]49(
_ J

Hege

1.0

0.5 1

0.0 T T T T T T T T T 1
0 5 10 15 20 25

T/K
Fig. 26: peg vs. T plot of an exchange-coupled
Ce-Ce unit in a cubical/tet. LF (B = —1100
em™1); Jo > 0, triplet ground state; Jo, < 0,
singlet ground state.

Remark to Fig.26: The product states I'y ® I'y are split by He into I'; (singlet (1)) &
[y (singlet (1)) @ I';(doublet (2)) & 2T, (triplets (3)) @ 2 5 (triplets (3)). For Jo, > 0, the
sequence of split terms is given with increasing energy by (3) — (3) — (3) — (1) — (3) — (2)
— (1); for Jex < 0, this order is reversed. (Remember that only the triplets are magnetic.)

Ce?*t—Ce** (cyl)

310 ® 1 11/2)
@
7 | £3/2)
E11414ﬂ/CIII_1
0 ® 1 15/2)

Scheme: Cylindrical LF splitting of the
multiplet *F5, (Bf = 600cm™'; ground

state: |2 +2)). Figure 27 exhibits that for

Jex >0and T — 0 pl. = 5.2 while gty — 0
(not shown in the figure), that is, strong
magnetic anisotropy is observed; Tofr
g represent the temperature

and

dependence of the average pueg values for
positive and negative Jey, respectively.

Heoge
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Fig. 27: peg vs. T plot of an exchange-coupled
Ce—Ce unit in a cylindrical LF (B3 = 600cm™!).



4.5.4 Nd*'-Nd3* (cub)

For B¢ > 0 (oct. LF; W < 0, > 0; ¢f. Ex. 3.11)
the LF ground state is I'q while for Bf < 0 (cub/
tet) Fg) is lowest in energy (see Fig. 28).

T T T T A T T T T

E

Fic, 8
Y Bg <0 Bg >0 U
Fig. 28: Splitting of the Nd ground multiplet

by cubic LF’s (1, — Iy & T{" & T{) [16].

4.0 )
— J, =lcem
- Jex =0

35 — Ju=den’

3.0 1

5 ]
E

2.5

2.0 1

1.5 T T T T T T T T T 1

0 10 20 30 40 50

T/K

Fig. 30: ueg vs. T plot of an exchange-coupled
Nd-Nd unit in an octahedral LF (LF ground
state I'g). For Jox > 0, the ground state is
magnetic (triplet I'y), while for Jex < 0, the
ground state is nonmagnetic (singlet I';), that
is, peg — 0 at T"— 0.

) (1)

J = lcm’

ex

JeX:flch

Fig. 29: Splitting of the I's®I's product states
of Nd-Nd by Hgy (—> Ihiaelyal'sa2l',®2 F5)

4.0 .
— J,=1lcm
—_— J,=0
— J =-1 cm’”
3.5
3.0
{5)
2.5
2.0
1.5 T T T T T T T T T 1
0 10 20 30 40 50

T/K

Fig. 31: peg vs. T plot of an exchange-coupled
Nd-Nd unit in a cubical/tetrahedral LF (LF
ground state I'y). For both situations, Jex < 0
and Jex > 0, the ground state is a singlet, that
is, peg — 0 as well as peg — 0 at T — 0 (cf.
Fig. 29).

Results: Fig. 30: Only a little increase of peg is observed after switching on H.y;
Fig. 31: For the ferromagnetically coupled Nd-Nd the peak of p.g at 1K is remarkable.
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4.5.5 Sm**—Sm3" (cub)

0.40
0.35 —
0.30 —
0.25 —

0.20

”eff

0.15 ~
0.10

0.05

” eff

0.2 1

0.1 1

0-00 T T T T T T T T T T T T
0 2 4 6 8 10

T/K

Iyel, — Lol

Fig. 32: peg vs. T plot of an exchange-cou-
pled Sm—Sm unit in oct. LF (LF ground state
I'-). For Jex > 0 the pieqg values are only little

enhanced; e — 0 for Jex <0 .

4.5.6 Tb*—Tb3" (cub)

12

14 0 2 4 6 8

10 12 14

T/K

Fig. 33

t pesr vs. T plot of an exchange-cou-
pled Sm—Sm unit in cub/tet. LF (LF ground state
Ty). Although Jox > 0 the peg values fall below
the curve of the uncoupled system. (Obviously the
magnetic contribution of the uncoupled Sm?3* ion with LF

ground state I'g is larger than the contribution of the Hex
triplet ground state of the Sm-Sm pair.)

T T T T

— — -150

F1c. 5

I Bi>0 TIP at T < 10 K

By <0 |

Fig. 34: Splitting of the Tb ground multiplet by a cubic
LF (F, —T,eT,el,oT, o T o T®) [16].

70

Taking into consideration that in the
case of Th3T [4f®] the parameter W is
negative for both octahedral and cu-
bical/tetrahedral coordination poly-
hedra (see Table 23) ¥, the inspec-
tion of Fig. 34 shows that apart
from the point of intersection of Iy,
I, and I at £ ~ 85, 2 = 0.8,
exlusively non-magnetic LF states
are ground states. In consequence,
the Th*" ion in cubic LF is not a
good candidate for the investigation
of spin-spin couplings between each
other.

%) Both Examples 3.10 and 3.11 show
how to read the a—FEpr/W diagrams.



4.5.7 Dy*'-Dy3" (cub)

! 1 !
0 NQ8 06 -04
1 1 1 1 | 1 | 1
Fic. 2
B >0 Bi <0

Fig. 35: Splitting of the Dy** ground multiplet by a cubic LF (°H,; , — Ty& Ty @ I{ @
Fg) ® Fé‘”) [16]. The sequence of LF states for octahedral coordination is given at x = —1
(B§ = 2000cm™!, LF ground state I'y) and for cubical/tetrahedral coordination at = = 1
(B = —2000cm ™!, LF ground state Fél)).

12- 12-
10 10-(\
84 8
5 64 5 64
X X
44 4
24 24
or———¥ 7 o
0 20 40 60 80 100 120 140 0 20 40 60 80 100 120 140
T/IK T/K

Fig. 36: pes versus T plot of an exchange- Fig. 37: Exchange-coupled dinuclear Dy unit

coupled Dy-Dy unit in an octahedral LF (Bg = in a cubical /tetrahedral LF (Bj = —2000 cm™;
2000 cm™!; LF ground state I'g). LF ground state Fél))-

Results: For LF ground state I's (Fig. 36) Jox > 0 enhances pog in the whole temperature
range while for Je < 0 pteg diminishes. For LF ground state I's (Fig. 37) it is remarkable
that for Jo. > 0 peg drops steeply from 11.3 to 2.2 far below peg = 8.9 of the uncoupled
Dy-Dy pair, caused by a very weak magnet contribution of the ground triplet.
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4.5.8 Dy?*'-Dy** (cyl)

120~ 111)2)

2
104 2 1 19/2)

2
315~ | 47/2)
305 —2 |+13/2)

2 o
206 — 2 |45/2)
14 2 113/2)

T

E‘LF/CID_1

) 0 T T T T T T T T T T T 1
62 |+£1/2) 0 50 100 150 200 250 300

T/K
Fig. 38: Exchange-coupled dinuclear Dy unit in cylindrical LF
0 @) |+ 15/2) (B =2000cm™"; LF ground state |J £ M,): [15/2 +15/2)).
‘]ex/cm_l Ngff 'uelﬁ"
Bl = 2000cm ™! Dy-Dy(cyl) +1
Dy(cyl)-Cr +5 — — = — | seed.6.5
Tb(cyl)-Cr +5 e e see 4.6.5

4.5.9 Ln-Ln pair: Temporary résumé of peg for Jex > 0 (rating +/-)

Ln3+ Hesr )
Ce®t | Nd** | Sm*" | Tb*" | Dy®* | 1. Cubic Ln systems are no good
free fon | 2.54 | 3.62 | 0.84 | 9.72 | 10.64 candidates for large fiq;
B I B 77 I 2. Particularly Sm and Th are
cub unsuitable in cubic LF;
2.3 3.8 048 | TIP | 11.2 . oo .
3. Dy in cylindrical LF is an ex-
cyl ++ b) b) + ++ cellent candidate.
5.2 12.7 | 24.0

@) At T = 2K. b) Examination is still pending.
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4.6 Heterodinuclear transition metal-lanthanide systems

4.6.1 p(*Pij2)-s(*Si/2) molecule

As an introduction, the spin-spin-coupling He, within a p'-s' unit is considered, where
the six states of p' are split by Hgo into the quartet 2Py and the doublet 2Py /5. We
assume Hgo > H,,. and restrict the calculations to 2P, /2*251 2. The corresponding basis
functions [JM;) = |1 +1) of the multiplet P, 5 are given in Table 30%°).

Table 30: 2P, functions [JM,) = |5 £3) of the spin-orbit coupled p' system

¥ || My Ms) | J M) | My =M+ Ms|J
vs| =315+ f3l0g) [53) %

5| 2Py
us|H-1h) -\ Blo=4) (3-8

Since the calculations are restricted to the ground multiplet J = 1/2, ﬁex can be
applied in the form

Ho = 2 (g~ 1) J5 = ~2(g, — Voo (25 1 LS, 4,3,
~
De Gennes
= (g, — 1) [JS +1 (J}S*_ + j_S;)} (131)

with the advantage, that for the p system the basis functions |.J M) can be used.

Basis functions of p—s: | M; Mg ), M, referring to the p electron and Mg to the s electron

According to g, , = 2 for 2Py 5 (see eq.(2)), the De Gennes factor is Gijp— 1= —3, and
(9; — 1)J is the component S; of S in direction of J.
H-Matrix of operator (131): Tab. 31: Functions and ex-

change energies of the J = 3,

M;Ms ||33) |-3535) |5-3) |=3-3)| S=1system
< é % %‘] ex Function E
<_l l’ _lJex l']ex
D S (-0 —|-51) | - be
<§ _5‘ §Jex _gjex 11
(-3 -3 e |12
H-5)+1-44))| 4
(132) [—1-1)
2 2

Evaluation of the diagonal element Hq;:
=2(=3)ex(5 5| /=5 [ 5 3) = (3 Jex(3) (3) = §ex

25) The complete set of basis functions of 2P, /2 and ’p, /2 is given Table 6.
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Evaluation of the off-diagonal element Hos:
(el =5 51 ()81 15 =3) = (D) Jex(3)(D(1) = 3Jex

Result: Compared to the singlet-triplet splitting of an exchange-coupled s'-s! molecule,
the situation is inverted for a p'-s! molecule if strong spin-orbit coupling within the p!
system is taken into consideration: In the case of antiferromagnetic exchange coupling
(Jex < 0), the triplet state is lowest in energy.
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4.6.2 Gd*—Cu?* (S =1/2)

()

Hefr

S
—
[\
- w4
4

0 25 50 75 100 125

Fig. 39: g vs. T plot of a ferromagnetically coupled and an uncoupled Gd3*t-Cu?*t unit as a
function of the applied field: Jox = 5cm™! (solid lines), Jex = 0 (dotted lines); gaq = 9oy = 25
By = 0.01 (a), 0.1 (b), 1.0T (c).

The solid lines in Fig. 39 refer to a heterodinuclear Gd**—Cu®" complex (Sqq = 7/2;
Scu = 1/2) of ferromagnetically coupled spins with the exchange parameter J., = 5cm™1.
Solely for By = 0.01T (a) the expected plateau at pu.gs = 8.94 is obtained at 7' <
2K except for 7' < 0.2K. In order to adjust Je by fitting procedures to corresponding
experimental data, it is justified to apply a susceptibility equation valid for By — 0 (Van
Vleck approach). For measurements with the stronger field 0.1 T (b) and all the more 1T
(¢) deviations are obvious, which are not adequately described by the simple model. They
could be misinterpreted, however, as an additional antiferromagnetic intermolecular spin-
spin coupling. A similar problem arises if a corresponding uncoupled system is considered
(Fig. 39, dotted lines). A straight line parallel to the 7" axis is obtained at pg = 8.13 for
By — 0 (curve a) while increasing deviations from this reference line to lower values are
again obvious with increasing field (b, c), falsely interpreted as an intramolecular spin-
spin coupling of antiferromagnetic nature. Hence, either the measurements are carried
out at very weak applied fields or the extended susceptibility formula is used as in the
given model calculations.
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4.6.3 Ce®*"(cub)-Cu?"(S =1/2)

After discussion of the p'—s' case under the influence of Hgo + Hey, we pass to the fl-s!
system perturbed by Hso + Hrr + Hex. To clarify the computational procedures, the low-
temperature magnetic behaviour of a system consisting of a 4f! ion, exchange-coupled
to a pure spin system with S = %, is described with restricted basis functions. After
switching on Hgo and HY$ acting on the Ce" ion, only the ground doublet T'; (E”) is
considered for spin-spin coupling with the 2S; 5 system (represented here by Cu®*[3d”]).

The procedure is outlined by three steps:

4f1 asq *Fsa| + *Fry

2Fy /s MR +r8
L@l ==

The wave functions of the Ce3" doublet I'; are given in Tab. 32. The state is assumed to
be thermally isolated (similar to ?P; 5 of the p—s molecule (see section 4.6.1) on account
of Hso > Hyr(oct) > He) and exchange-coupled to the S = % pure spin system.

Table 32: Doublet wavefunctions of 2F5/2
perturbed by a cubic ligand field

M) | My)

’ E//a//> —

)

I;

Vi)
1) y3)

Application of Hey (eq.(131)) with ¢, = g produces the 4 x 4 matrix given in scheme
(133) which is similar to scheme (132), apart from the signs of the matrix elements:

M;Ms | |E"o", 3) |E"G", 5) |E"".—5) |E"B", —3) Y
(B, 5| —dJex
(E"3", 3] 5 Jex — 2 Jox
(B"a", - — o1 Jex 25 Jex
(E"8", — | — 5 Jex

Evaluation of the diagonal element Hy; (De Gennes factor: (g; — 1) =

A B ]S B, 1) = B IEE + D] o = e
Results:
Esinglet - %Jex Etriplet = _4_521]ex AE = Etriplet - Esinglet = _%Jex

Simulation calculations: For J.. > 0, the triplet state I's is the ground state while for
Jex < 0 the singlet T'y has the lowest energy (as is predicted for the restricted basis).
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Figs. 40 and 41 exhibit the corresponding g vs. T plots and Figs. 42 and 43 the x..! vs.
T plots ?%). Inspecting Fig. 40 it is remarkable that at 7' > 5 K the antiferromagnetic spin-
spin coupling yields higher p.g values than the ferromagnetic spin-spin coupling. This
finding is the consequence of the fact that corresponding to Hund’s third rule J is L — S
and that for a spin-spin coupling of antiferromagnetic nature the spin parts of the J-S
dinuclear unit cancel to a certain degree, so that the orbital part is enhanced. As opposed
to that, the spin-spin coupling of ferromagnetic nature leads to a further weakening of
the orbital part of the 4f! configuration. The fact that the g values of the uncoupled
Ce—Cu unit at T" < 2K are larger than the p.s values of both coupled systems is the
consequence of the reduction of orbital parts according to the exchange splitting.

3.0+
— J =10cm"
- "ex = 0
254 — J =-10cm”
2.0+
5
=)
1.5+
1.0
0-5 T T T T T T T T T 1
0 10 20 30 40 50
T/K

Fig. 40: peg vs. T plot of an exchange-coupled
Ce?T—-Cu?*t(S = 1) unit; Ce in octahedral LF
(B¢ =1100cm™1).
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Fig. 41: peg vs. T plot of an exchange-coupled
Ce3t-Cu?t(S = 1) unit at T <1.5K; Ce in
octahedral LF (B = 1100cm™!).

Fig. 42: x,! vs. T plot of the exchange-
coupled Ce**(oct)-Cu?* (S = 3) unit.

Notice that, apart from the lowest tem-
peratures, the spin-spin coupling produces
small parallel shifts of the x,,'~T curve of
the uncoupled system (Fig. 42, black line).
The shifts are described by

(Xr;ll)/ = Xm' — AwrF

where (') corresponds with the shifted
curve and Ay is the molecular field param-
eter.

26) The data presented in Figs. 40 — 43 have been calculated with the full basis set of 14 x 2 = 28

functions (using the computer program CONDON).



Fig. 43 displays that at 7" < 5K the blue curve (J,, < 0) tends to temperature
independent paramagnetism (TIP), whereas the red curve (J_, > 0) exhibits Curie para-
magnetism.

1.4+
—— J =10cm’
g
=
g
=
]
S~
- g
=
0.0 T T T ) 1
0 1 2 3 4 5
T/K
1 : T :
(2) (3)
316 r, 321 —— T,
E‘LF/CIni1 () ELF/CIH_1
1
! 3) b ! o
0 r; 0 W,
Jox >0 Jox <0

Fig. 43: (xy!) vs. T plot of an exchange-coupled Ce*"(oct)-Cu®*(S = 3) unit, showing the
crossing of the red and blue curve around 0.2 K and the energy splitting of the two lowest states
I's and I'y due to Hey.

In Fig. 43 the black reference curve of the uncoupled system follows Curie’s law in
a good approximation on account of the thermally isolated states I';(Ce) and I'q(Cu).
Both states show linear x.!~T behaviour (apart from a very small 2"¢ order Zeeman
contribution of I').

4.6.4 Nd*"(cub)-Cu?"(S =1/2) and Nd*"(cub)-Cr3"(S = 3/2)

Figs. 44 and 45 exhibit the p.; vs. T plots of the heterodinuclear species Nd—(S = 1)
(Cu?*) and Nd—(S = 2) (Cr®"), respectively, in cubic LF. Inspecting both Figures it
is remarkable that, similar to the Ce-Cu system (Figs. 40 — 43) the antiferromagnetic
spin-spin coupling leads to higher p.g values than the ferromagnetic coupling on account
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of the fact that the residual component of the spin-spin coupling strengthens the orbital

part of the lanthanide’s moment.

H eff

0.0 —
0 50

150 200 250 300

T/K

100

Fig. 44: peg vs. T diagram of an exchange-
coupled Nd3+-Cu?* unit with Nd in a cubic
LF (B = 2000cm™!) and Cu regarded as a

1 ! I M 1 ' 1
150 200 250 300

T/ K

0 ' 50 l(l)O '
Fig. 45: peg vs. T diagram of an exchange-
coupled Nd3+-Cr3* unit with Nd in a cubic
LF (B§ = 2000cm™!) and Cr regarded as a

. _ 3
pure spin system S = 1. pure spin system 5 = 5.

4.6.5 Dy*"(cub)-Cu*" (S = 1),Dy*" (cyl)-Cr*" (S = 2),Tb*" (cyl)-Cr*(S = 2)

12- . 25 -
— J, =5cm
- ch=
— J =-5cm
10+
3 8 3
6
"./
e '7
4 T T T T T T T T T 1 0 /
0 10 20 30 40 50 0 50 100 150 200 250 300
T/K T/K
Fig. 46: g vs. T diagram of an exchange- Fig. 47: Dy-Dy(cyl): ugﬁ 1
coupled Dy3*-Cu?* unit where Dy is in a cubic Dy(cyl)-Cr: =— =— ,u!ﬁ« —_ =k
LF (B§ = 2000cm™~!) whereas Cu is regarded Th(cyl)-Cr: - M!H ...... NQLH

as a pure spin system S = %
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4.6.6 Gd3T-V3*t

The 4f ion (Gd**, 855 ),) is regarded as a pure spin system, unaffected by ligands, zero-
field splitting ignored. The electronic situation of the transition metal ion (for example
V3%) depends on Hyr and Hgo, demonstrated in Figure 48.

3 -

H efff

I I
0 100 200 300

T/K

Fig. 48: g versus T and xp' versus T diagrams showing the predicted mag-
netic behaviour of V3¥[3d?] ion in octahedral (solid lines) and orthorhombic sur-
rounding (dashed lines); parameter values [6]: Racah parameters B = 861cm™!,
C =4165cm™', ¢ = 209cm™!, Bg = 25000cm ™" for the octahedral coordination,
B2 = —34000, B2 = —16000, B = 3500, By = 1800, Bf = 2300 cm~! for
orthorhombic symmetry.

While the octahedral system shows between 100 K and 300 K nearly temperature inde-
pendent paramagnetism, the orthorhombic one approximates to a Curie paramagnet with
only slightly varying peg. The two situations differ distinctly in the orbital contributions
to the magnetic moment. The expected magnetic properties of the V3+-Gd*" unit is
given in Figures 49 and 50).

If V3t is octahedrally coordinated, peg in the uncoupled situation (Jox = 0) is tem-
perature dependent owing to the loss of magnetic activity of vanadium with decreasing
temperature (see the solid reference line in Figure 49, pos = 8.37 (300 K) — 8.05 (50 K)).
When T approaches zero solely the magnetism of Gd** contributes. The uncoupled system
with vanadium in orthorhombic symmetry, however, exhibits a temperature independent
Lefi, €xcept for T' < 25 K. This is the consequence of the nearly total quenching of orbital
contributions of vanadium’s valence electrons owing to the low-symmetric ligand field. In
consequence, the transition metal ion behaves in a wide temperature range as a pure spin
system S = 1.
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Moy

0 50 100 150

T/K

Fig. 49: jpeg versus T diagram (By = 0) showing the predicted mag-
netic behaviour of an exchange-coupled 3d?(oct)-4f7 species where Jo, =
0,+2, 45,410 cm~!; insert: model calculations for Jo, = 2cm™! and By = 0,
1, and 5T.

Hyy

B 0 50 100 150
T T T T T

0 100 200 300
T/K

Fig. 50: peg versus T diagram (By = 0) showing the predicted mag-
netic behaviour of an exchange-coupled 3d?(rhomb)-4f " species where Jo =
0,42, 45,410 cm™!; insert: model calculations for Jox = 2cm™! and By = 0,
1, and 5T.
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Switching on the intramolecular spin-spin coupling .J., we see a distinct dependence
of the magnetic properties on the sign of Je and the transition metal’s symmetry: Re-
garding first the cubic case with a ferromagnetic coupling (Jox > 0), peg increases, for
antiferromagnetic coupling (Jox < 0) peg decreases compared to the reference line. How-
ever, in contrast to pure spin systems, where we expect a plateau at low temperature,
the course is more complicated reflecting the reduction of vanadium’s paramagnetism.
If the transition metal site has only orthorhombic symmetry significant alterations are
ascertained in the course of peg versus T: At low temperature plateaus become apparent
at teg ~ 9.9 and 5.9 for positive and negative J corresponding to systems with total
spin S = 9/2 and 5/2, respectively. The decrease of g at the lowest temperatures is
again due to small orbital contributions of vanadium’s electronic system.

Problems

9. The Bleaney-Bowers formula, eq. (127), approaches for high temperature the Curie-
Weiss law x, = C/(T — 0). Determine the relation between Jo, and 6. Is the result
in agreement with the relation 6 = (25(S +1)/3kg) >, ziJex?

10. What magnetic behaviour is obtained, if in the Bleaney-Bowers formula, eq. (127),
Jox 18 set to 07

11. What are the electronic (4f") and the LF symmetry relevant preconditions for build-
ing up a homodinuclear Ln molecule with large p 4 and high magnetic anisotropy?

12. Magnetochemical results are often presented as x,,~T, Xy 1 or pg— 1 diagrams.
What type of diagram is suited for (a) Curie paramagnetism, (b) intramolecular
ferromagnetic interactions, (c¢) intramolekular antiferromagnetic interactions, (d)
diamagnetic behaviour, (e) TUP behaviour?

13. To reliably characterise magnetic properties measurements at different field strength
are essential. What is the reason?

14. A frequent mistake in magnetochemical investigations is the application of too strong
magnetic fields. Why may this be unfavourable?

15. To evaluate the paramagnetic part of the susceptibility of a compound with macro-
cyclic ligands, the problem may occur that the incremental method for the diamag-
netic correction is not as precise as necessary. What is to be done?

16. For a polynuclear complex one observes at high temperature Curie-Weiss behaviour
with 8 > 0 and in the low-temperature region field-dependent susceptibilities. What
magnetic collective effect can be expected?

17. With decreasing temperature the p.4 data of a homodinuclear compound increase
weakly and then, after passing a maximum at low temperature, steeply drop. (i)
What is the reason for this behaviour? (ii) What model (susceptibility expression)
should be tried to simulate the behaviour?

18. You notice that the paramagnetic properties of a homodinuclear molecular com-
pound is not satisfactorily described with the corresponding eq. (128). What simple
extensions of the model are in principle possible?
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Solutions

. Verify the Russell-Saunders ground multiplets for Nd** and Er®* given in Table 2.

NA> [4f4: L=6, 8 =2, J =4 = °1,.
Er3+[4f11]: L= 6, S = 3/2, J = 15/2 — 5[15/2.

. Evaluate the susceptibility equation for a free p' system perturbed by spin-orbit
coupling. (Hint: Apply eq. (3); note that for the single-electron system g = (.)

g1/2

(
2(3) (3) 5
G)E+GE G -2 |
gz = 1+ _ 4
” 2(3) (3) ;
M = 76 @) +2G-1) G- =+ 5t
2
Mo = (2 () (D) +2 (1) (4 -2)E =2 sk
Mg Z
Xm = OBkBTXN’ where
= 2o (i) <92 - ) oo (i)
N = 26Xp<—%)+4 exp(—%)
1, 8ksT (40 8ksT 3¢
NA:U’QB 3 9¢ 3 9¢ exp 2 kT
Xom = Ho g 2 (134)
° 1+2exp| — ¢
2kgT

To verify eq. (134), it is recommended to develop the susceptibility equation for the
borderline case ¢ — 0 (use the approximation exp+z ~ 1 £+ x). For an uncoupled
system the relation g = \/L(L + 1) + 45(S + 1) g holds, so that for the p! system
(L =1, S = 1/2) the permanent magnetic moment 1 = /5 j1; and the susceptibility
equation X, = o 5Napk/(3ksT) must be the results.

. Use the spherical harmonics in Table 3 and construct the real functions d,2

—y2 and

dsy with the help of egs. (8). Verify the results with the data given in Table 4.

% [wn,l,ml + wn,l,fml]

% W)n,l,ml - ¢n,l,—ml]

1

7 [\ /32 sin@ (cos 2¢ + isin 2¢ + cos 2¢ — isin 2¢)]

[15 o 2 _
6o Sin“0cos 20 = dy2_2

% [, /55= sin®6 (cos 2¢ + isin 2¢ — cos 2¢ + isin 291))}

\/ 1= sin®fsin 2¢ = d,,
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4. Calculate the matrix elements (I, m,|l,|l,m]) (where ¢ stands for z, +, —):
() (0,0]L:]0,0), (b) (2,2[14]2,1), (c) (2,2[13]2,0), (d) (2,0[L+1-[2,0).
(Hint: Apply egs. (20))

(a) (0,0]2.]0,0) =0 (b) (2,2[14[2,1) = V2-3=T-2h(2,2[2,2) =
1
(c) (2,2]1212,0) = V6 1(2,2]1,|2,1) = 26 h? (2,2|2,2) = 2V/6 h?
1
(d) (2,0]141_12,0) = V6 1(2,0[l4]2, —1) = /6 + (=1 + 1) iv/6 7 (2,0]2,0) = 6 1>
1

5. The 14 microstates [mym,) of an f! system (I = 3, s = 1) yield under the influence
of spin-orbit coupling 14 eigenstates |jm;) which, apart from the states |7 > are
linear combinations of two microstates each. Use Table 7 to evaluate the Vector
coupling coefficients for the coupled states |3 1), |2 —3), |5 2), and | —2). Control
your results with the entries of Table 8.

[33)=a|l-3)+b[03)
Assug;nments j=2,m= m], Ji=1=3 my=m,==%% (j,=5=1)

o J1+m+§ 3+ +— h= — jl_m""% — 3_%—’—% — /3 27
=\ %551 =V - 21+ T VT

%—%>=a%42>+bm

%% —@V—“>+bﬂ >
si

Assignments: j = 3, m =m;, j; = l=3,m2=ms:i%(j2:3:%)
= JRomts [t 2 b itmts 34545 [5
2j1+1 7 7 2j1+1 7 7
7_3
| I-3)=a|2L)+b|1-1
a4 = 1/ mt =345 _ /2 b a-mty /34545 /s
2j1+1 7 7 2j1+1 7 7

6. What levels (multiplets J) may arise from the terms (a) 1S, (b) 2P, (c) *P, (d) *D,
(e) *D? How many states (distinguished by the quantum number Mj) belong to
each level?

(a) 1S: J =0 (1 state)

(b) 2P J=3(2), J=3(4)

(©)3P: J=0(1), J=1(3), J=2(5)

(d)2D: J=1(3), J=2(5), J=3(7)

(€ 'D:J=35(2), J=54), J=35(6), J=5(8)

7. Determine the crystal field overall splitting (CFOS) for the Dy ion in Cs,NaDyCly
on the basis of Fig. 35. Apply egs. (102) and (103) as well as the entries in Table 23
and take the B and BS values for Dy from Table 16.

- 8 15
F(4)B} = =— — 1614em™! = —0.71 -1
B,F(4)By W (135135) (2) x 1614 cm 0.7166 cm

27) According to the phase convention one has to change the sign of @ and b (¢f. Example 2.3).
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10.

11.

_ 4 3465
F(6)B® = W(1- = 148cm™' = 0.1327cm™!
WFOB = W) = (g ) (51) x asan em

T _ 5401 — 2= -08438, W —0.8493

1 — x|

On account of W > 0 the Epp/W axis points upwards. Consequently, the LF
ground state at © = —0.8438 is I'4. The corresponding LF state of highest energy
is Fgg). The energy separation AEpg/W between I' ég) and T'g is 490 cm™!, so that
CFOS = AFrr =490 x 0.8493 cm ™! = 416 cm ™!, in agreement with the data given
in ref. [26], p. 2591.

In which respect does the magnetic susceptibility of a mononuclear lanthanide sys-
tems with Ln point symmetry (i) Oy, (ii) Doop, (iii) Doy differ?

(1) Oy: isotropic (cubic) system (xz = Xy = Xz)

(ii) Doon: anisotropic (cylindrical) system (x = xy # Xz)

(iii) Dop: anisotropic (orthorhombic) system (x., # Xy # X=)

. The Bleaney-Bowers formula, eq. (127), approaches at high temperature the Curie-

Weiss law x,, = C/(T — 0). Determine the relation between Jo, and 6. Is the result
in agreement with the relation 6 = [25(S + 1)/3kg| >, ziJexi?

N 2 2 1
Am = f0 ;/iBiﬁ 1+1e —2J (eXpix%lix for x—>0)
— X
3P\ kT
. Napg® 1 O oNadg® peNadg? (3)
0 - - —
3kg 4 2ok 2o . 1
T\5- T ( 4k — Bky (T —
(3 BkBT) ( B T ) B( QkB)
Jex . Jex »
§ — T 25(S + 1) /3kp] ZzJ =3 for S=1li=1z%=1

What magnetic behaviour is obtained, if in the Bleaney-Bowers formula, eq. (127),
Jox 18 set to 07

Napgg? 1 Jox=0 Napipg® (3
Xm = flo 25 X = e (=
— X
3P\ kT

) Curie law

What are the electronic (4f") and LF symmetrical preconditions for building up a
homodinuclear Ln molecule with large s and high magnetic anisotropy?

(i) Ln from the second half of the Ln series (on account of free ion ground states
with J = L+ S5);

(ii) Ln with half-integer J (nonmagnetic LF ground states of the Ln ion are ruled
out);

(iii) Ln with large S and large L;

(iv) anisotropic LF, for example unique axis anisotropy (cylindrical, hexagonal,
tetragonal)
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12.

13.

14.

15.

16.

17.

18.

Magnetochemical results are often presented as x,,~7T, X —1 or piq—1 plots. What
type of diagram is suited for molecular systems showing (a) Curie paramagnetism,
(b) intramolecular ferromagnetic interactions, (c) intramolekular antiferromagnetic
interactions, (d) diamagnetic behaviour, (e) TUP behaviour?

(@) xm T (b) preg T (), (d), () Xpu T

To reliably characterise magnetic properties measurements at different field strength
are essential. What is the reason?

To furnish proof of (i) ferromagnetic impurities, (ii) magnetic ordering effects

A frequent mistake in magnetochemical investigations is the application of too strong
magnetic fields. Why may this be unfavourable?

Weak magnetic ordering effects may be overlooked.

To evaluate the paramagnetic part of the susceptibility of a compound with macro-
cyclic ligands, the problem may occur that the incremental method for the diamag-
netic correction is not as precise as necessary. What is to be done?

Measurement of the magnetic susceptibility of the ligand.

For a polynuclear complex one observes at high temperature Curie-Weiss behaviour
with 8 > 0 and in the low-temperature region field-dependent susceptibilities. What
magnetic collective effect can be expected?

Ferromagnetism

With decreasing temperature the p4 data of a homodinuclear compound increase
weakly and then, after passing a maximum at low temperature, steeply drop. (i)
What is the reason for this behaviour? (ii) What model (susceptibility expression)
should be tried to simulate the behaviour?

(i) Intramolecular spin-spin coupling of ferromagnetic nature, intermolecular spin-
spin coupling of antiferromagnetic nature.

(ii) Consideration of a molecular field parameter Ayp: it = (Xs) " — Aur

You notice that the paramagnetic properties of a homodinuclear molecular com-
pound is not satisfactorily described with the corresponding eq. (128). What simple
extensions of the model are in principle possible?

(i) Addition of a TTP term xo;

(ii) Consideration of intermolecular exchange interactions by a molecular field pa-
rameter \yp.
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6 Appendix 1

6.1

Magnetic quantities

Table 33: Definitions, units and conversion factors [5]

‘ Quantity ‘ S CGS-emu Factor®
Permeability o = 1
Ho . b
of vacuum 47 x 107" H/m
B Magnetic B = py(H+ M) B=HY {47 M 104 T/G
induction T = Vs/m? G
g Magnetic field H Oe 107 (Am~")/Oe
strength A/m 4
By  ”Magnetic field” By = pmoH G 1074T/G
T = Vs/m?
M Magnetization M G 10 (A/m)/G
A/m
m Magnetic m=MYV m=MYV 1073 Am?/Gem?
dipole moment Am? = J/T G cm?
m/iig 1 1 1
pp  Bohr magneton pp = eh/(2me) pp = eh/(2me) 107* Am?/Gem?
Am? Gem?
o specific magnetic o=M/p* o=M/p Am?/kg
dipole moment? Am?/kg Gem? /g Gem?/g
Mm Molar Mm = MM/pe Mm = MM/p 1073 AmQ/Gcm?’
magnetization/ Am? /mol Gem? /mol
1 Atomic magnetic o = M, /(Napg) o = M,/ (Napg)
*  dipole moment? Am? Gem?
[ia/ i 1 1 1
X Magnetic volume M = yH M = ) H ) A
susceptibility 1 1
N Magnetic mass Xe = X/P W = v /p 4m m®/kg
®  susceptibility m? /kg cm?® /g 10° cm?/g
Yo Molar magnetic Xm =X M/p X =X M/p 47 /105 m3 /em?
susceptibility m? /mol cm? /mol
et Effective Bohr [3kp /o Nap) 2 [XmT)?  [3ks/ 1o Nap]? [T 1
magneton number [2] 1 1

“Multiplicative factor applied to the value in CGS-emu units to obtain the value in SI units.
"H = Henry; H/m = Vs/(Am).
¢p = mass density.

dSpecific magnetization; o* = specific saturation magnetization.
¢M = molar mass.
IM, = molar saturation magnetization.
Ipud = atomic magnetic saturation moment.
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e The legal SI units are not generally accepted. The CGS-emu system is still widely
used in magnetochemistry. Therefore, use magnetic quantities which are indepen-
dent of the two systems, e.g., yq or p?s instead of x,,T.

e Do not mix the systems, e.g., use G (Gauss) instead of T (Tesla) in the CGS-emu
system.

e Use By = uoH in graphical representations (conversion factor 1074 T/Oe).

6.2 Energy equivalents and conversion factors

Tab. 34: Energy equivalents and conversion factors

J eV st cm~! K T kJ/mol
1J 1 6.24151 1.50919 5.03411 7.24292 1.07828 6.02214
x101%  x10%  x102  x10?2  x10®  x10%
1eV 1.0218 1 2.1799  8.6554  1.6045 1.72760 9.64853
x1071° x10% %103 x10% x10% x 10!
1s7t 6.62607 4.13567 1 3.33564 4.79922 7.14477 3.99031
x1073%  x10~1 x1071  x107%  x107't x10713
lem™! 1.98645 1.23984 2.99792 1 1.43877 2.14195 1.19626
x1072%  x107*  x10% x1072
1K 1.38066 8.61739 2.08367 6.95039 1 1.48874 8.31451
x1072%  x107° x10'  x107! x1073
1T 9.27402 5.78839 1.39963 4.66864 6.71710 1 5.08494
x107%  x107° x10'  x107' x107! x1073
1kJ/mol | 1.66054 1.03642 2.50607 8.35933 1.20272 1.79053 1
x10721  x107%2  x10'2  x10! %102 %102
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7 Appendix 2: Matrix elements of operator equiva-

lents
Tab. 35:  Matrix elements of the operator equivalents Of [20]
J F(4)a) 4+l 43 45 :tgij\:iﬁ 411 418 415
2 2 2 2 2 2 2 2
20 15/2 | 2 =3 1 — - - -
Il 15/2] 9 -3 -13 7 - — - =
3 21/2 | 18 3 -17 -22 18 - - -
S 15 ] 28 12 —-13 —-33 —27 33 - -
B 15/2 |108 63 —13 -92 —132 —77 143  —
L1 15/2 |189 129 23 —101 —201 —221 -91 273
0 +1 +2 43 +4 45 46 47 +8
41| 15/2 | 18 —11 —21 14 — - - -
5 105/2| 6 -1 -6 -6 6 - - =
6| 15/2 | 84 64 11 —54 —-96 —66 99  — —
71 3/2 |756 621 251 —249 —704 —869 —429 1001 —
8| 105/2| 36 31 17 -3 —24 -39 -39 —13 52
o) Tn ref. [20] the respective products F(4) x O} etc. are listed.
Tab. 36:  Matrix elements of the operator equivalents O4, [20]
7| Fras (M;|[M; —4)
Gll-3 Gll-3 Gz G135 G5 (Fl5)
SevEe v - - - - -
T 13y/35/2 5V3 V35 - -
| 21y/5/2 5V3 V2 3V2 - - -
1335 35 3V105  5v21 V165 - -
B13y/35/2) 4256 35V6 15v22 1511 /715
L13y/35/2| 4215 10v231 1577 5429 /5005 V1365
2-2) @I-1) @y Gl (o6ll2)  (Tl3)  8l4)
4 | 3+/35/2 15 57 V70 - - - -
5 | 3y/35/2 35 5V42 370 /210 - — -
6 | 3/35/2 70 21V/10 1514 566  3V/55 — —
7 | 34/35/2 126 70v3  5v462  15v33  5V/143 /1001 -
8 | 3+/35/2 210 61155 15154 51001 /15015 5v/273 2/455
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Tab. 37:  Matrix elements of the operator equivalents O [20]
7| e (M ||M;)
+1 £ 5 I 2 £ L D
5 0 0 o 0 - - — — —
Il 315/4 | =5 9 —5 1 - — — —
21 315 ~8 6 10 —11 3 = — =
S| 945/2 | —20 4 25 11 =31 11 — —
B 135 |—-200 -—25 185 227 —11 —319 143 -
13465/4| —75 —25 45 87 59 -39 —117 65
0 +1 +2 +3 44 +5 +£6 47 48
4 || 315/4 | —20 1 22 —17 4 = — R
51 315/2 | —40 —12 36 29 —48 15 - R
6 || 945/2 | —40 —20 22 43 8 55 22 - -
7| 945/4 | —200 —125 50 197 176 —55 —286 143 —
8 || 3465/4 | —120 -85 2 93 128 65 —78 —169 104
Tab. 38:  Matrix elements of the operator equivalents 0%, [20]
s A (M|, — 4)
Gll=35 Gll-2  Glle) (F13)  (F13) (3
3 0 0 - - - - -
Tl 4svid/a | —TV3 3V35 - - - -
2| 315v2/4 | —16V/3 6v2 302 - - -
S 135v/7/2 —63  —105 13v21 7V165 —~ —
B135v14/2 | —56v5  —21v6  13v22  46V11  6V715 -
11495v14/4 | —42V15  —6v231 377 T7V429 35005 51365
@1-2) @Il-1 @ Gy 62 T 84
4 | 135v/14/4 —14 —/7 270 - - - -
5 || 45/14/4 —168 —13v42 1270 151210 — — -
6 || 135v/14/4 —168 —35V/10  8/14 2166  28V/55 - -
7 || 45v/14/4 | —1260 —5461/3 —6+/462 147/33 1261/143 451001 —
8 || 495v/14/4 —252 —61/1155 —64/154 34/1001 215015 19273 12455
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