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Triangular {CuII
3Cl} clusters, containing a chloro ligand in an

unprecedented trigonal planar coordination mode, are as-
sembled in a 3-D array by the combination of coordinative and
hydrogen-bonded interactions, which result in magnetically
isolated 1-D chains exhibiting a combination of spin frustration
and spin-chain behaviour.

Polynuclear coordination clusters represent an extraordinarily
expanding and diverse subset of molecules with potential for the
pursuit of interesting and technologically applicable properties.1
Traditionally, cluster synthesis has been achieved using both
rational2 and serendipitous3 approaches, but common to both
approaches is the use of bridging and chelating ligands to
encourage the aggregation of the metal centres.1–3 An interesting
route to the construction of a more diverse set of clusters may be
achieved by ligands that can both be involved in coordinative and
hydrogen bonded interactions simultaneously; thereby providing a
route for the external hydrogen bonding of anions to influence the
structure of the cluster formed.4 For this to be feasible, a rigid
ligand with well defined metal binding sites and hydrogen bond
donor/acceptor sites must be utilised.4

In this context we report the novel {CuII3Cl} triangular cluster
compounds 1 and 2 ([Cl(CuCl2tachH)3]X2, tach = cis,trans-
1,3,5-triamino-cyclohexane, X = Cl in 1 and X = Br in 2),‡5 that
are formed by simultaneous coordinative and hydrogen bonded
interactions facilitated by the utilisation of the trans-tach ligand,
see Fig. 1. As a result of the combination of these interactions, the
triangular clusters are arranged into magnetically isolated infinite
chains, within a 3-D network, that is formed by hydrogen bonded
interactions between triangular {CuII3Cl} cluster units, see Fig. 2.6
These materials exhibit a combination of spin frustration and spin-
chain behaviour.7 Furthermore, the trimeric cluster entities repre-
sent the first examples of a coordination complex to support a m3-
chloro ligand in a trigonal planar coordination mode.8

The trimeric clusters are composed of three [CuCl2tachH]+ units
with each of the copper(II) ions chelated by two cis-positioned N

sites of tach (average Cu–N distance = 2.008 Å). The remaining
two basal sites of the tetragonal-pyramidal Cu coordination
environment are occupied by two terminal chloro ligands (average
Cu–Cl distance = 2.325 Å). The fifth, apical site, is completed by
a trigonal planar m3-chloro ligand, a previously unknown coordina-
tion mode for chloro ligands,8 linking the three [CuCl2tachH]+ units
(average m3-Cl–Cu distance = 2.576 Å). Each cluster is anchored
within an extended 3-D array of 36 hydrogen bonded interactions,
see Fig. 2. Within the crystallographic ab plane, the 2-D network
consists of intra- and intermolecular hydrogen bonded interactions.
The intramolecular interactions consist of H-bonds between
terminal chloro ligands and coordinating amino groups (green
dotted lines, average –NH2…Cl(Cu) distance = 3.385 Å) facilitat-
ing the unusual trigonal planar coordination mode of the central m3-
chloro ligand. Additionally, intermolecular H-bonds are found
between protonated trans-amino groups and either two non-
coordinated chloride (1), or two bromide (2) counter-ions (blue
dotted lines, average –NH3+…X distance = 3.176 Å when X = Cl
and 3.313 Å when X = Br), which are themselves located on
crystallographic 3-fold axes. Furthermore, each cluster is involved
in bifurcated intermolecular hydrogen bonded interactions between
protonated trans-amino groups and terminal chloro ligands (pink
dotted lines, average –NH3+…Cl(Cu) distance = 3.219 Å). In
addition to the extensive hydrogen bonded network within each
layer, the coordinating amino groups and terminal chloro ligands
interconnect the {(m3-Cl)CuII3} triangles of neighbouring layers
with an average Cu–NH2…Cl–Cu distance of 3.299 Å to form 1-D
chains along the c axis (red dotted lines).

Here, the trimeric cluster entities are stacked in a hexagonal
fashion parallel to the crystallographic c axis (Fig. 3), such that the
m3-chloro centres are aligned above each other (inter-layer Cl–Cl
separation: 6.314 Å (1) and 6.326 Å (2) compared to intra-layer Cl–
Cl separations of 12.680 Å (1) and 12.696 Å (2)), while the {(m3-
Cl)CuII3} triangles are rotated by 60° to each other.

† Electronic supplementary information (ESI) available: full synthetic and
analytical details. See http://www.rsc.org/suppdata/cc/b4/b402487g/

Fig. 1 Representations of the triangular clusters present in 1 and 2 (left: stick
representation, the Cu ions are shown as spheres; right: CPK overlay of the
primary coordination sphere). The non-coordinated hydrogen bonded halide
counter-ions are omitted. (Cl: green, N: blue, C: grey, Cu: pink). The H
positions are shown in white except those that are involved in the formation
of the Heisenberg chains, shown in red.

Fig. 2 The central view shows the 2-D network with the hydrogen bonded
halide counter-ions in the centre linking three {CuII3Cl} triangular cluster
units (i) via the different classes of hydrogen bonded interactions (coloured
dotted lines). The left views show the primary coordination sphere around
the hydrogen bonded halides (ii) (halides and nitrogen atoms shown as
CPK); the top view is shown projected onto the ab plane and the bottom
view is perpendicular to the c axis. The right view shows a representation of
the 1-D chains formed between the {CuII3Cl} cluster units that run parallel
to the c axis. H: white, Cl: green, N: blue, C: grey, Cu: pink, Cl/Br sites in
1 and 2, respectively: brown.
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 Cu3Cl clusters in the [(CuCl2tachH)3Cl]Cl2  
organic molecule with 3 S=1/2 spins on the 

Cu ions.

(anti)columnar stacking with 
J1/J2 ≈ 3.4
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state of rings at the boundary jump from predominantly S
=1/2 to predominantly S=3/2. This phenomenon will be
discussed in Sec. III C.

A. Local spin on a ring

The first-order character is best seen in the ground-state
expectation value !PS=1/2

i " of the previously defined projector
#3$, which is a purely local quantity defined on a single tri-
angle i.21 We have computed this expectation value as a
function of J2. The results are shown in Fig. 2, which dis-
plays the projector in the middle of the tube at i=L /2. For
weak coupling J2 /J1!1, the expectation value is close to 1,
for strong coupling J2 /J1"1, it is close to zero. The expec-
tation value clearly jumps at a value J2c= #1.219±0.003$J1
indicating a first-order phase transition which is magnified in
the inset of Fig. 2.

Several comments are in order. Figure 2 displays results
obtained with both DMRG and ED. To check the importance
of boundary effects #see Sec. III C$, DMRG was performed
with two types of boundary conditions: the standard open
boundary conditions #OBC$, and the ferromagnetic boundary
conditions #FBC$, where we put a ferromagnetic coupling
J1=!10 on the two triangles at the boundary of the tube,
thereby strongly favoring the S=3/2 state. For the ED re-
sults, periodic boundary conditions were applied. The curves
for the three kinds of boundary conditions differ only near
the first-order transition, and the differences decrease with
the increasing length of the tube. In the ED, we additionally
observe that for system sizes L=4p+2 the ground state
changes the momentum sector at the transition from k=0 for
weak coupling to k=# for strong coupling. This is another
fingerprint of a first-order transition.

B. Dimerization

The first-order character of the phase transition is also
clearly apparent in inter-ring correlations. As an example, we
investigate the local dimerization defined as

Di = #! 1$i#Si · Si+1 ! Si+1 · Si+2$ .

This dimerization can be viewed as the order parameter of
the symmetry-broken weak coupling phase. It is also present
in the spin-chirality model discussed in Sec. II B for which
the dimerization opens a spin gap.4–6 Since we work with
open boundary conditions, the quantity Di varies with the
ring position i. Figure 3 shows the order parameter OD#L$
= !DL/2" #the dimerization in the middle of the tube$ for dif-
ferent system sizes L. Two sharp transitions are observed, the
first one around J2=J2c and the second one at a higher value
J2 /J1%1.47. However, finite-size scaling shows that the or-
der parameter OD#L$ remains finite only for J2$J2c in the
thermodynamic limit. The first transition, the disappearance
of the dimerization, corresponds to the phase transition to a
S=3/2 phase on the rings. The second transition is a bound-
ary effect discussed in the next section.

C. Boundary excitations

Boundary spin-1 /2 degrees of freedom in open spin S
=3/2 chains have been predicted theoretically in Ref. 22,
and were later confirmed in DMRG studies of unfrustrated23

and frustrated24 spin S=3/2 chains.
In our model we find these edge states as well for suffi-

ciently large J2 /J1. However, approaching the first-order
transition coming from J2%J2c, there is a second class of
edge states, which are related to a kind of nucleation of the
dimerized S=1/2 phase at the boundaries. These edge states
are different from those discussed above, as they now origi-
nate from the S=1/2 subspace of a ring, and therefore also
include a chirality degree of freedom.

This is most clearly seen in the spatial dependence of the
correlation functions considered in the two subsections
above. The upper panel of Fig. 4 shows the space depen-
dence of the projector !PS=1/2

i " and the lower panel of the
nearest-neighbor spin correlation !Si ·Si+1" for different val-

FIG. 2. #Color online$ Expectation value of the projector PS=1/2
L/2

in the bulk as a function of J2 /J1 for different lengths and boundary
conditions #see text$. The jump at J2 /J1%1.22 is a clear indication
of a first-order transition.

FIG. 3. #Color online$ Dimerization at the center of the tube OD
as a function of J2 /J1 for L=50 #black squares$ and 100 #red
circles$. The vertical line represents the disappearance of the true
order parameter. The dimerization above this line vanishes after
proper finite-size scaling.

FRUSTRATED THREE-LEG SPIN TUBES: FROM SPIN… PHYSICAL REVIEW B 73, 014409 #2006$

014409-3

298 K. Okunishi, S. Yoshikawa, T. Sakai and S. Miyashita

J

J’

Fig. 1. Quantum spin tube with the triangular lattice structure.

!: for ! ! 1, the system consists of weakly coupled triangles, while for ! " 1 the
system is basically described by the rhombus lattice (if ! # $, the model has no
frustration, which is equivalent to the square lattice with the modulated boundary
condition along the rung direction). Thus we can naively expect that the quantum
phase transition occurs between “weakly coupled triangular phase” and “rhombus
lattice phase”.2) In order to see the quantum phase transition of (1.1), we investigate
the low energy excitations (chiefly singlet-triplet spin gap) of (1.1) with the density
matrix renormalization group (DMRG) and the exact diagonalization. We then find
that the spin gapped phase is realized for ! < 1.2 and the gapless rhombus lattice
phase, which is adiabatically connected with the ! # $ limit, may appear for
! > 1.2. In addition we mention an unusual size dependence of the spin gap with
the open boundary system (for the leg direction) for ! = 1.0.

§2. Spin gap

0 1 2
0

0.2

0.4

J’

!/J’

L=54

L=36

singlet!triplet gap (open boundary)

Fig. 2. Singlet-triplet spin gap for L = 36 and
54 systems of J = 1 with the free boundary
condition. In the figure, the magnitude of
the gap is normalized by J !.

In order to calculate the spin gap,
we have performed the finite size DMRG
up to L = 144. Here, we remark
that the renormalization process of the
DMRG is performed with a unit of three
spins of a triangle. This is because
the symmetry of the single triangle is
essential for the formation of the spin
gap.3),4)

Before proceeding to the detailed
analysis of the gap, we show the outline
of the !-dependence of the spin gap for
a finite size system. Figure 2 shows the
!-dependence of the singlet-triplet gap
for L = 36 and 54 systems with the free
boundary. Then we can expect the spin
gap for ! < 1.2; we note that a precise
size extrapolation yields the finite value
of the spin gap in the bulk limit, which
will be discussed in the next section. We

can also see that the spin gap jumps twice at ! % 1.2 and 1.5, and shows subtle

Three leg tubes

J1>>J2   limit 
(decoupled 
triangles): 
effective S=1/2 
model, degenerate 
ground state, gap

J1<<J2 limit: effective  
S=3/2 model, gapless 

K. Okunishi, S. Yoshikawa, T. Sakai and 
S. Miyashita, Progress of Theoretical 
Physics Supplement 159, 297 (2005)

J.-B. Fouet, A. Läuchli, S. Pilgram, R. M. 
Noack, and F. Mila,  PRB 73, 014409 
(2006)

T. Sakai, M. Sato, K. Okamoto, K. Okunishi, and C. 
Itoi, J. Phys. Condens. Matter 22, 403201 (2010).
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and 4!=3 in the spin tube are one-dimensional analogs of
the three Goldstone modes in the triangular lattice
antiferromagnet.

More accurate estimates for the parameters of the exci-
tation spectrum vs and ! can be obtained from an extrapo-
lation of the ED results for L ! 6, 8, 10, and 12 unit cells.
Using the approach of Ref. [17], one finds the following
estimates from the extrapolations of E0"2!=L# vs
sin"2!=L#=L and E1"2!=3# vs 1=L (see Fig. 3):

vs ! 10:06 K ! 3:87
2J2
3kB

; !=kB ! 5:32 K: (7)

Interestingly, the extrapolation result 3vs="2J2=kB# ! 3:87
exactly reproduces the density-matrix renormalization
group estimate for the spin-wave velocity of the spin-3=2
AHC characterized by the exchange constant 2J2=3 [17].
As already discussed, the same effective exchange constant
(Jeff ! 2J2=3) arises both in the first-order result for the
effective spin model and in the semiclassical spin-wave
approach. Below we demonstrate numerically that the
specific heat of a spin-3=2 AHC with the exchange con-
stant 2J2=3 excellently reproduces the experimental results
in the low-temperature region T $ 0:5 K.

Experiment.—The specific heat of polycrystalline
samples of 100 "g of %"CuCl2tachH#3Cl&Cl2, symbols in
Figs. 4, was measured by the relaxation method down to
120 mK by using a microcalorimeter. Technical details are
given in Ref. [23]. To obtain the magnetic specific heat,
(i) the heat capacity of the holder and stage and (ii) the
contribution of phonons are subtracted. The former is done
by using the blank data without sample. The latter is
approximated by a Debye-like specific-heat contribution,
where the prefactor of T3 is determined so that the mag-
netic entropy saturates around 10 K. Thanks to the small
exchange couplings the important features of the magnetic
specific heat are practically not altered by phonons below
T ' 3 K (phonon contribution less than 1% at 2 K and
about 7% at 4 K). A more detailed description of the
experimental result will be published separately.

Analysis of the experimental results.—The solid curve in
Fig. 4 depicts the QMC result for the specific heat of the
spin-3=2 periodic AHC composed of 100 spin sites, that is
evaluated employing the ALPS code [24]. As an effective

exchange parameter we used Jeff ! 2J2=3. As can be seen
in Fig. 4, the QMC result reproduces the experimental data
very well in the region T $ 0:5. This means that even for
J02 ! 0, when the parameter (J02 ( J2) is definitely not
small, the low-energy physics of Hamiltonian (1) is de-
scribed by the spin-3=2 AHC. Therefore, it turns out that
the theoretically predicted biquadratic exchange term [3,9]
plays no role in the experimentally interesting region of the
phase diagram characterized by the dimensionless parame-
ter J1=J2 ! 0:46.
As generally accepted, the spin-3=2 AHC and the

spin-1=2 AHC belong to the same universality class char-
acterized by the conformal central charge c ! 1 [17].
Therefore, in the extremely low-temperature regime we
expect the universal relation

C"T#
NkB

! !cT

9vs
; (8)

with the velocity of the gapless spin excitations vs !
10:06 K. As clearly seen in Fig. 4, already for T $ 0:5 K
the measured specific heat not only coincides with the
QMC result, but also nicely extrapolates towards the uni-
versal behavior represented by Eq. (8). The latter observa-
tions not only strongly imply that the spin-tube compound
%"CuCl2tachH#3Cl&Cl2 is characterized by a gapless
Tomonaga-Luttinger liquid ground state, they also rule
out the other possibility of c ! 9=5 related to the universal-
ity class of spin-S integrable models [17]. In a recent
report, nuclear magnetic resonance measurements also
indicate a gapless spin state in the same material based
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FIG. 3 (color online). Extrapolation of the ED results giving
the parameters of the excitation spectrum vs (left) and ! (right).

FIG. 4 (color online). Specific heat (per Cu spin) of
%"CuCl2tachH#3Cl&Cl2. The symbols always denote the experi-
mental values. Main figure: The solid curve is the QMC result
for a spin-3=2 chain of length L ! 100. The dashed line provides
the linear specific heat corresponding to the universal
Tomonaga-Luttinger liquid form presented by Eq. (8), by using
the extrapolation result vs ! 10:06 K. Inset: The solid curve
depicts the two-level approximation (9). The broken curves
denote the specific heat for three complete diagonalizations for
finite sizes.
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Heat Capacity Reveals the Physics of a Frustrated Spin Tube

Nedko B. Ivanov,1,2,* Jürgen Schnack,2,† Roman Schnalle,2 Johannes Richter,3 Paul Kögerler,4 Graham N. Newton,5

Leroy Cronin,5 Yugo Oshima,6 and Hiroyuki Nojiri6,‡
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We report on theoretical and experimental results concerning the low-temperature specific heat of the

frustrated spin-tube material !"CuCl2tachH#3Cl$Cl2 (tach denotes 1,3,5-triaminocyclohexane). This sub-

stance turns out to be an unusually perfect spin-tube system which allows to study the physics of quasi-

one-dimensional antiferromagnetic structures in rather general terms. An analysis of the specific-heat data

demonstrates that at low enough temperatures the system exhibits a Tomonaga-Luttinger liquid behavior

corresponding to an effective spin-3=2 antiferromagnetic Heisenberg chain with short-range exchange

interactions. On the other hand, around 2 K the composite spin structure of the chain is revealed through a

Schottky-type peak in the specific heat. We argue that the dominating contribution to the peak originates

from gapped magnon-type excitations related to the internal degrees of freedom of the rung spins.

DOI: 10.1103/PhysRevLett.105.037206 PACS numbers: 75.10.Jm, 75.40.Mg, 75.50.Ee, 75.50.Xx

Introduction.—Spin tubes constitute a special class of
quasi-one-dimensional spin ladder systems characterized
by periodic boundary conditions in the rung direction [1–
13]. The magnetic compound !"CuCl2tachH#3Cl$Cl2, for
sample preparation, see [14], is a geometrically frustrated
triangular spin tube, the frustration being related both to
the triangular arrangement of its rungs and to the twisted
geometry of the legs, compare Fig. 1(a). The relatively
simple exchange pathway structure, that thanks to high
symmetry is described by only two dominant Heisenberg
exchange couplings [15], as well as the extremely weak
exchange interactions between neighboring tubes, renders
!"CuCl2tachH#3Cl$Cl2 an excellent real material to study
general properties of the spin-tube systems [4,6,9,11]. An
appropriate spin Hamiltonian describing the magnetic
properties of this material reads as

H %
XL

n%1

X3

!%1

!J1!n;! & !n;!'1

' J2!n;! & "!n'1;!'1 ' !n'1;!(1#$; (1)

where !n;! (! % 1, 2, 3) are spin-1=2 operators defined on
the vertices of the elementary triangle denoted by index n
(n % 1; . . . ; L). As depicted in Fig. 1(b), the twisted spin
tube may also be thought of as a three-leg ladder with
periodic boundary conditions in the rung direction, where
the parameters J1 and J2 are strengths of the rung and
crossing (diagonal) exchange bonds, respectively.
!"CuCl2tachH#3Cl$Cl2 is characterized by the parameters
J1=kB % 1:8 K and J2=kB % 3:9 K [15], whereas the leg
exchange constant J02 > 0, introduced for the sake of

clarity in Fig. 1(b), seems to vanish in this material.
Figure 1(b) clearly reveals the translation symmetry with
one triangle per unit cell.
Two extreme scenarios for the ground state of Eq. (1)

with antiferromagnetic couplings (J1, J2 > 0) were out-
lined in Ref. [9]. In the case of dominating J1 couplings,
the system maps onto an effective spin-chirality model,
where the additional chirality degrees of freedom appear as
a result of the ground-state degeneracy of each individual
triangle. On the other hand, for dominating J2 couplings
the system maps onto an effective spin-3=2 antiferromag-

J

J
J

1

2

2

n!1 n+1

!

!
!

n

x

y

n,1

n,2

n,3

’(b)

(a)

FIG. 1 (color online). (a) Sketch of the twisted spin-tube
system. (b) An equivalent spin model obtained through inversion
of every second triangle. The nth elementary cell contains the
spin-1=2 operators !n;1, !n;2, and !n;3.

PRL 105, 037206 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending
16 JULY 2010

0031-9007=10=105(3)=037206(4) 037206-1 ! 2010 The American Physical Society

J1<<J2 limit: effective  S=3/2 
model, gapless 

J2

J1
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Majumdar-Ghosh model: ground state

H = -3/4
is an eigenstate of the 
Heisenberg Hamiltonian 
on a triangle:

are also eigenstates 

Two exact groundstates, with 
broken translational symmetry

 C K Majumdar and D Ghosh, 
J. Math. Phys. 10, 1388 (1969).

HMG =
�

i

Proj
�

|Si−1 + Si + Si+1| =
3
2

�

HMG =
�

i

SiSi+1 +
1
2

�

i

SiSi+2
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Majumdar-Ghosh model: excitations

B. Sriram Shastry and Bill Sutherland, 
Excitation Spectrum of a Dimerized Next-
Neighbor Antiferromagnetic Chain,
Phys. Rev. Lett. 47, 964–967 (1981)

VOLUME 47, +UMBER 13 PHYSICAL REVIEW LETTERS 28 SEPTEMBER 1981

preclude an odd number, and the two defect sites have been assigned spin up. There are three other
spin assignments possible and, hence, we have a total of four defect states for a given p and m (the
total number of states is therefore 4M'). The set of two-defect states does not form a complete set of
spin-1 states and hence our results, which are restricted to the above space, are variational in nature
rather than exact. We expect, however, that the error involved should be small in view of the optimal
nature of the functions.
We introduce the momentum-space wave function

p~, „(k,—k2) —= Q exp[i (2pk, + 2mk2) ] p (p, I),1~P,I—M

where k, +k, is the total momentum and periodic boundary conditions determine k, and k,. The overlap
matrix of g's in momentum space can be worked out and after considerable algebra we get

(q, , (k ), II, (k)) =6, , [(3J/4~, )(3J/4~ )M~. .. +~,(k,k )], (10)

)to(k, k')=, , (cosk+cosk'+ —;cosQ)[4~(e" +e " ) +cosQ t(k, k')],
where t(k, k') =1+e'" ~, ~,=~((Q+k)/2), &u, '=v((Q+k')/2), and &u(p) = J(~~+cos2p). In a similar fash-
ion, we compute the matrix element of the Hamiltonian in momentum space where

(yo (k'), (& -&,)yo(k)) = &o oi[M a„„,(3J/4(u+)(3J/4(u )((u, +(u ) +h~(k, k')],
h z(k, k ') = —,

' t(k, k'' ) + 8 [t (k, k ') + ~~ (e '&o+"& +e '&'~'&) ]/~, ~,'
+-'[t(k k')+~(e "o-"'&+e'" ')]/(u (u '.

(12)

(13)
We construct a wave function Q„fz(k) p z(k) and demand that it be an eigenstate of ~ (within the defect
subspace) with eigenvalue E, + ~, which leads to the Schrodinger equation

(& —~+—~ )fz(k) =(16/9~)&u+~ Pfz(k')[ho(k', k) —eq y q(k', k)]. (14)

The scattering states are obtained by ignoring
the right-hand side and the bottom of the scatter-
ing continuum is given by'J'(-, —2~cosQ~) leading
to a. gap in the spectrum at Q =0 of magnitude
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Exact ground state for S=1 spin chain:

HAKLT =
�
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Proj (|Si + Si+1| = 2)

 I Affleck, T Kennedy, E H Lieb, and H Tasaki,
 Comm. Math. Phys. 115, 477 (1988).
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+
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2
SiSi+1 +

1
6

(SiSi+1)
2

Projection operator approach continued...
The 2D Shastry-Sutherland model, 
with edge and corner sharing 
traingles

Experimental realization: SrCu2(BO3)2 
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C D Batista, S. A. Trugman 
Phys. Rev. Lett. 93, 217202 (2004):
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Many nearest neighbour valence bond 
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spin-1/2 tube with
 projection operators
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No nearest neighbour valence 
bond covering...
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We consider a 3–leg spin–1/2 ladder with periodic boundary conditions (a spin tube) with a

Hamiltonian given by two projection operators, one on the triangles, and the other on the square

plaquettes on the side of the tube, that can be written in terms of Heisenberg and four spin ring

exchange interactions. Depending on the relative strength of these two operators, we identify 3

phases: (i) for strongly antiferromagnetic exchange on the triangles, an exact dimerized ground

state wave function with a gapped spectrum can be given as an alternation of spin and chirality

valence bonds between nearest triangles; (ii) for ferromagnetic exchanges on the triangle we recover

the phase of the spin–3/2 Heisenberg chain; (iii) between these two phases a gapless incommensurate

phase exists. Furthermore, we explicitly construct an exact ground state wave function with two

deconfined domain walls and gapless excitation spectrum at the quantum phase transition point

between the incommensurate and dimerized phase.

PACS numbers: 75.10.Jm, 75.10.Kt , 75.30.Kz

The projection operator approach to spin models pro-
vided significant results on the ground state properties
of quantum magnets. Examples include the Majumdar–
Ghosh Hamiltonian [1], a spin–1/2 antiferromagnetic
Heisenberg chain where the two exact ground state wave
functions are given by a product of purely nearest-
neighbor valence bonds (pairs of S=1/2 spins forming
a singlet) with a gapped excitation spectrum, in accor-
dance with the Lieb–Schultz–Mattis theorem[2]. The ex-
act “valence bond solid” ground state in the Affleck–
Kennedy–Lieb–Tasaki (AKLT) model[3] with gapped ex-
citations is an explicit realization of Haldane’s conjecture
for S = 1 Heisenberg chains[4]. Further examples include
the two–dimensional Shastry–Sutherland model[5] which
has been realized in SrCu2(BO3)2 [6]. In the pyrochlore
lattice, Yamashita and Ueda have introduced a model
with a macroscopically degenerate ground state [7]. In
all these cases the Hamiltonian is a sum of projection op-
erators [8] and positive semidefinite by construction, so
that any state that has 0 energy is an exact ground state.

Here we extend this approach to a model of spin–1/2
spins arranged in a 3 leg spin tube (see Fig. 1). The
model is given by

H =K�

L�

i=1

Pi +K�
L�

i=1

3�

j=1

R(i,j)(i+1,j)(i+1,j+1)(i,j+1)

(1)

which describes a spin–tube with L triangles and peri-
odic boundary conditions (the indices i and j are de-
fined mod L and mod 3, respectively). The projector
Pi = (4S̃i · S̃i− 3)/12, where S̃i =

�3
j=1 S(i,j) is the spin

operator on the ith triangle, gives 1 if the triangle has a
total spin of 3/2, and 0 if the total spin is 1/2. The pro-
jection Rα acts on the squares that are on the surface of
the tube. We denote Sα =

�
(i,j)∈α S(i,j) as the sum of

the spin operators belonging to the α square plaquette,
then Rα = (Sα · Sα)(Sα · Sα − 2)/24 projects onto the
subspace of states where the total spin of the plaquette
α is 2, and gives 0 if the total spin of the square pla-
quette is 0 or 1 (i.e. if a pair of spins on the α square
form a singlet). We set K� = 1 in the following. Spin
tubes are interesting not only as they are the next step in
complexity after spin ladders, but also since there exist
experimental realizations, such a [(CuCl2 tachH)3Cl]Cl2
[9, 10].

Our motivation comes from the recent work of Batista
and Trugman, where they have considered the Hamil-
tonian that is a sum of the Rα operators over all the
squares of the square lattice [11, 12]. They have shown
that a class of states consisting of nearest neighbor va-
lence bond coverings, where each square plaquette shares
a valence bond, are exact ground states. Wrapping up
the square lattice with period 3 in one direction we get
the spin tube, and allowing the tuning of the Heisenberg
exchange on the triangles we get our model (1).

We have exactly diagonalized (ED) the Hamilto-
nian (1) numerically for small systems of up to 12 trian-
gles (36 sites) with both even and odd number of trian-
gles. A typical K� = 0 spectrum is shown in Fig. 2. We
find states with 0 energy in the spin–singlet sector, one at
k = 0 and two at k = π. Similarly, for odd number of tri-
angles we find that there is a 0 energy spin–1/2 doublet at
k = 0. Since we cannot cover the spin tube with valence
bonds so that every square plaquette contains one, the
appearance of 0 energy eigenstates is unexpected since
it would mean that they have zero projections with all
of the projection operators in the Hamiltonian. Thus it
cannot be a static covering of valence bonds. Even more
striking is the appearance of the 0 energy ground state
for the tubes with odd number of triangles, as in this case
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that a class of states consisting of nearest neighbor va-
lence bond coverings, where each square plaquette shares
a valence bond, are exact ground states. Wrapping up
the square lattice with period 3 in one direction we get
the spin tube, and allowing the tuning of the Heisenberg
exchange on the triangles we get our model (1).

We have exactly diagonalized (ED) the Hamilto-
nian (1) numerically for small systems of up to 12 trian-
gles (36 sites) with both even and odd number of trian-
gles. A typical K� = 0 spectrum is shown in Fig. 2. We
find states with 0 energy in the spin–singlet sector, one at
k = 0 and two at k = π. Similarly, for odd number of tri-
angles we find that there is a 0 energy spin–1/2 doublet at
k = 0. Since we cannot cover the spin tube with valence
bonds so that every square plaquette contains one, the
appearance of 0 energy eigenstates is unexpected since
it would mean that they have zero projections with all
of the projection operators in the Hamiltonian. Thus it
cannot be a static covering of valence bonds. Even more
striking is the appearance of the 0 energy ground state
for the tubes with odd number of triangles, as in this case

Three leg tube with projection operators
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We consider a 3–leg spin–1/2 ladder with periodic boundary conditions (a spin tube) with a

Hamiltonian given by two projection operators, one on the triangles, and the other on the square

plaquettes on the side of the tube, that can be written in terms of Heisenberg and four spin ring

exchange interactions. Depending on the relative strength of these two operators, we identify 3

phases: (i) for strongly antiferromagnetic exchange on the triangles, an exact dimerized ground

state wave function with a gapped spectrum can be given as an alternation of spin and chirality

valence bonds between nearest triangles; (ii) for ferromagnetic exchanges on the triangle we recover

the phase of the spin–3/2 Heisenberg chain; (iii) between these two phases a gapless incommensurate

phase exists. Furthermore, we explicitly construct an exact ground state wave function with two

deconfined domain walls and gapless excitation spectrum at the quantum phase transition point

between the incommensurate and dimerized phase.
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The projection operator approach to spin models pro-
vided significant results on the ground state properties
of quantum magnets. Examples include the Majumdar–
Ghosh Hamiltonian [1], a spin–1/2 antiferromagnetic
Heisenberg chain where the two exact ground state wave
functions are given by a product of purely nearest-
neighbor valence bonds (pairs of S=1/2 spins forming
a singlet) with a gapped excitation spectrum, in accor-
dance with the Lieb–Schultz–Mattis theorem[2]. The ex-
act “valence bond solid” ground state in the Affleck–
Kennedy–Lieb–Tasaki (AKLT) model[3] with gapped ex-
citations is an explicit realization of Haldane’s conjecture
for S = 1 Heisenberg chains[4]. Further examples include
the two–dimensional Shastry–Sutherland model[5] which
has been realized in SrCu2(BO3)2 [6]. In the pyrochlore
lattice, Yamashita and Ueda have introduced a model
with a macroscopically degenerate ground state [7]. In
all these cases the Hamiltonian is a sum of projection op-
erators [8] and positive semidefinite by construction, so
that any state that has 0 energy is an exact ground state.

Here we extend this approach to a model of spin–1/2
spins arranged in a 3 leg spin tube (see Fig. 1). The
model is given by

H =K�

L�

i=1

Pi +K�
L�

i=1

3�

j=1

R(i,j)(i+1,j)(i+1,j+1)(i,j+1)

(1)

which describes a spin–tube with L triangles and peri-
odic boundary conditions (the indices i and j are de-
fined mod L and mod 3, respectively). The projector
Pi = (4S̃i · S̃i− 3)/12, where S̃i =

�3
j=1 S(i,j) is the spin

operator on the ith triangle, gives 1 if the triangle has a
total spin of 3/2, and 0 if the total spin is 1/2. The pro-
jection Rα acts on the squares that are on the surface of
the tube. We denote Sα =

�
(i,j)∈α S(i,j) as the sum of

the spin operators belonging to the α square plaquette,
then Rα = (Sα · Sα)(Sα · Sα − 2)/24 projects onto the
subspace of states where the total spin of the plaquette
α is 2, and gives 0 if the total spin of the square pla-
quette is 0 or 1 (i.e. if a pair of spins on the α square
form a singlet). We set K� = 1 in the following. Spin
tubes are interesting not only as they are the next step in
complexity after spin ladders, but also since there exist
experimental realizations, such a [(CuCl2 tachH)3Cl]Cl2
[9, 10].

Our motivation comes from the recent work of Batista
and Trugman, where they have considered the Hamil-
tonian that is a sum of the Rα operators over all the
squares of the square lattice [11, 12]. They have shown
that a class of states consisting of nearest neighbor va-
lence bond coverings, where each square plaquette shares
a valence bond, are exact ground states. Wrapping up
the square lattice with period 3 in one direction we get
the spin tube, and allowing the tuning of the Heisenberg
exchange on the triangles we get our model (1).

We have exactly diagonalized (ED) the Hamilto-
nian (1) numerically for small systems of up to 12 trian-
gles (36 sites) with both even and odd number of trian-
gles. A typical K� = 0 spectrum is shown in Fig. 2. We
find states with 0 energy in the spin–singlet sector, one at
k = 0 and two at k = π. Similarly, for odd number of tri-
angles we find that there is a 0 energy spin–1/2 doublet at
k = 0. Since we cannot cover the spin tube with valence
bonds so that every square plaquette contains one, the
appearance of 0 energy eigenstates is unexpected since
it would mean that they have zero projections with all
of the projection operators in the Hamiltonian. Thus it
cannot be a static covering of valence bonds. Even more
striking is the appearance of the 0 energy ground state
for the tubes with odd number of triangles, as in this case

H =
L�

i=1

3�

j=1

�
J⊥Si,j · Si,j+1 + J1Si,j · Si+1,j + J2 (Si,j · Si+1,j+1 + Si,j · Si+1,j−1)

+ JRE

�
(Si,j · Si+1,j)(Si,j+1 · Si+1,j+1) + (Si,j · Si,j+1)(Si+1,j · Si+1,j+1)

+ (Si,j · Si+1,j+1)(Si,j+1 · Si,j+1)
��

The Hamiltonian with spin operators:

Three leg tube with projection operators

J⊥ = 5K�/6 + 2K�/3

J1 = 5K�/6
J2 = 5K�/12

JRE = K�/3
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Numerical results, K△=0
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What are these states?
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Effective model for large K△/K◻ 

2

the odd number of spins prevents the pairing of all the

spins into valence bonds. It is our aim in this paper to

understand the nature of the ground state in this model.

A natural starting point is to consider weakly coupled

triangles. The Pi splits the 8 states of a triangle into a

S̃ = 3/2 quadruplet and two degenerate S̃ = 1/2 dublets.

The latter four states constitute the kernel of the P that

can be classified according to the spin σ and chirality τ
degrees of freedom, with an orthonormal basis spanned

by the |σzτz�, where

|σ,±1/2� = |σ1 [2, 3]�+e±
2πi
3 |σ2 [3, 1]�+e±

4πi
3 |σ3 [1, 2]� .

(2)

Here [j, j�] = (|↑j↓j�� − |↓j↑j��)/
√
2 denotes a valence

bond between the spins on site j and j� and σj = σ =↑
, ↓ is the free spin on site j = 1, 2, 3 of a triangle. For

convenience, we introduce the |r� and |l� for the τz =

±1/2 chirality.

In the K� → ∞ limit the low energy space is spanned

by the spin–1/2 states given by Eq. (2) and the effective
Hamiltonian is a spin–chirality model

H
�
=

5

9

L�

i=1

�
3

4
+ σ̂i · σ̂i+1

��
1 + τ̂+i τ̂−i+1 + τ̂−i τ̂+i+1

�
,

(3)

where σ̂i are the spin–1/2, and τ̂±i are the chirality

(pseudospin–1/2) raising/lowering operators of the ith

triangle. This is a particular case of the effective model

studied in Refs. [13–15], where it has been shown that the

spectrum is gapped. Furthermore, the positive semidefi-

nite H�
has an exact ground state: since the energy be-

tween two neighboring triangles is 0 if either the spins

or the chiralities form a singlet, the twofold degenerate

ground state can be given as an alternation of spin and

chirality valence bonds [16], shown in Fig. 3(a).

It turns out that these two translational invariance

breaking states are ground states not only of the effective
model, but are actually exact eigenstates for any value

of K�, and are ground states for K� ≥ 0. In this case,

(2,3)

(4,1)

(3,1)

(2,1)

(1,1)

(1,2)

(1,3)

(2,2)

(5,1)

FIG. 1. The spin tube with a snapshot of valence bond cover-
ing from the exact spin–chirality dimerized ground state. The
shaded plaquettes are not satisfied in this particular configu-
ration, and only quantum resonance with other configurations
will make all the plaquettes satisfied.
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FIG. 2. (a) Energy spectrum from numerical exact diagonal-
ization of a tube with 10 triangles (30 spins) and K� = 0 as
a function of momentum along the tube. The empty (filled)
symbols denote spin–singlet (triplet) states classified accord-
ing to the irreducible representations (IR) of D3. The ground
state with 0 energy is three–fold degenerate (one at k = 0
and two at k = π). (b) Low energy two domain wall excita-
tions in the thermodynamic limit compared to ED spectra of
small clusters with symmetry compatible with the variational
solution. The solid line below the (shaded) continuum is the
bound state.

square plaquettes between triangles forming a spin sin-

glet (say triangle 2 and 3 in Fig. 1) are all satisfied since

all of them have a valence bond, hence the corresponding

Rαs give 0. However, plaquettes belonging to a chirality

singlet (e.g. triangle 1 and 2 in Fig. 1) are seemingly not

satisfied in each valence bond configuration. The prob-

lem can be resolved if we realize, that the three states

used in the definition of |σ, τ� in Eq. (2) are not inde-

pendent, namely |σ1 [2, 3]� + |σ2 [3, 1]� + |σ3 [1, 2]� = 0.

Taking this into account, a chirality singlet between two

neighboring triangles 123 and 1
�
2
�
3
�
with a free spin

σ1 = σ2 and σ�
1� = σ�

2� , respectively, can be expanded as

σ1[2, 3]σ�
2� [3

�, 1�]−σ2[3, 1]σ�
1� [2

�, 3�]. The plaquettes 133�1�

and 233
�
2
�
are clearly satisfied, but notice that if we cycli-

cally rotate the 1, 2, 3 and 1
�, 2�, 3� indices, it is the same

chirality singlet wave function, and we can explicitly see

that the third, 122
�
1
�
, plaquette is also satisfied. Thus,

instead of static coverings, a linear combination of the

valence bonds constitutes a good ground state.

For tubes of odd length with periodic boundary con-

ditions the system cannot be covered with alternating

spin and chirality singlets, yet ED shows a ground state

with zero energy in the spectrum. A state with alternat-
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(Dated: July 21, 2011)

We consider a 3–leg spin–1/2 ladder with periodic boundary conditions (a spin tube) with a

Hamiltonian given by two projection operators, one on the triangles, and the other on the square

plaquettes on the side of the tube, that can be written in terms of Heisenberg and four spin ring

exchange interactions. Depending on the relative strength of these two operators, we identify 3

phases: (i) for strongly antiferromagnetic exchange on the triangles, an exact dimerized ground

state wave function with a gapped spectrum can be given as an alternation of spin and chirality

valence bonds between nearest triangles; (ii) for ferromagnetic exchanges on the triangle we recover

the phase of the spin–3/2 Heisenberg chain; (iii) between these two phases a gapless incommensurate

phase exists. Furthermore, we explicitly construct an exact ground state wave function with two

deconfined domain walls and gapless excitation spectrum at the quantum phase transition point

between the incommensurate and dimerized phase.
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The projection operator approach to spin models pro-
vided significant results on the ground state properties
of quantum magnets. Examples include the Majumdar–
Ghosh Hamiltonian [1], a spin–1/2 antiferromagnetic
Heisenberg chain where the two exact ground state wave
functions are given by a product of purely nearest-
neighbor valence bonds (pairs of S=1/2 spins forming
a singlet) with a gapped excitation spectrum, in accor-
dance with the Lieb–Schultz–Mattis theorem[2]. The ex-
act “valence bond solid” ground state in the Affleck–
Kennedy–Lieb–Tasaki (AKLT) model[3] with gapped ex-
citations is an explicit realization of Haldane’s conjecture
for S = 1 Heisenberg chains[4]. Further examples include
the two–dimensional Shastry–Sutherland model[5] which
has been realized in SrCu2(BO3)2 [6]. In the pyrochlore
lattice, Yamashita and Ueda have introduced a model
with a macroscopically degenerate ground state [7]. In
all these cases the Hamiltonian is a sum of projection op-
erators [8] and positive semidefinite by construction, so
that any state that has 0 energy is an exact ground state.

Here we extend this approach to a model of spin–1/2
spins arranged in a 3 leg spin tube (see Fig. 1). The
model is given by

H =K�

L�

i=1

Pi +K�
L�

i=1

3�

j=1

R(i,j)(i+1,j)(i+1,j+1)(i,j+1)

(1)

which describes a spin–tube with L triangles and peri-
odic boundary conditions (the indices i and j are de-
fined mod L and mod 3, respectively). The projector
Pi = (4S̃i · S̃i− 3)/12, where S̃i =

�3
j=1 S(i,j) is the spin

operator on the ith triangle, gives 1 if the triangle has a
total spin of 3/2, and 0 if the total spin is 1/2. The pro-
jection Rα acts on the squares that are on the surface of
the tube. We denote Sα =

�
(i,j)∈α S(i,j) as the sum of

the spin operators belonging to the α square plaquette,
then Rα = (Sα · Sα)(Sα · Sα − 2)/24 projects onto the
subspace of states where the total spin of the plaquette
α is 2, and gives 0 if the total spin of the square pla-
quette is 0 or 1 (i.e. if a pair of spins on the α square
form a singlet). We set K� = 1 in the following. Spin
tubes are interesting not only as they are the next step in
complexity after spin ladders, but also since there exist
experimental realizations, such a [(CuCl2 tachH)3Cl]Cl2
[9, 10].

Our motivation comes from the recent work of Batista
and Trugman, where they have considered the Hamil-
tonian that is a sum of the Rα operators over all the
squares of the square lattice [11, 12]. They have shown
that a class of states consisting of nearest neighbor va-
lence bond coverings, where each square plaquette shares
a valence bond, are exact ground states. Wrapping up
the square lattice with period 3 in one direction we get
the spin tube, and allowing the tuning of the Heisenberg
exchange on the triangles we get our model (1).

We have exactly diagonalized (ED) the Hamilto-
nian (1) numerically for small systems of up to 12 trian-
gles (36 sites) with both even and odd number of trian-
gles. A typical K� = 0 spectrum is shown in Fig. 2. We
find states with 0 energy in the spin–singlet sector, one at
k = 0 and two at k = π. Similarly, for odd number of tri-
angles we find that there is a 0 energy spin–1/2 doublet at
k = 0. Since we cannot cover the spin tube with valence
bonds so that every square plaquette contains one, the
appearance of 0 energy eigenstates is unexpected since
it would mean that they have zero projections with all
of the projection operators in the Hamiltonian. Thus it
cannot be a static covering of valence bonds. Even more
striking is the appearance of the 0 energy ground state
for the tubes with odd number of triangles, as in this case

triangles are in S=1/2 state,
degenerate perturbation theory in the spin-chirality sector:

exact GS of H’ given of as alternation of spin and chirality valence 
bonds (A. K. Kolezhuk, H.-J. Mikeska, PRL 80, 2709 (1998))
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of spin correlations vanishes in this limit. Thus, one
can conclude that the model (C) exhibits two second-
order phase transitions: into the Haldane phase at u � 0
and into the rung-dimer phase at u � `. We will show
below that those transitions are characterized by vanishing
singlet and triplet gaps, respectively.
By induction with respect to the ladder length one can

prove that in cases (A) and (C) the two ground states
given by the MP Ansatz are the only ground states of the
system.
Elementary excitations of the model (A) can be easily

visualized as singlet or triplet diagonal bonds separating
the two ground states and thus being solitons in the
dimer order (see Fig. 1). Since solitons can be created
only in pairs, the excitation spectrum is a two-particle
continuum. To study the scattering soliton states, one
may consider the ladder with 2N 1 1 rungs and periodic
boundary conditions, and write down a simple single-
soliton variational state with a certain value of momentum
p and parity z � 61:

jp�z
t,s �

X

n

e
ip�2n11�jn�z

t,s , (11)

Here the momenta are defined in terms of the Brillouin
zone of nondimerized ladder, so that p [ �0, p�. The
states jn�z

t,s are shown in Fig. 1; in a MP formulation they
can be written as

jn�z
s,t �

nY

i�1
�g2i21�eu�g2i�u��g�s,t�

2n11

NY

i�n11
g2i�eu�g2i11�u� ,

g
s

z � g�u� 2 zg�eu�, g
t

z ,m � sm
g�u� 1 zg�eu�sm.

(12)

Here m � 0, 61 denotes the z projection of spin of the
triplet excitation. Another candidate for the role of the
elementary excitation is a magnon (the Haldane triplet);
the corresponding variational wave function can be again
written in the form (11) with

jn�z
H �

n21Y

i�1
�g2i21�eu�g2i�u��gH

z

NY

i�n11
g2i21�eu�g2i�u� ,

g
H

z ,m � sm
g2n21�eu�g2n�u� 1 zg2n21�eu�sm

g2n�u� .
(13)

The variational dispersion laws have the following form:
´�p� � e0��1 1 2c0A�z, p�� ,

A�z, p� � �cos�2p� 2 z���1 1 z
2 2 2z cos�2p�� ,

(14)

FIG. 1. The states jn�z
t,s used in Eq. (11), in a special case

of the model (7). Thick solid lines indicate singlet bonds, and
thick dashed lines can be either singlets or triplets. Arrows
indicate the “direction” of the singlet bonds [i.e., js1!2� �
221�2�j " 1 # 2� 2 j # 1 " 2��].

and for the model (6) one has, in J units,
c

s,t
0 � zs,t�1�2 2 z �, zs,t � 1�4, zH � c

H

0 � 0 ,

e
H

0 � 1, e
s

0 �
4 1 3x

�4 2 2z � �4 2 3x�
, (15)

e
t

0 �
44 2 39x

6�2 2 z � �4 2 3x�
.

One can see that the lowest energy is always reached for
the odd-parity states (z � 21). The Haldane triplet is in
this case dispersionless, and has a high energy equal to 1.
The elementary excitation is a soliton-antisoliton pair, and
for the scattering states its energy is given by

eE�k, q� � ´s,t��k 1 q��2� 1 ´s,t��k 2 q��2� , (16)
where k and q are the total and relative momentum. For
x � 2

3 [i.e., for the generic model (7) with zero transverse
exchange] the energies of triplet and singlet solitons
coincide. The lowest boundary E�k� of the continuum
described by (16) at x � 2

3 is shown in Fig. 2. The gap
is given by E�0� � E�p� � 1

2J, and the lowest excitation
has a 16-fold degeneracy because the states of a soliton
pair can be classified into two singlets �ss� and �tt�J�0,
three triplets �st�, �ts�, and �tt�J�1, and one quintuplet
�tt�J�2. The energy of the Haldane triplet is lower than
the continuum boundary in the vicinity of the zone center
k � p

2 , indicating the possible presence of bound soliton-
antisoliton states. If the transverse exchange is switched
on (i.e., x fi

2
3 ), the singlet-triplet degeneracy is lifted,

and for x ,
2
3 (x .

2
3 ) the lowest excitation is determined

by singlet (triplet) solitons, respectively. Behavior of the
corresponding gaps is shown in Fig. 3(a); one can see
that for both phase transition points x � 0 and x � 1 the
gaps remain finite, which suggests that the transition to
the “multicritical” state at x � 0 is of the first order.

FIG. 2. The excitation spectrum of the model (7). The
continuum is determined by free two-soliton states; its lowest
boundary is 16-fold degenerate. The dashed line is determined
by the Haldane triplet excitation (13) and indicates a variational
estimate for bound soliton-antisoliton states.
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S=1/2 of each level

σ↑,r =

σ↑,l = +ei 2π
3 +e−i 2π

3

+ei 2π
3 +e−i 2π

3

basis:
spin-singlet

chirality-singlet
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How does it work?

+ + = 0

+
�
1 + e−i 2π

3

�

�
1 + e+i 2π

3

� �
e−i 2π

3 + e+i 2π
3

�

�
e+i 2π

3 + e−i 2π
3

�
σ↑,l =

σ↑,r = +

σ↑,l ⊗ σ↑,r − σ↑,r ⊗ σ↑,l = − −
It works because of linear dependence

(2,3)

(2,1)
(3,1)

(4,1)
(5,1)

(2,2)
(1,2)

(1,3)

(1,1)

∝

We found 2 out of 3 eigenstates.

∝
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Search for the 3rd GS: Tubes of odd length

HMG =
�

i

Proj
�

|Si−1 + Si + Si+1| =
3
2

�

for odd length: E>0

Majumdar-Ghosh:
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of spin correlations vanishes in this limit. Thus, one
can conclude that the model (C) exhibits two second-
order phase transitions: into the Haldane phase at u � 0
and into the rung-dimer phase at u � `. We will show
below that those transitions are characterized by vanishing
singlet and triplet gaps, respectively.
By induction with respect to the ladder length one can

prove that in cases (A) and (C) the two ground states
given by the MP Ansatz are the only ground states of the
system.
Elementary excitations of the model (A) can be easily

visualized as singlet or triplet diagonal bonds separating
the two ground states and thus being solitons in the
dimer order (see Fig. 1). Since solitons can be created
only in pairs, the excitation spectrum is a two-particle
continuum. To study the scattering soliton states, one
may consider the ladder with 2N 1 1 rungs and periodic
boundary conditions, and write down a simple single-
soliton variational state with a certain value of momentum
p and parity z � 61:

jp�z
t,s �

X

n

e
ip�2n11�jn�z

t,s , (11)

Here the momenta are defined in terms of the Brillouin
zone of nondimerized ladder, so that p [ �0, p�. The
states jn�z

t,s are shown in Fig. 1; in a MP formulation they
can be written as

jn�z
s,t �

nY

i�1
�g2i21�eu�g2i�u��g�s,t�

2n11

NY

i�n11
g2i�eu�g2i11�u� ,

g
s

z � g�u� 2 zg�eu�, g
t

z ,m � sm
g�u� 1 zg�eu�sm.

(12)

Here m � 0, 61 denotes the z projection of spin of the
triplet excitation. Another candidate for the role of the
elementary excitation is a magnon (the Haldane triplet);
the corresponding variational wave function can be again
written in the form (11) with

jn�z
H �

n21Y

i�1
�g2i21�eu�g2i�u��gH

z

NY

i�n11
g2i21�eu�g2i�u� ,

g
H

z ,m � sm
g2n21�eu�g2n�u� 1 zg2n21�eu�sm

g2n�u� .
(13)

The variational dispersion laws have the following form:
´�p� � e0��1 1 2c0A�z, p�� ,

A�z, p� � �cos�2p� 2 z���1 1 z
2 2 2z cos�2p�� ,
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FIG. 1. The states jn�z
t,s used in Eq. (11), in a special case

of the model (7). Thick solid lines indicate singlet bonds, and
thick dashed lines can be either singlets or triplets. Arrows
indicate the “direction” of the singlet bonds [i.e., js1!2� �
221�2�j " 1 # 2� 2 j # 1 " 2��].

and for the model (6) one has, in J units,
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One can see that the lowest energy is always reached for
the odd-parity states (z � 21). The Haldane triplet is in
this case dispersionless, and has a high energy equal to 1.
The elementary excitation is a soliton-antisoliton pair, and
for the scattering states its energy is given by

eE�k, q� � ´s,t��k 1 q��2� 1 ´s,t��k 2 q��2� , (16)
where k and q are the total and relative momentum. For
x � 2

3 [i.e., for the generic model (7) with zero transverse
exchange] the energies of triplet and singlet solitons
coincide. The lowest boundary E�k� of the continuum
described by (16) at x � 2

3 is shown in Fig. 2. The gap
is given by E�0� � E�p� � 1

2J, and the lowest excitation
has a 16-fold degeneracy because the states of a soliton
pair can be classified into two singlets �ss� and �tt�J�0,
three triplets �st�, �ts�, and �tt�J�1, and one quintuplet
�tt�J�2. The energy of the Haldane triplet is lower than
the continuum boundary in the vicinity of the zone center
k � p

2 , indicating the possible presence of bound soliton-
antisoliton states. If the transverse exchange is switched
on (i.e., x fi

2
3 ), the singlet-triplet degeneracy is lifted,

and for x ,
2
3 (x .

2
3 ) the lowest excitation is determined

by singlet (triplet) solitons, respectively. Behavior of the
corresponding gaps is shown in Fig. 3(a); one can see
that for both phase transition points x � 0 and x � 1 the
gaps remain finite, which suggests that the transition to
the “multicritical” state at x � 0 is of the first order.

FIG. 2. The excitation spectrum of the model (7). The
continuum is determined by free two-soliton states; its lowest
boundary is 16-fold degenerate. The dashed line is determined
by the Haldane triplet excitation (13) and indicates a variational
estimate for bound soliton-antisoliton states.
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given by the MP Ansatz are the only ground states of the
system.
Elementary excitations of the model (A) can be easily

visualized as singlet or triplet diagonal bonds separating
the two ground states and thus being solitons in the
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One can see that the lowest energy is always reached for
the odd-parity states (z � 21). The Haldane triplet is in
this case dispersionless, and has a high energy equal to 1.
The elementary excitation is a soliton-antisoliton pair, and
for the scattering states its energy is given by

eE�k, q� � ´s,t��k 1 q��2� 1 ´s,t��k 2 q��2� , (16)
where k and q are the total and relative momentum. For
x � 2

3 [i.e., for the generic model (7) with zero transverse
exchange] the energies of triplet and singlet solitons
coincide. The lowest boundary E�k� of the continuum
described by (16) at x � 2

3 is shown in Fig. 2. The gap
is given by E�0� � E�p� � 1

2J, and the lowest excitation
has a 16-fold degeneracy because the states of a soliton
pair can be classified into two singlets �ss� and �tt�J�0,
three triplets �st�, �ts�, and �tt�J�1, and one quintuplet
�tt�J�2. The energy of the Haldane triplet is lower than
the continuum boundary in the vicinity of the zone center
k � p

2 , indicating the possible presence of bound soliton-
antisoliton states. If the transverse exchange is switched
on (i.e., x fi
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3 ), the singlet-triplet degeneracy is lifted,

and for x ,
2
3 (x .
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3 ) the lowest excitation is determined

by singlet (triplet) solitons, respectively. Behavior of the
corresponding gaps is shown in Fig. 3(a); one can see
that for both phase transition points x � 0 and x � 1 the
gaps remain finite, which suggests that the transition to
the “multicritical” state at x � 0 is of the first order.

FIG. 2. The excitation spectrum of the model (7). The
continuum is determined by free two-soliton states; its lowest
boundary is 16-fold degenerate. The dashed line is determined
by the Haldane triplet excitation (13) and indicates a variational
estimate for bound soliton-antisoliton states.
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FIG. 3. (a) Schematic representation of one of the two ground

states of H with alternating spin and chirality valence bonds

(a translation by a lattice vector gives the other one). The

small dots inside the circle represent the individual spins of

a triangle, thick solid lines mean valence bonds between two

spins. The arcs connecting two circles stand for a chirality

singlet bond |rl� − |lr�. In (b) and (c) we show the relevant

domain walls in odd length tubes: (b) |ξ↑i �, a triangle with

S̃ = 3/2 (hexagon); (c) the ellipse containing three spin–1/2

triangles with chiralities |rrr� + |lll� and centered at i + 1

denotes |η↑
i+1�. Both |ξ↑� and |η↑� have spin–1/2 degrees of

freedom.

ing spin and chirality singlets with some kind of domain
wall should be a promising construction for the ground
state of odd length tubes. By studying the finite size
wave functions, we have found out that the following
two types of domain–wall excitation are relevant: one
is a S̃ = 3/2 triangle connected with valence bonds to
the two sides, the other is a S̃ = 1/2 triangle connected
with chirality triplets to the sides, as shown in Fig. 3.
We use the notation |ξσi � and |ησi � respectively, where i
denotes the position of the domain wall. |ξσi � and |ησi �
have 0 eigenvalue with all the R in the Hamiltonian, ex-
cept those that include spins on the ith triangle. Using
these states as a variational basis, we get the following
non-vanishing overlaps in Fourier-space: �ησk |H|ησk � =
5 (1− aL cos k) /6, �ξσk |H|ξσk � = 5 (1− aL cos k) /18, and
�ξσk |H|ησk � = −5

√
3 (cos k − aL) /18, while the overlaps

are �ησk |ησk � = (1− aL cos k) and �ξσk |ξσk � = 1, where
aL = 8/2L is a finite size correction. It turns out that
for K� = 0 the

√
3|ξσk=0� + |ησk=0� is an eigenstate with

0 energy, thus an exact ground state. The dispersion of
the domain walls in this variational base is given by

E±
1 (k) =

5

36

�
4±

√
10 + 6 cos 2k

�
(4)

in the limit of infinite system size, which is a gapless
spectrum. From the Hellmann-Feynman theorem we get
that ∂EGS/∂K� = 3K�/4, i.e. the energy of the domain
wall becomes negative for K� < 0, lower than the energy
of the dimerized state. This indicates a phase transition
at K� = 0 between the dimerized and a gapless phase.

Let us now return to tubes with even number of spins.
It turns out that the relevant excitations are pairs of
domain walls that originate from promoting a chirality

i+1

(d)

(e)

(f)

i!1i!2

(a)

(b)

(c)

i+3i+2i

FIG. 4. Relevant two domain wall configurations in the spin

singlet sector for L even. In (a) the small ellipse denotes a

chirality triplet (|rl� + |lr�), that breaks up into two domain

walls. (c), (e) and (f) are generally given as |ξ↑i η
↓
j − ξ↓i η

↑
j �,

|η↑
i η

↓
j−η↓

i η
↑
j �, and |ξ↑i ξ

↓
j−ξ↓i ξ

↑
j �, where the domain walls can be

arbitrarily separated. (b) and (d) shows overlapping domain

walls, (b) is actually |ξ↑i ξ
↓
i+1 − ξ↓i ξ

↑
i+1�, in (d) the chirality

configuration is |llrr�− |rrll�. Arrows connect states between

which the Hamiltonian HK∆=0 has a nonzero matrix element,

the position of the arrows corresponds to the position of R
relevant in the overlap.

singlet bond into a chirality triplet, as shown in Fig. 4.
In large systems the domain walls can propagate inde-
pendently if they are far from each other. When the
domain walls get close they can ’overlap’ spatially, these
components can again be retrieved from results of ED for
small systems. Once all the relevant states are identified,
the overlap matrix and the matrix of the Hamiltonian
between these states can be calculated analytically for
any finite length systems, thus allowing us to take the
L → +∞ thermodynamic limit [17]. At k = π, a par-
ticular linear combination, featuring deconfined domain
walls, has 0 energy independent of the system size, and
is therefore the third exact ground state. The low en-
ergy part of the two domain wall spectrum is shown in
Fig. 2(b): the two independently propagating walls form
a continuum, while the interaction between the walls
leads to a bound state. The bound state is present for
the any value of k, whereas the energy gap between the
bound state and the continuum is ∝ k4 near k = 0 and π,
indicating a fine tuned interaction between the domain
walls that can be described by the XXZ–model at ex-
actly the SU(2) symmetric point. We note that a finite
size gap is closing as 1/L2 at k = 0 in accordance with
the Lieb-Schultz-Mattis theorem. The two domain wall
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ing spin and chirality singlets with some kind of domain
wall should be a promising construction for the ground
state of odd length tubes. By studying the finite size
wave functions, we have found out that the following
two types of domain–wall excitation are relevant: one
is a S̃ = 3/2 triangle connected with valence bonds to
the two sides, the other is a S̃ = 1/2 triangle connected
with chirality triplets to the sides, as shown in Fig. 3.
We use the notation |ξσi � and |ησi � respectively, where i
denotes the position of the domain wall. |ξσi � and |ησi �
have 0 eigenvalue with all the R in the Hamiltonian, ex-
cept those that include spins on the ith triangle. Using
these states as a variational basis, we get the following
non-vanishing overlaps in Fourier-space: �ησk |H|ησk � =
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3 (cos k − aL) /18, while the overlaps
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aL = 8/2L is a finite size correction. It turns out that
for K� = 0 the
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0 energy, thus an exact ground state. The dispersion of
the domain walls in this variational base is given by
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in the limit of infinite system size, which is a gapless
spectrum. From the Hellmann-Feynman theorem we get
that ∂EGS/∂K� = 3K�/4, i.e. the energy of the domain
wall becomes negative for K� < 0, lower than the energy
of the dimerized state. This indicates a phase transition
at K� = 0 between the dimerized and a gapless phase.

Let us now return to tubes with even number of spins.
It turns out that the relevant excitations are pairs of
domain walls that originate from promoting a chirality
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singlet bond into a chirality triplet, as shown in Fig. 4.
In large systems the domain walls can propagate inde-
pendently if they are far from each other. When the
domain walls get close they can ’overlap’ spatially, these
components can again be retrieved from results of ED for
small systems. Once all the relevant states are identified,
the overlap matrix and the matrix of the Hamiltonian
between these states can be calculated analytically for
any finite length systems, thus allowing us to take the
L → +∞ thermodynamic limit [17]. At k = π, a par-
ticular linear combination, featuring deconfined domain
walls, has 0 energy independent of the system size, and
is therefore the third exact ground state. The low en-
ergy part of the two domain wall spectrum is shown in
Fig. 2(b): the two independently propagating walls form
a continuum, while the interaction between the walls
leads to a bound state. The bound state is present for
the any value of k, whereas the energy gap between the
bound state and the continuum is ∝ k4 near k = 0 and π,
indicating a fine tuned interaction between the domain
walls that can be described by the XXZ–model at ex-
actly the SU(2) symmetric point. We note that a finite
size gap is closing as 1/L2 at k = 0 in accordance with
the Lieb-Schultz-Mattis theorem. The two domain wall
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Tubes of even length: third ground state, K△=0

next step after spin ladders towards two dimensions (2D).
Batista and Trugman have recently studied the
Hamiltonian that is a sum of the R! operators over all
the squares of the square lattice and shown that a class of
states consisting of nearest-neighbor valence bond cover-
ings, where each square plaquette shares a valence bond,
have zero energy, i.e., are exact ground states [18,19]. The
spin tube is identical to the square lattice with period three
wrapped in one direction.

Exact diagonalization (ED) of the Hamiltonian (1) up to
L ! 12 triangles (36 sites) showed for K! ! 0 an unusual
result: For an odd number of triangles it revealed a 0 energy
spin-1/2 doublet at k ! 0 momentum, while for an even
number we find three singlet ground states: one at k ! 0
and two at k ! ", as shown in Fig. 2(a). The appearance of
0 energy eigenstates means that they have zero projections
with all of the R! operators in the Hamiltonian. As there is
no static covering of valence bonds on the spin tube where
each plaquette is satisfied, this points to a feature that was
not encountered in projection Hamiltonians so far. Even
more striking is the appearance of the 0 energy ground
state for the tubes with an odd number of triangles, as in
this case necessarily a spin is left unpaired. In the follow-
ing, we will show that this apparent contradiction is
resolved due to the quantum mechanical nature of the
valence bonds and that the existence of the 0 energy ground

state in the odd size system is related to the fact thatK!!0
is a quantum critical point with gapless deconfined
excitations.
Let us begin by considering weakly coupled triangles.

The Pi splits the 8 states of a triangle into a ~S ! 3=2
quadruplet and two degenerate ~S ! 1=2 doublets. The
latter set of four states constitutes the kernel of the Pi

that can be classified according to the spin # and chirality
$ degrees of freedom, with an orthonormal basis spanned
by the j#z

i$
z
i i, where

j#i;"1=2ii !j %#;1
i i# e"2"i=3j%#;2

i i# e"4"i=3j%#;3
i i:

(3)

The j%#;j
i i are states with a valence bond between sites

j# 1 and j# 2 and an unpaired spin # on site j of a
triangle:

j%#;j
i i ! 1!!!

2
p $j#i;j "i;j#1#i;j#2i% j#i;j #i;j#1"i;j#2i&; (4)

observing the periodic boundary condition on j. For con-
venience, we use jri and jli for the $z ! "1=2 chirality.
In the K! ! #1 limit, the low energy space is spanned

by the spin-1=2 states given by Eq. (3), and the effective
spin-chirality Hamiltonian reads

H 0 ! 5

9

XL

i!1

"
3

4
# !̂i ' !̂i#1

#
$1# $̂#i $̂

%
i#1 # $̂%i $̂

#
i#1&; (5)

where #̂i are the spin-1=2 and $̂"i are the chirality
(pseudospin-1=2) raising or lowering operators of the ith
triangle. This is a particular case of the effective model
studied in Refs. [10–14,20,21], where it has been shown
that the spectrum is gapped. Since the energy between two
neighboring triangles is 0 if either the spins or the chiral-
ities form a singlet, the positive semidefinite H 0 has a
twofold degenerate exact ground state of alternating spin
and chirality singlet bonds [22], shown in Fig. 3(a).
Actually, these two states breaking translational invari-

ance are ground states not only of the effective model (5)
but are exact eigenstates of Eq. (1) for any value ofK!, and
are ground states for K! ( 0, when expressed as a linear
superpositions of valence bonds [23]. In this wave function
each triangle contains a valence bond—this makes the Pi

projections on the triangles happy. The unpaired spins of
the triangles form valence bonds that connect pairs of
neighboring triangles (they map to the spin-singlet bonds
of the effective model), as shown in Fig. 1 between tri-
angles 2 and 3 and triangles 4 and 5. The plaquettes
between these connected triangles all have a valence
bond, so the corresponding R!’s give 0. However, out of
the three plaquettes belonging to a chirality singlet (e.g.,
triangle 1,2 or 3,4 in Fig. 1), two have a valence bond and
the third one is seemingly not satisfied. The problem can be
resolved if we realize that the three j%#;j

i i states used in the
definition of j#; $i in Eq. (3) are not independent, namely,
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FIG. 2 (color online). (a) Energy spectrum from exact diago-
nalization of a tube with 10 triangles and K! ! 0 as a function of
momentum along the tube. The empty (filled) symbols denote
spin-singlet (triplet) states classified according to the irreducible
representations (IR) of D3. (b) Low energy two domain wall
excitations in the thermodynamic limit compared to ED spectra
of small clusters with symmetry compatible with the variational
solution. The thick line below the (shaded) continuum is the
bound state.
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Most of the matrix elements of the Hamiltonian be-

tween 2-domain wall states, shown in Fig. 4 in the paper,

can be derived from the one domain wall overlaps. As a

reminder, the one domain wall onsite terms �ξσm|H |ξσm� =
5/18 �ησm|H |ησm� = 5/6 and the propagation of a do-

main wall is described by �ξσm|H
��ησm±1

�
= −5

√
3/36.

These overlaps are valid for the infinitely long systems

(L → ∞), for finite systems we have other terms scaling

as 2
−L

.

For tubes of even length, the nonzero overlaps in the

thermodynamic limit for m and n are sufficiently sepa-

rated are:

�
ξ↑mξ↓n − ξ↓mξ↑n

��H
��ξ↑mξ↓n − ξ↓mξ↑n

�
= 5/9,

�
η↑mη↓n − η↓mη↑n

��H
��η↑mη↓n − η↓mη↑n

�
= 5/3,

�
ξ↑mη↓n − ξ↓mη↑n

��H
��ξ↑mη↓n − ξ↓mη↑n

�
= 10/9,

�
ξ↑mξ↓n − ξ↓mξ↑n

��H
���ξ↑mη↓n±1 − ξ↓mη↑n±1

�
= −5

√
3/36,

�
η↑mη↓n − η↓mη↑n

��H
���η↑mξ↓n±1 − η↓mξ↑n±1

�
= −5

√
3/36.

For
��ξ↑mη↓n − ξ↓mη↑n

�
m−n is even, while for

��ξ↑mξ↓n − ξ↓mξ↑n
�

and
��η↑mη↓n − η↓mη↑n

�
m− n is odd.

When the two domain walls get close, i.e they over-

lap spatially, both the diagonal and off-diagonal matrix

element may differ from the general case, and they read

�
η↑mη↓m+1 − η↓mη↑m+1

���H
���η↑mη↓m+1 − η↓mη↑m+1

�
= 5/6,

�
ξ↑mξ↓m+1 − ξ↓mξ↑m+1

���H
���ξ↑mξ↓m+1 − ξ↓mξ↑m+1

�
= 5/12,

�
ξ↑mη↓m+2 − ξ↓mη↑m+2

���H
���ξ↑mη↓m+2 − ξ↓mη↑m+2

�
= 5/4,

�
ξ↑mξ↓m+1 − ξ↓mξ↑m+1

���H
���ξ↑mη↓m+2 − ξ↓mη↑m+2

�
= −5/18,

�
ζm+ 1

2

���H
���ζm+ 1

2

�
= 5/6,

�
ξ↑mξ↓m+1 − ξ↓mξ↑m+1

���H
���ζm+ 1

2

�
= −5

√
6/36.

These states are orthonormal (i.e. the overlap matrix is

identity) in the L → ∞ limit. The matrix elements given

above were used to produce the variational results in Fig

2(b).

The third exact ground state of HK∆=0 is then given

as

Ψ2dw =

√
2ζ(π) + 2

√
3 |ξξ (π, 1)�+ 3

L/2�

l=4,odd

(−1)
l−1
2 |ξξ (π, l)� −

√
3i

L−2�

l=2,even

(−1)
l
2 |ξη (π, l)� −

L/2�

l=1,odd

(−1)
l−1
2 |ηη (π, l)�

(1)

This wave function is actually valid for a system of arbitrary length L. Above we use the Fourier transform with the

following phase convention

ξξ (k, l) =
�

m

���ξ↑mξ↓m,m+l − ξ↓mξ↑m,m+l

�
exp

�
ik

�
m+

l

2

��

ηη (k, l) =
�

m

���η↑mη↓m,m+l − η↓mη↑m,m+l

�
exp

�
ik

�
m+

l

2

��

ξη (k, l) =
�

m

���ξ↑mξ↓m,m+l − ξ↓mξ↑m,m+l

�
exp

�
ik

�
m+

l

2

��

ζ(k) =
�

m

���ζm+ 1
2

�
exp

�
ik(m+

1

2
)

�

(2)

for ξξ (k, l) and ηη (k, l) l is odd and 1 ≤ l ≤ L/2 since ξξ (k, l) = −ξξ (k,−l) , while for ξη (k, l) l is even and runs

from 2 to L− 2. m+ l/2 corresponds to the center of mass of the two domain walls, and k is the total wave number.

The ground state is a “equal amplitude” superposition of distant domain walls 

Variational approach of even length, K△=0

23Friday, April 20, 2012



Lieb-Schultz-Mattis theorem
1D spin chains with SU(2) and translational invariant Hamiltonians and half-
integer spins in the unit cell, either have gapless excitations or degenerate 
ground-states in the thermodynamic limit.

E. H. Lieb, T. D. Schultz, and D. C. Mattis., Ann. Phys.(N.Y) 16, 407 (1961).

• 1D Heisenberg chain:
unique ground state+ gapless 
excitations(spinwaves)

• Majumdar Ghosh: 
2 degenerate ground states 
+gap

next step after spin ladders towards two dimensions (2D).
Batista and Trugman have recently studied the
Hamiltonian that is a sum of the R! operators over all
the squares of the square lattice and shown that a class of
states consisting of nearest-neighbor valence bond cover-
ings, where each square plaquette shares a valence bond,
have zero energy, i.e., are exact ground states [18,19]. The
spin tube is identical to the square lattice with period three
wrapped in one direction.

Exact diagonalization (ED) of the Hamiltonian (1) up to
L ! 12 triangles (36 sites) showed for K! ! 0 an unusual
result: For an odd number of triangles it revealed a 0 energy
spin-1/2 doublet at k ! 0 momentum, while for an even
number we find three singlet ground states: one at k ! 0
and two at k ! ", as shown in Fig. 2(a). The appearance of
0 energy eigenstates means that they have zero projections
with all of the R! operators in the Hamiltonian. As there is
no static covering of valence bonds on the spin tube where
each plaquette is satisfied, this points to a feature that was
not encountered in projection Hamiltonians so far. Even
more striking is the appearance of the 0 energy ground
state for the tubes with an odd number of triangles, as in
this case necessarily a spin is left unpaired. In the follow-
ing, we will show that this apparent contradiction is
resolved due to the quantum mechanical nature of the
valence bonds and that the existence of the 0 energy ground

state in the odd size system is related to the fact thatK!!0
is a quantum critical point with gapless deconfined
excitations.
Let us begin by considering weakly coupled triangles.

The Pi splits the 8 states of a triangle into a ~S ! 3=2
quadruplet and two degenerate ~S ! 1=2 doublets. The
latter set of four states constitutes the kernel of the Pi

that can be classified according to the spin # and chirality
$ degrees of freedom, with an orthonormal basis spanned
by the j#z

i$
z
i i, where

j#i;"1=2ii !j %#;1
i i# e"2"i=3j%#;2

i i# e"4"i=3j%#;3
i i:

(3)

The j%#;j
i i are states with a valence bond between sites

j# 1 and j# 2 and an unpaired spin # on site j of a
triangle:

j%#;j
i i ! 1!!!

2
p $j#i;j "i;j#1#i;j#2i% j#i;j #i;j#1"i;j#2i&; (4)

observing the periodic boundary condition on j. For con-
venience, we use jri and jli for the $z ! "1=2 chirality.
In the K! ! #1 limit, the low energy space is spanned

by the spin-1=2 states given by Eq. (3), and the effective
spin-chirality Hamiltonian reads

H 0 ! 5

9

XL

i!1

"
3

4
# !̂i ' !̂i#1

#
$1# $̂#i $̂

%
i#1 # $̂%i $̂

#
i#1&; (5)

where #̂i are the spin-1=2 and $̂"i are the chirality
(pseudospin-1=2) raising or lowering operators of the ith
triangle. This is a particular case of the effective model
studied in Refs. [10–14,20,21], where it has been shown
that the spectrum is gapped. Since the energy between two
neighboring triangles is 0 if either the spins or the chiral-
ities form a singlet, the positive semidefinite H 0 has a
twofold degenerate exact ground state of alternating spin
and chirality singlet bonds [22], shown in Fig. 3(a).
Actually, these two states breaking translational invari-

ance are ground states not only of the effective model (5)
but are exact eigenstates of Eq. (1) for any value ofK!, and
are ground states for K! ( 0, when expressed as a linear
superpositions of valence bonds [23]. In this wave function
each triangle contains a valence bond—this makes the Pi

projections on the triangles happy. The unpaired spins of
the triangles form valence bonds that connect pairs of
neighboring triangles (they map to the spin-singlet bonds
of the effective model), as shown in Fig. 1 between tri-
angles 2 and 3 and triangles 4 and 5. The plaquettes
between these connected triangles all have a valence
bond, so the corresponding R!’s give 0. However, out of
the three plaquettes belonging to a chirality singlet (e.g.,
triangle 1,2 or 3,4 in Fig. 1), two have a valence bond and
the third one is seemingly not satisfied. The problem can be
resolved if we realize that the three j%#;j

i i states used in the
definition of j#; $i in Eq. (3) are not independent, namely,

 0

 0.5

 1

 1.5

 2

E

(a)

(b)

  A1
  A2

  E

 0

 0.5

 1

 1.5

 2

 2.5

 3

0 /5  2 /5  3 /5 4 /5

E

k

(a)

(b)

L  IR
6  A1
8  A2

10  A1
12  A2

FIG. 2 (color online). (a) Energy spectrum from exact diago-
nalization of a tube with 10 triangles and K! ! 0 as a function of
momentum along the tube. The empty (filled) symbols denote
spin-singlet (triplet) states classified according to the irreducible
representations (IR) of D3. (b) Low energy two domain wall
excitations in the thermodynamic limit compared to ED spectra
of small clusters with symmetry compatible with the variational
solution. The thick line below the (shaded) continuum is the
bound state.
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next step after spin ladders towards two dimensions (2D).
Batista and Trugman have recently studied the
Hamiltonian that is a sum of the R! operators over all
the squares of the square lattice and shown that a class of
states consisting of nearest-neighbor valence bond cover-
ings, where each square plaquette shares a valence bond,
have zero energy, i.e., are exact ground states [18,19]. The
spin tube is identical to the square lattice with period three
wrapped in one direction.

Exact diagonalization (ED) of the Hamiltonian (1) up to
L ! 12 triangles (36 sites) showed for K! ! 0 an unusual
result: For an odd number of triangles it revealed a 0 energy
spin-1/2 doublet at k ! 0 momentum, while for an even
number we find three singlet ground states: one at k ! 0
and two at k ! ", as shown in Fig. 2(a). The appearance of
0 energy eigenstates means that they have zero projections
with all of the R! operators in the Hamiltonian. As there is
no static covering of valence bonds on the spin tube where
each plaquette is satisfied, this points to a feature that was
not encountered in projection Hamiltonians so far. Even
more striking is the appearance of the 0 energy ground
state for the tubes with an odd number of triangles, as in
this case necessarily a spin is left unpaired. In the follow-
ing, we will show that this apparent contradiction is
resolved due to the quantum mechanical nature of the
valence bonds and that the existence of the 0 energy ground

state in the odd size system is related to the fact thatK!!0
is a quantum critical point with gapless deconfined
excitations.
Let us begin by considering weakly coupled triangles.

The Pi splits the 8 states of a triangle into a ~S ! 3=2
quadruplet and two degenerate ~S ! 1=2 doublets. The
latter set of four states constitutes the kernel of the Pi

that can be classified according to the spin # and chirality
$ degrees of freedom, with an orthonormal basis spanned
by the j#z

i$
z
i i, where

j#i;"1=2ii !j %#;1
i i# e"2"i=3j%#;2

i i# e"4"i=3j%#;3
i i:

(3)

The j%#;j
i i are states with a valence bond between sites

j# 1 and j# 2 and an unpaired spin # on site j of a
triangle:

j%#;j
i i ! 1!!!

2
p $j#i;j "i;j#1#i;j#2i% j#i;j #i;j#1"i;j#2i&; (4)

observing the periodic boundary condition on j. For con-
venience, we use jri and jli for the $z ! "1=2 chirality.
In the K! ! #1 limit, the low energy space is spanned

by the spin-1=2 states given by Eq. (3), and the effective
spin-chirality Hamiltonian reads

H 0 ! 5
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where #̂i are the spin-1=2 and $̂"i are the chirality
(pseudospin-1=2) raising or lowering operators of the ith
triangle. This is a particular case of the effective model
studied in Refs. [10–14,20,21], where it has been shown
that the spectrum is gapped. Since the energy between two
neighboring triangles is 0 if either the spins or the chiral-
ities form a singlet, the positive semidefinite H 0 has a
twofold degenerate exact ground state of alternating spin
and chirality singlet bonds [22], shown in Fig. 3(a).
Actually, these two states breaking translational invari-

ance are ground states not only of the effective model (5)
but are exact eigenstates of Eq. (1) for any value ofK!, and
are ground states for K! ( 0, when expressed as a linear
superpositions of valence bonds [23]. In this wave function
each triangle contains a valence bond—this makes the Pi

projections on the triangles happy. The unpaired spins of
the triangles form valence bonds that connect pairs of
neighboring triangles (they map to the spin-singlet bonds
of the effective model), as shown in Fig. 1 between tri-
angles 2 and 3 and triangles 4 and 5. The plaquettes
between these connected triangles all have a valence
bond, so the corresponding R!’s give 0. However, out of
the three plaquettes belonging to a chirality singlet (e.g.,
triangle 1,2 or 3,4 in Fig. 1), two have a valence bond and
the third one is seemingly not satisfied. The problem can be
resolved if we realize that the three j%#;j

i i states used in the
definition of j#; $i in Eq. (3) are not independent, namely,
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FIG. 2 (color online). (a) Energy spectrum from exact diago-
nalization of a tube with 10 triangles and K! ! 0 as a function of
momentum along the tube. The empty (filled) symbols denote
spin-singlet (triplet) states classified according to the irreducible
representations (IR) of D3. (b) Low energy two domain wall
excitations in the thermodynamic limit compared to ED spectra
of small clusters with symmetry compatible with the variational
solution. The thick line below the (shaded) continuum is the
bound state.
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we have 3 ground states...
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next step after spin ladders towards two dimensions (2D).
Batista and Trugman have recently studied the
Hamiltonian that is a sum of the R! operators over all
the squares of the square lattice and shown that a class of
states consisting of nearest-neighbor valence bond cover-
ings, where each square plaquette shares a valence bond,
have zero energy, i.e., are exact ground states [18,19]. The
spin tube is identical to the square lattice with period three
wrapped in one direction.

Exact diagonalization (ED) of the Hamiltonian (1) up to
L ! 12 triangles (36 sites) showed for K! ! 0 an unusual
result: For an odd number of triangles it revealed a 0 energy
spin-1/2 doublet at k ! 0 momentum, while for an even
number we find three singlet ground states: one at k ! 0
and two at k ! ", as shown in Fig. 2(a). The appearance of
0 energy eigenstates means that they have zero projections
with all of the R! operators in the Hamiltonian. As there is
no static covering of valence bonds on the spin tube where
each plaquette is satisfied, this points to a feature that was
not encountered in projection Hamiltonians so far. Even
more striking is the appearance of the 0 energy ground
state for the tubes with an odd number of triangles, as in
this case necessarily a spin is left unpaired. In the follow-
ing, we will show that this apparent contradiction is
resolved due to the quantum mechanical nature of the
valence bonds and that the existence of the 0 energy ground

state in the odd size system is related to the fact thatK!!0
is a quantum critical point with gapless deconfined
excitations.
Let us begin by considering weakly coupled triangles.

The Pi splits the 8 states of a triangle into a ~S ! 3=2
quadruplet and two degenerate ~S ! 1=2 doublets. The
latter set of four states constitutes the kernel of the Pi

that can be classified according to the spin # and chirality
$ degrees of freedom, with an orthonormal basis spanned
by the j#z

i$
z
i i, where

j#i;"1=2ii !j %#;1
i i# e"2"i=3j%#;2

i i# e"4"i=3j%#;3
i i:

(3)

The j%#;j
i i are states with a valence bond between sites

j# 1 and j# 2 and an unpaired spin # on site j of a
triangle:

j%#;j
i i ! 1!!!

2
p $j#i;j "i;j#1#i;j#2i% j#i;j #i;j#1"i;j#2i&; (4)

observing the periodic boundary condition on j. For con-
venience, we use jri and jli for the $z ! "1=2 chirality.
In the K! ! #1 limit, the low energy space is spanned

by the spin-1=2 states given by Eq. (3), and the effective
spin-chirality Hamiltonian reads

H 0 ! 5
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where #̂i are the spin-1=2 and $̂"i are the chirality
(pseudospin-1=2) raising or lowering operators of the ith
triangle. This is a particular case of the effective model
studied in Refs. [10–14,20,21], where it has been shown
that the spectrum is gapped. Since the energy between two
neighboring triangles is 0 if either the spins or the chiral-
ities form a singlet, the positive semidefinite H 0 has a
twofold degenerate exact ground state of alternating spin
and chirality singlet bonds [22], shown in Fig. 3(a).
Actually, these two states breaking translational invari-

ance are ground states not only of the effective model (5)
but are exact eigenstates of Eq. (1) for any value ofK!, and
are ground states for K! ( 0, when expressed as a linear
superpositions of valence bonds [23]. In this wave function
each triangle contains a valence bond—this makes the Pi

projections on the triangles happy. The unpaired spins of
the triangles form valence bonds that connect pairs of
neighboring triangles (they map to the spin-singlet bonds
of the effective model), as shown in Fig. 1 between tri-
angles 2 and 3 and triangles 4 and 5. The plaquettes
between these connected triangles all have a valence
bond, so the corresponding R!’s give 0. However, out of
the three plaquettes belonging to a chirality singlet (e.g.,
triangle 1,2 or 3,4 in Fig. 1), two have a valence bond and
the third one is seemingly not satisfied. The problem can be
resolved if we realize that the three j%#;j

i i states used in the
definition of j#; $i in Eq. (3) are not independent, namely,
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FIG. 2 (color online). (a) Energy spectrum from exact diago-
nalization of a tube with 10 triangles and K! ! 0 as a function of
momentum along the tube. The empty (filled) symbols denote
spin-singlet (triplet) states classified according to the irreducible
representations (IR) of D3. (b) Low energy two domain wall
excitations in the thermodynamic limit compared to ED spectra
of small clusters with symmetry compatible with the variational
solution. The thick line below the (shaded) continuum is the
bound state.
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next step after spin ladders towards two dimensions (2D).
Batista and Trugman have recently studied the
Hamiltonian that is a sum of the R! operators over all
the squares of the square lattice and shown that a class of
states consisting of nearest-neighbor valence bond cover-
ings, where each square plaquette shares a valence bond,
have zero energy, i.e., are exact ground states [18,19]. The
spin tube is identical to the square lattice with period three
wrapped in one direction.

Exact diagonalization (ED) of the Hamiltonian (1) up to
L ! 12 triangles (36 sites) showed for K! ! 0 an unusual
result: For an odd number of triangles it revealed a 0 energy
spin-1/2 doublet at k ! 0 momentum, while for an even
number we find three singlet ground states: one at k ! 0
and two at k ! ", as shown in Fig. 2(a). The appearance of
0 energy eigenstates means that they have zero projections
with all of the R! operators in the Hamiltonian. As there is
no static covering of valence bonds on the spin tube where
each plaquette is satisfied, this points to a feature that was
not encountered in projection Hamiltonians so far. Even
more striking is the appearance of the 0 energy ground
state for the tubes with an odd number of triangles, as in
this case necessarily a spin is left unpaired. In the follow-
ing, we will show that this apparent contradiction is
resolved due to the quantum mechanical nature of the
valence bonds and that the existence of the 0 energy ground

state in the odd size system is related to the fact thatK!!0
is a quantum critical point with gapless deconfined
excitations.
Let us begin by considering weakly coupled triangles.

The Pi splits the 8 states of a triangle into a ~S ! 3=2
quadruplet and two degenerate ~S ! 1=2 doublets. The
latter set of four states constitutes the kernel of the Pi

that can be classified according to the spin # and chirality
$ degrees of freedom, with an orthonormal basis spanned
by the j#z

i$
z
i i, where

j#i;"1=2ii !j %#;1
i i# e"2"i=3j%#;2

i i# e"4"i=3j%#;3
i i:

(3)

The j%#;j
i i are states with a valence bond between sites

j# 1 and j# 2 and an unpaired spin # on site j of a
triangle:

j%#;j
i i ! 1!!!

2
p $j#i;j "i;j#1#i;j#2i% j#i;j #i;j#1"i;j#2i&; (4)

observing the periodic boundary condition on j. For con-
venience, we use jri and jli for the $z ! "1=2 chirality.
In the K! ! #1 limit, the low energy space is spanned

by the spin-1=2 states given by Eq. (3), and the effective
spin-chirality Hamiltonian reads

H 0 ! 5
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where #̂i are the spin-1=2 and $̂"i are the chirality
(pseudospin-1=2) raising or lowering operators of the ith
triangle. This is a particular case of the effective model
studied in Refs. [10–14,20,21], where it has been shown
that the spectrum is gapped. Since the energy between two
neighboring triangles is 0 if either the spins or the chiral-
ities form a singlet, the positive semidefinite H 0 has a
twofold degenerate exact ground state of alternating spin
and chirality singlet bonds [22], shown in Fig. 3(a).
Actually, these two states breaking translational invari-

ance are ground states not only of the effective model (5)
but are exact eigenstates of Eq. (1) for any value ofK!, and
are ground states for K! ( 0, when expressed as a linear
superpositions of valence bonds [23]. In this wave function
each triangle contains a valence bond—this makes the Pi

projections on the triangles happy. The unpaired spins of
the triangles form valence bonds that connect pairs of
neighboring triangles (they map to the spin-singlet bonds
of the effective model), as shown in Fig. 1 between tri-
angles 2 and 3 and triangles 4 and 5. The plaquettes
between these connected triangles all have a valence
bond, so the corresponding R!’s give 0. However, out of
the three plaquettes belonging to a chirality singlet (e.g.,
triangle 1,2 or 3,4 in Fig. 1), two have a valence bond and
the third one is seemingly not satisfied. The problem can be
resolved if we realize that the three j%#;j

i i states used in the
definition of j#; $i in Eq. (3) are not independent, namely,
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FIG. 2 (color online). (a) Energy spectrum from exact diago-
nalization of a tube with 10 triangles and K! ! 0 as a function of
momentum along the tube. The empty (filled) symbols denote
spin-singlet (triplet) states classified according to the irreducible
representations (IR) of D3. (b) Low energy two domain wall
excitations in the thermodynamic limit compared to ED spectra
of small clusters with symmetry compatible with the variational
solution. The thick line below the (shaded) continuum is the
bound state.
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From the Hellman-Feynman theorem: 

Varying K△ away from 0

Exact ground states with deconfined gapless excitations for the 3 leg spin–1/2 tube

Miklós Lajkó,1, 2 Philippe Sindzingre,3 and Karlo Penc1

1Research Institute for Solid State Physics and Optics, H-1525 Budapest, P.O.B. 49, Hungary
2Department of Physics, Budapest University of Technology and Economics, Budafoki út 8, H-1111 Budapest, Hungary

3Laboratoire de Physique Théorique de la Matière Condensée, Université P. et M. Curie, Paris, France
(Dated: July 21, 2011)

We consider a 3–leg spin–1/2 ladder with periodic boundary conditions (a spin tube) with a

Hamiltonian given by two projection operators, one on the triangles, and the other on the square

plaquettes on the side of the tube, that can be written in terms of Heisenberg and four spin ring

exchange interactions. Depending on the relative strength of these two operators, we identify 3

phases: (i) for strongly antiferromagnetic exchange on the triangles, an exact dimerized ground

state wave function with a gapped spectrum can be given as an alternation of spin and chirality

valence bonds between nearest triangles; (ii) for ferromagnetic exchanges on the triangle we recover

the phase of the spin–3/2 Heisenberg chain; (iii) between these two phases a gapless incommensurate

phase exists. Furthermore, we explicitly construct an exact ground state wave function with two

deconfined domain walls and gapless excitation spectrum at the quantum phase transition point

between the incommensurate and dimerized phase.

PACS numbers: 75.10.Jm, 75.10.Kt , 75.30.Kz

The projection operator approach to spin models pro-
vided significant results on the ground state properties
of quantum magnets. Examples include the Majumdar–
Ghosh Hamiltonian [1], a spin–1/2 antiferromagnetic
Heisenberg chain where the two exact ground state wave
functions are given by a product of purely nearest-
neighbor valence bonds (pairs of S=1/2 spins forming
a singlet) with a gapped excitation spectrum, in accor-
dance with the Lieb–Schultz–Mattis theorem[2]. The ex-
act “valence bond solid” ground state in the Affleck–
Kennedy–Lieb–Tasaki (AKLT) model[3] with gapped ex-
citations is an explicit realization of Haldane’s conjecture
for S = 1 Heisenberg chains[4]. Further examples include
the two–dimensional Shastry–Sutherland model[5] which
has been realized in SrCu2(BO3)2 [6]. In the pyrochlore
lattice, Yamashita and Ueda have introduced a model
with a macroscopically degenerate ground state [7]. In
all these cases the Hamiltonian is a sum of projection op-
erators [8] and positive semidefinite by construction, so
that any state that has 0 energy is an exact ground state.

Here we extend this approach to a model of spin–1/2
spins arranged in a 3 leg spin tube (see Fig. 1). The
model is given by

H =K�

L�

i=1

Pi +K�
L�

i=1

3�

j=1

R(i,j)(i+1,j)(i+1,j+1)(i,j+1)

(1)

which describes a spin–tube with L triangles and peri-
odic boundary conditions (the indices i and j are de-
fined mod L and mod 3, respectively). The projector
Pi = (4S̃i · S̃i− 3)/12, where S̃i =

�3
j=1 S(i,j) is the spin

operator on the ith triangle, gives 1 if the triangle has a
total spin of 3/2, and 0 if the total spin is 1/2. The pro-
jection Rα acts on the squares that are on the surface of
the tube. We denote Sα =

�
(i,j)∈α S(i,j) as the sum of

the spin operators belonging to the α square plaquette,
then Rα = (Sα · Sα)(Sα · Sα − 2)/24 projects onto the
subspace of states where the total spin of the plaquette
α is 2, and gives 0 if the total spin of the square pla-
quette is 0 or 1 (i.e. if a pair of spins on the α square
form a singlet). We set K� = 1 in the following. Spin
tubes are interesting not only as they are the next step in
complexity after spin ladders, but also since there exist
experimental realizations, such a [(CuCl2 tachH)3Cl]Cl2
[9, 10].

Our motivation comes from the recent work of Batista
and Trugman, where they have considered the Hamil-
tonian that is a sum of the Rα operators over all the
squares of the square lattice [11, 12]. They have shown
that a class of states consisting of nearest neighbor va-
lence bond coverings, where each square plaquette shares
a valence bond, are exact ground states. Wrapping up
the square lattice with period 3 in one direction we get
the spin tube, and allowing the tuning of the Heisenberg
exchange on the triangles we get our model (1).

We have exactly diagonalized (ED) the Hamilto-
nian (1) numerically for small systems of up to 12 trian-
gles (36 sites) with both even and odd number of trian-
gles. A typical K� = 0 spectrum is shown in Fig. 2. We
find states with 0 energy in the spin–singlet sector, one at
k = 0 and two at k = π. Similarly, for odd number of tri-
angles we find that there is a 0 energy spin–1/2 doublet at
k = 0. Since we cannot cover the spin tube with valence
bonds so that every square plaquette contains one, the
appearance of 0 energy eigenstates is unexpected since
it would mean that they have zero projections with all
of the projection operators in the Hamiltonian. Thus it
cannot be a static covering of valence bonds. Even more
striking is the appearance of the 0 energy ground state
for the tubes with odd number of triangles, as in this case
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?

0 for singlet
1 for triplet

0 for singlet, 
1 for |ll> or |rr> 
2 for |lr>+|rl> 

2

the odd number of spins prevents the pairing of all the

spins into valence bonds. It is our aim in this paper to

understand the nature of the ground state in this model.

A natural starting point is to consider weakly coupled

triangles. The Pi splits the 8 states of a triangle into a

S̃ = 3/2 quadruplet and two degenerate S̃ = 1/2 dublets.

The latter four states constitute the kernel of the P that

can be classified according to the spin σ and chirality τ
degrees of freedom, with an orthonormal basis spanned

by the |σzτz�, where

|σ,±1/2� = |σ1 [2, 3]�+e±
2πi
3 |σ2 [3, 1]�+e±

4πi
3 |σ3 [1, 2]� .

(2)

Here [j, j�] = (|↑j↓j�� − |↓j↑j��)/
√
2 denotes a valence

bond between the spins on site j and j� and σj = σ =↑
, ↓ is the free spin on site j = 1, 2, 3 of a triangle. For

convenience, we introduce the |r� and |l� for the τz =

±1/2 chirality.

In the K� → ∞ limit the low energy space is spanned

by the spin–1/2 states given by Eq. (2) and the effective
Hamiltonian is a spin–chirality model

H
�
=

5

9

L�

i=1

�
3

4
+ σ̂i · σ̂i+1

��
1 + τ̂+i τ̂−i+1 + τ̂−i τ̂+i+1

�
,

(3)

where σ̂i are the spin–1/2, and τ̂±i are the chirality

(pseudospin–1/2) raising/lowering operators of the ith

triangle. This is a particular case of the effective model

studied in Refs. [13–15], where it has been shown that the

spectrum is gapped. Furthermore, the positive semidefi-

nite H�
has an exact ground state: since the energy be-

tween two neighboring triangles is 0 if either the spins

or the chiralities form a singlet, the twofold degenerate

ground state can be given as an alternation of spin and

chirality valence bonds [16], shown in Fig. 3(a).

It turns out that these two translational invariance

breaking states are ground states not only of the effective
model, but are actually exact eigenstates for any value

of K�, and are ground states for K� ≥ 0. In this case,

(2,3)

(4,1)

(3,1)

(2,1)

(1,1)

(1,2)

(1,3)

(2,2)

(5,1)

FIG. 1. The spin tube with a snapshot of valence bond cover-
ing from the exact spin–chirality dimerized ground state. The
shaded plaquettes are not satisfied in this particular configu-
ration, and only quantum resonance with other configurations
will make all the plaquettes satisfied.
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FIG. 2. (a) Energy spectrum from numerical exact diagonal-
ization of a tube with 10 triangles (30 spins) and K� = 0 as
a function of momentum along the tube. The empty (filled)
symbols denote spin–singlet (triplet) states classified accord-
ing to the irreducible representations (IR) of D3. The ground
state with 0 energy is three–fold degenerate (one at k = 0
and two at k = π). (b) Low energy two domain wall excita-
tions in the thermodynamic limit compared to ED spectra of
small clusters with symmetry compatible with the variational
solution. The solid line below the (shaded) continuum is the
bound state.

square plaquettes between triangles forming a spin sin-

glet (say triangle 2 and 3 in Fig. 1) are all satisfied since

all of them have a valence bond, hence the corresponding

Rαs give 0. However, plaquettes belonging to a chirality

singlet (e.g. triangle 1 and 2 in Fig. 1) are seemingly not

satisfied in each valence bond configuration. The prob-

lem can be resolved if we realize, that the three states

used in the definition of |σ, τ� in Eq. (2) are not inde-

pendent, namely |σ1 [2, 3]� + |σ2 [3, 1]� + |σ3 [1, 2]� = 0.

Taking this into account, a chirality singlet between two

neighboring triangles 123 and 1
�
2
�
3
�
with a free spin

σ1 = σ2 and σ�
1� = σ�

2� , respectively, can be expanded as

σ1[2, 3]σ�
2� [3

�, 1�]−σ2[3, 1]σ�
1� [2

�, 3�]. The plaquettes 133�1�

and 233
�
2
�
are clearly satisfied, but notice that if we cycli-

cally rotate the 1, 2, 3 and 1
�, 2�, 3� indices, it is the same

chirality singlet wave function, and we can explicitly see

that the third, 122
�
1
�
, plaquette is also satisfied. Thus,

instead of static coverings, a linear combination of the

valence bonds constitutes a good ground state.

For tubes of odd length with periodic boundary con-

ditions the system cannot be covered with alternating

spin and chirality singlets, yet ED shows a ground state

with zero energy in the spectrum. A state with alternat-

i!2 i!1 i i+1 i+2 i+3
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Tuning the interactions
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Spin-3/2 correlation functions - real space
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Spin-3/2 correlation functions - momentum space
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Conclusions

dimerizedincommensurateS=3/2 chain
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phase diagram with a new phase
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dimerizedincommensurateS=3/2 chain
=0 >0=0

K /K0.234 0

How relevant is the incommensurate phase for the spin tube 
with Heisenberg interactions only?

5-leg tubes ...  N-leg tubes ... two-dimensional system ?

Is it quantum critical?

Effect of magnetic field...

Open questions

How good is the variational wave function for the purely 
Heisenberg spin-tube?
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